
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at jhttp : //books . qooqle . com/ 



\^juTT\(oa. .)\.-S^\ 




COLLEGE 
LIBRARY 



^ 



rri' 



3 2044 097 047 187 



NEW PLANE AND SPHERICAL 
TRIGONOMETRY, SURVEY- 
ING, AND NAVIGATION 



BY 

G. A. WENTWORTH 

Author of a Sehibs of Text-Books in Mathrmaticb 



TEACHERS' EDITION 



GINN & COMPANY 

BOSTON • NEW YORK • CHICAGO • LONDON 







//>.,■ 



Copyright, ijuj 
BY GEORGE WENTWORTH 

ALL RIGHTS RESERVED 
311.4 



GINN & COMPANY • PRO- 
PRJETORS . BOSTON • U.S.A. 



PREFACE 

This edition is intended for teachers, and for them only. 
The publishers will under no circumstances sell the book 
except to teachers of Went worth's Trigonometry ; and every 
teacher must consider himself in honor bound not to leave his 
copy where pupils can have access to it, and not to sell his 
copy except to the publishers, Messrs. Ginn & Company. 

It is hoped that young teachers will derive great advantage 
from studying the systematic arrangement of the work, and 
that all teachers who are pressed for time will find great 
relief by not being obliged to work out every problem. 

G. A. WENTWORTH. 
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Exercise I. Page 2. 



1. Reduce the following angles to 
circular measure, expressing the 
results as fractions of it : 60°, 46°, 
160°, 195°, 11° 15', 123° 46', 37° Stf. 

45° = dfc* = **■ 
160° = «»* = J*. 

196° = H4* =«*• 

ii-i^lii* *„. 

180 16 



123° 46' = ^* = ^*. 



123$ 
180 



16 



37° 30 7 



S7£ 6 

= -% = —3 



180 



24 



2. How many degrees are there 
in J it radians ? } n radians ? { tt 
radians? JJ it radians? ^ it radians? 

} it radians = } of 180° = 120°. 

\ it radians = \ of 180° = 135°. 

f * radians = f of 180° = 112° 30 7 . 
i \ % radians = J| of 180°= 168° 45'. 
A n radians = ^ of 180°= 84°. 

3. What decimal part of a radian 
Ml°? 1'? 



it J4 3.1416 .. 

1° = — radian = radian 

180 180 

= 0.017453 radian. 

,, 0.017463 .. 

V = radian 

60 

= 0.0002909 radian. 

4. How many seconds in a radian? 
1 radian = 67° 17' 45" 

= 206,265". 

5. Express in radians one of the 
interior angles of a regular octagon ; 
of a regular dodecagon. 

The sum of all the interior angles 
of a regular octagon is 8 x 180° — 
360° =8^-2^ = 6^. Hence, each 
interior angle 

6 3 

= - it radians = - it radians. 
8 4 

The sum of all the interior angles 
of a regular dodecagon is 12 x 180° 
- 360° = \2it-2it = l0it. Hence, 
each interior angle 

= — it radians = £ it radians. 
12 6 
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6. On the circumference of a cir- 
cle of 60 feet radius an arc of 10 feet 
is laid off. How many degrees in 
the angle at the centre by this arc ? 

It subtends £$ radian = J radian 

67° 17' 46" 
- p< Af *° = n° 27' 33". 

6 

7. The earth's equatorial radius 
is approximately 3968 miles. If two 
points on the equator are 1000 miles 
apart, what is their difference in 
longitude ? 

Their difference in longitude is 
£}$$ radian, or 
f&J X 67° 17' 46" = 14° 27' 28". 

8. If the difference in longitude 
of two points on the equator is 1°, 
what is the distance between them 
in miles ? 

By Example 3, 1° = 0.017453 
radian. Hence, 1° on the equator 
is equal to 0.017463 x 3063 miles = 
69.166 miles. 

9. What is the radius of a circle 
if an arc of 1 foot subtends an angle 
of 1° at the centre ? 

Since 1° of arc = 1 foot, 1 radian 
or 67° 17' 46" = 57^* feet = 57 feet 
3.55 inches = the radius. 



10. In how many hours is a point 
on the equator carried by the rota- 
tion of the earth on its axis through a 
distance equal to the earth's radius ? 

The earth turns through 360° 
= 2 it radians in 24 hours. Hence, 

24 
it turns through m 



12 



radian in 

2it 

hours = 3 hours 49 



hours = 

3.1416 
minutes 11 seconds. 



11. The minute hand of a clock 
is 3} feet long. How far does its 
extremity move in 25 minutes? 
[Take it = y.] 

The circumference which is passed 
oyer in 60 minutes is 2 % x 3£ feet. 
Hence, the arc passed over in 25 
minutes is 
\\ of 2 it x 3J ft. 

= fj x 2 x V x i ft. 
= 9J ft. ss 9 ft. 2 in. 

12. A wheel makes 15 revolutions 
a second. ILw long does it take to 
turn through 4 radians? [Take 
* = ¥•] 

The wheel turns through 2 it 
radians in -^ of a second. Hence, 
it turns through 4 radians in 
4 x (tV second *■ 2 it) = T j 3 second. 



Exercise II. Page 5. 



1. What are the functions of the 
other acute angle B of the triangle 
AC B (Fig. 2)? 



sinB=z 



cos£ = -. 

c 



tan .8 = 



cot 5 = 



aecB = 



csc2?= -- 
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2. Compare the functions of A 
and B, and show that 

sin A = cos B, 
oobA = 8\nB, 
tan A = cot B, 
cot A — tan B, 
sec A = csc B, 
esc A = sec B, 
vers .4 = covers 2?, 
covers -4 = vers B. 



sin A = 
cos .4 = 
tanA = 
cot -4 = 



sec A = - , 
o 



cscA = - 



a 

c-b 



cos 5 = 
sin 5 = 
cot.B = 
tan£ = 
csci? = 
secB = 



yqtbA — , covers B = 

c c 

covers A = > vers 5 = 

c c 



3. Find the values of the func- 
tions of -4, if a, b, c, respectively, 
have the following values : 

(i) 3, 4, 5. (iv) 9, 40, 41. 

(ii) 6, 12, 13. (v) 3.9, 8, 8.9. 
(iii) 8, 16, 17. (vi) 1.19, 1.20, 1.69. 



(i) 



sin4L = - 



cos-4 = 



cot.4 = 






tanA = -. 
4 



esc -4 = 



(U) 



• A 6 

sm A— — 
13 


* a 12 

cot-4 = --. 

5 


a I 2 
cos -4 = — • 

13 


a I 8 
sec A = — • 

12 


tan^= 6 - 
12 


^ I 3 
csc-4 = — 

5 


(iii) 




sin A = — . 
17 


* a I 5 
oot-4 = — . 

8 


a I 6 

C08-4 = 

17 


a 17 
sec -4 = — . 

15 


* A 8 

tan A = — 
15 


a 17 
esc A = — 

8 


(iv) 




• A 9 
sin A = — 

41 


cot -4 = — 
9 


A 40 

cos A = — 
41 


a 4 1 
sec A = — 

40 


♦ A 9 

tan-4 = — 
40 


>. 4 1 

esc -4 = — . 

9 


(v) 




. A 39 
sm A = — 
89 


cot A = — 
39 


a 80 
cos -4 = - • 
89 


^ 89 

sec .4 = — . 
80 


♦ A 39 

tan A — — . 
80 


a 89 

esc .4 = — 

39 


(vi) 




. . 119 

sin A = 

169 


* A 12 

cot A = — 
119 


a 120 

cos A = 

169 


A I 69 

sec -4 = — 
120 


♦ A n9 

tan A = 

120 


a 169 

esc -4 =— — 

119 
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4. What condition must be ful- 
filled by the lengths of the three 
lines a, b, e (Fig. 2) in order to 
make them the sides of a right tri- 
angle ? Is this condition fulfilled 
in Example 3? 

The condition is a 2 + 6 s = c 2 . 

It is ; for 
3 2 + 4 2 = S 2 . Q 2 + 402 = 412. 

6 2 + 12* = 132. 3.92 + 8 2 = 8.92. 
82 + 162=172. 1.192+1.202=1.692. 

5. Find the values of the func- 
tions of -A, if a, 6, c, respectively, 
have the following values : 

(i) 2 mn, m 2 - n 2 , m 2 + n 2 . 

OQl^.x + K-LtJ?. 
w x- y' z-y 



(iv) 



(iii) pgr, qrs, rap. 
mn mv nr 
pg ' ~sq* ps' 

(i) 

. A a 2?nn 
sin A = - = 



cos A = - = 

c 



a 

6 = 

b 

a 

c 

b m* - n 2 

c m 2 + n 2 
esc A = - = 



tan J. = 
cot A = 
sec A = 



m 2 + 


n 2 


m 2 - 


n 2 


m 2 + 


n 2 


2mn 


771 2 - 


n 2 


m 2 - 


n 2 


2 ran 


m 2 + 


71* 



a 



2 ran 



X-j 



2xy 

~x 2 + # 2 ' 



sin A = — 2- x — - 

x - y x 2 + y 2 

cos^=(x+y)x : ^ = a ^4 
x 2 + y 2 x 2 + y 2 



__ 2xy 
~x - y 

cot -4 = (x + y) x 

A x 2 + y 2 

sec .4 = — x 

x — y x + y 

X s + y 2 x - y 
esc A = — !_»_ x — — - 



tan A = — - x 

x - y x + y 

x — y 

2xy 

1 



2xy 


x 2 - y* 
x2-y2 


2xy 
x 2 + y2 


X 2 -y 2 
x 2 + y 2 



x — y 



2xj/ 2xy 



(iii) 



8 in^=^ = ?.co 8 ^ = 
r«p s 

qrs s 



sec -4 = 



rsp _ p 



A '°P 



qrs = q 
rsp p 
qrs __ s 
pqr~p' 
rsp _ 8 
~pqr~ q' 



(iv) 



. mn ps 
sm A = — x — = 



. mv pa 
cos A = — x — = 



. mn «/ 
tan A = — x — = 



pq 

mv 

~sq 

mn 

~pq 

A . mv 
cot A — — x 
sq 

nr 
sec A = — x — 
ps mv 

A nr pq 
esc A = — x ;£li - = 
pa win 



nr 
jw 
nr 

*L 
mv 

P9 = 

mn 
sq _ 



7718 

rapt? 

n?r " 

718 

p»" 
p» 

718* 

nqr 
mpv' 

ms 



6. Prove that the values of a, 6, 
c in (i) and (ii), Example 6, satisfy 
the condition necessary to make 
them the sides of a right triangle. 

a 2 + 6* = cK 
(2 mn) 2 + (m 2 - n 2 ) 2 

= (m 2 + w 2 ) 2 . 
4m 2 7i 2 + m* - 2 TTlW + n 4 

= m* + 2m 2 n 2 + n*. 
m 4 +2m 2 n 2 + n 4 = m 4 + 2 m 2 w 2 + n*. 
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(tt) 

(£s) ,+ «" + «' 

\ x-y ) ' 

i^ + x 2 + 2xy + y 2 

x 2 -2xy + y a g4 + 2xV + y* 

~~ x 2 -2xy + y a 
4x*y a + x*-2xV + y 4 

= x* + 2xV + y 4 - 
x* + 2x*y 2 + y* = x 4 + 2x*y 2 + y 4 . 

7. What equations of condition 
must be satisfied by the values of 
a, 6, c in (ill) and (iv), Example 5, 
in order that the values may repre- 
sent the sides of a right triangle ? 

(Hi) 
pVr 8 + gV** 2 = rtV, 
or p 2 g 2 + 9 2 * 2 = P a « a . 



(iv) 



nV» 



m 2 ?^ m 2 « 2 _ 

I) 2 ? 2 « 2 g 2 " p 2 8 2 * 
or m^n 2 * 2 + m 2 ? 2 © 2 = n 2 ? 2 *- 2 . 



8. Given a 2 + ft 2 = c 2 ; find the 
functions of A and B when a = 24, 
6 = 143. 





c 


= V24 2 + 143 2 
= V21026 
= 146. 


sin 


A 


= — = cos B. 
146 


cos 


A 


146 



24 

tan^L = -— = cotB. 

143 

143 

eot^ = ^p = t*nB. 

24 



A * 46 D 

seci= — = cscS. 

esc 4 = — - = sec B. 
24 



9. Given a 2 + 6 s = c 2 ; find the 
functions of A and 5 when 
a = 0.264, c = 0.266/ 



b 


= V(c 


+ a)(< 


;-a) 




= V0.629x( 


).001 




= V0.000629 
= 0.023. 




sin A 


— a - 
c 


264 _ 
266 ~ 


cos 2?. 


C08^1 


c 


23 _ 
"266~ 


sinB. 


tan ^4 


a _ 


264 _ 
: 23 "" 


cotB. 


cot A 


_6 _ 
a 


23 _ 
264"" 


tanl?. 



A c 266 _ 

sec^. = - = -— - = csc .B. 
b 23 

A c 266 D 

esc A = - = — — = sec .0. 
a 264 



10. Given a 2 + ft 2 = c 3 ; find the 

functions of A and 5 when 

b = 9.6, c = 19.3. 

q = V(c + b) (c - a) 

= V28.8 x9.8 

= V282.24 

= 16.8. 

. A a 168 w 

sm A — - = — - = cos B. 

c 193 

A & 96 * B 

cos A = - = — = sm />. 
c 198 

A . a 168 
tan-4. = - = - 



96 



: cot B. 



cot -4 = = — = tan B. 
a 168 
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A c 103 
see A = - = — - = ( 
6 05 



>,B. 



a c 103 
esc -4 = - = — — = sec B. 
a 168 



11. Given a 2 + 6 s = c 2 ; find the 
functions of A and B when 

a = Vp 2 + g 2 , 6 = V2pg. 
c = Vp2 + g2 + 2pg 

= p + g- 

. A a Vp2 + g2 

an -4 = - = — — — = cos B. 

c p + q 



6 V2jMf . _ 

cos A = - = — = sin B. 

c p+q 



= cot B. 



6 V2pg 



co t4 = *=_^L = tanll. 

■ed = £=!££ = csclf. 
* V2pg 

a Vp* + g2 



12. Given a 2 + 6 s = c 2 ; find the 
functions of -4 and £ when 



a=^P*+pq, c=p + g. 
62 = C 2 _ a a- 

= g 2 + J>g. 

.-. 6 = Vg 2 + p g. 

. . a Vp 2 + p ? 
sin ^4 = - = - - ■ — - — = cos B. 
c p + q 

. b Vg 2 +pg . ,, 
cos A = - = * , ^* = sm 1?. 
c p + q 

^ a ^T^ 
o 



Vg 2 +pg 

= \/^ = cotJJ. 



a yp2+p 9 



■>s- 



= \P = tanB. 



= cscB. 



6 v^+pg 
a Vp* + pg 



13. Given a 2 + 6 s = c 2 ; find the 
functions of A and 2? when 
6 = 2Vpg, c=p +g. 
a* = c*~ ft 2 . 

a 2 = p 2 + 2pq + g 2 - 4pg 
= p 2 -2pg + g 2 . 
.-. a = p - g. 

sin,l = ?=*-^ = c<*B. 
c p + g 

. 6 2Vpg . 

cos -A = - = — f-^ = sm B. 

c p + q 

tan A = - = v ~Jj_ - cot B. 



b 2Vpq 



b 2 vp<7 _ 

cot A = - = ^ = tan B. 

a p-g 

sec i = ^ = £+l = c8C 5. 



6 2vS 



pg 

cscA=^=^±^ = secB. 
a p-g 



14. Given a 2 + 6 s = c 2 ; find the 
functions of .A when a — 2b. 
a = 26. 
a 2 + 6 2 = c 2 . 
46»4-& 2 = c 2 . 
56 s = c 2 . 
.-. c = 6 V£ 
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c ftV6 
^ a 26 
o o 

♦ A h l 

cot -A = - = - • 
a 2 

. c 6V6 /- 
sec -4 = - = — — = V6. 
o 



bVE, 



C8C A = - = — — = 1 V6. 
a 26 



15. Given a 2 + 6 s = c 2 ; find the 
functions of -A when a = | c. 

a = jc. 



6 = V(J2~3"^ 



= Vc 2 - | c 2 

. . a Jc 2 
sin 4 = - = ^— = - • 
c c 8 

COS^=5 = ? = ^V6. 



tan4 



= ? = ll. = |V6. 



6 c 
3 



vg 



C -V6 
cotA = * = $ = i V6. 






^=-^r^ = |V6. 



6 c 



V6 



c c . 3 
csc-A = - = - 



a fc 2 



16. Given a 2 + 6» = c 2 ; find the 
functions of A when a + 6 = | c. 

a + 6 = $ c. 
a 2 + 6» = c«. 
a 2 + &a + 2a6 = f£c*. 

2a6 = Ac 2 . 
a 2 -2a6 + 6 2 = ^c 2 . 



a-6=4V7. 
4 



a +6= fc 

26 = fc-?V7. 
4 4 

6 = |(6-V7). 
2o = 5 c + £V7. 

4 4 

a = ^(6 + V7). 



< 5 + V7 > 5 + V7 



. A a 8 

sin A = - = ■ = 

c c 

, » * (5-V?) 

cos -A = - = ^— — = 
c c 



A . o*5 + V7 16 + 5V7 
tan -4 = - = - — 



8 

5-V7 
8 



& 6-V7 



9 



4 . 6 6-V7 16-6V7 

COt A = - = — = • 

a 6 + V7 

sec A = ? = ^ = J(6+ V7). 



6 c 



(6-V7) 



esc A = ' = - = J(6 - Vf). 



a c 



(5+V7) 



8 
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17. Given a* + 6 s = c 2 ; find the 
functions of A when a — 6 = ± c. 

a*-2ab + W = —. 
16 



a« 



+ ft 2 - C 2. 



2a6 



15c 2 
16 ' 

a* + 6 s = c 2 . 



a 2 + 2a6 + &2 = 



31 c2 

16 ' 



a + 6 = \ V5l . 

4 4 

.•.o = ^(V5T + i). 
2b = c -Vsi- e -. 

4 4 

8 i^ « »" (V5r+1) V5I + . 

8U1 ^1 = - =r — — _ = 

c c 8 

6 8 X ' V.31-1 



cos A = - = 

c 



8 



^ V31 - 1 16 

««* ^ b *Sto-l I6-V3T 

COt A = - = - 



a V31 + 1 



16 



sec A = r = - 



8 



6 V31 - 1 



A C 8 

csc -4 = - = — — 



a V31 + 1 
= A(^ / 31-1). 





18. 


Find a 


if sin .4 


— 3 

— 51 


and 


c 


= 20.6. 












sin A 


_ a _ 3 
c "6* 










a 
20.6 


_ 3 

~6* 










.-.a 


= 12.3. 







19. Find 6 if cos 4 = 0.44, and 
c = 8.6. 



cos A = - = 0.44. 
c 



.-. b = 1.64. 



20. Find a if tan^ = Y, and 
6 = 2*. 

tan^=? = ^- = H. 
6 2^ 3 

. lla _ n 
27 " 3 ' 
.-. a = 9. 

21. Find b if cot -4=4, and 
a = 17. 

cot^ = ^ = A = 4. 
a 17 

.-. b = 68. 

22. Find c if sec A = 2, and 
6 = 20. 

A c c 
sec ^i = - = — = 2. 
6 20 

.-. c = 40. 

23. Find c if csc A = 6.46, and 

o = 36.6. 

c c 

csc A = - = = 6.46. 

a 35.0 

.-. c = 229.62. 
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24. Construct a right triangle, 
given c = 6, tan A = §. 

ton A = -. 
b 

.-. a:6 = 8:2. 

Draw -4B = 2. 

Draw 5C _L to AB = 3. 

Join C and -4. 

Prolong .4 C to D, making -4D=6. 

Draw BE ± to -41? produced. 

Rt. A AEB is similar to rt. A 

ABC. 

.-. ABE is the rt. A required. 

25. Construct a right triangle, 
given a = 8.5, cos A=\. 

Construct rt. A A'&C so that 
6' = 1, c 7 = 2. 

Then cos -4 = f 

Construct A ABC similar to 
A'BTC, and having a = 3.6. . 

Then ABC is rt. A required. 

26. Construct a right triangle, 
given 6 = 2, sin A = 0.6. 

Construct rt. A A'B'C, making 
a' = 6, c 7 = 10. 

Then sin A' =\%. 

Construct A ABC similar to 
A'WC, and having 6 = 2. 

Then ABC is rt. A required. 

27. Construct a right triangle, 
given 6 = 4, esc A = 4. 

Construct rt. A A f WC\ having 
C = 4, a' = 1. 

Then construct A ABC similar 
to AWC, and having 6 = 4. 

Then A BC is rt. A required. 



28. In a right triangle, c = 2.5 
miles, sin A = 0.6, cos A = 0.8 ; 
compute the legs. 



sin A = - . 
c 

.\ a = c sin -4. 
.-. a = 1.6. 



cos -4 = — 
c 

.-. 6 = ccos-4. 
.-. 6 = 2. 



30. Find, by means of the table, 
the legs of a right triangle if A =20°, ' 
c = 1 ; also, .if A = 20°, c = 4. 

A = 20°, c = 1. 

sin 4=?. 

C ; 

.*. a = csin.4. 
.-. a = 0.842. 

cos -4 = - . 
c 

.*. 6 = c cos -4. 

.-. 6 = 0.940. 

A = 20°, c = 4. 

.. a = 4 x 0.342 

= 1.368. 
.-. 6 = 4 x 0.940 

= 3.760. 

31. By dividing the length of a 
vertical rod by the length of its 
horizontal shadow, the tangent of 
the angle of elevation of the sun at 
the time of observation was found 
to be 0.82. How high is a tower, if 
the length of its horizontal shadow 
at the same time is 174.3 yards ? 

tan A = - = 0.82. 
6 

.-. a = 0.82 6. 

6 = 174.3 yards. 

.-. a = 0.82 of 174.3 yards 

= 142.926 yards. 
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19. Show by construction that 
2 sin A> sin 2 A. 

Construct Z BOC and A COA 
each equal to the given Z A. 

Then AB = 2 sin A, and AD, the 
± let fall from -4 to OB, = sin 2 A. 
But AB> AD. 

Hence, 2 sin A > sin 2 4. 

20. Given two angles .4 and B, 
A + B being less than 90° ; show 
that sin (A + B) <sin A + sin B. 

Construct H OK = ZA, and COH 
= ZB. 

Then sin (4 + B) = CP, sin -4 
= J3TJST, sin 5 = CD. 

Now CP<CD + DE, 

and HK>DE. 



r.CP<CD + HK. 
.-. sin (-4 + .B)<sin4 + sin B. 

21. Given sin * in a unit circle ; 
find the length of a line correspond- 
ing in position to sin * in a circle 
whose radius is r. 

1 : r = sin x : the required line. 
.-. length of line required = rsin x. 

22. In a right triangle, given the 
hypotenuse c, and also sin A = m, 
cos A = n ; find the legs. 

sin A = - = m. 
c 



cos A = - = n. 

» c 

,\ 6 = en. 



Exercise IV. Page 12. 



1. Express as functions of the 
complementary angle : 

sin 30°. esc 18° 10'. 

cos 46°. cos 37° 24'. 

tan 89°. cot 82° 19 7 . 

cot 15°. esc 64° 46'. 

sin 30° = cos (90° - 30°) = cos 60°. 
cos 45° = sin (90° - 45°) = sin 45°. 
tan 89° = cot (90° - 89°) = cot 1°. 
cot 15° = tan (90° - 15°) = tan 75°. 

esc 18° 10' = sec (90° - 18° 100 

= sec 71° 60'. 
cos 37° 24' = sin (90° - 37° 24') 

= sin 52° 36'. 
cot 82° 19 = tan (90° - 82° 19') 

= tan 7° 41'. 
esc 54° 46' = sec (90° - 54° 46') 

= see 35° 14'. 



2. Express as functions of an 
angle less than 45° : 

sin 60°. esc 69° 2'. 

cos 75°. cos 85° 39'. 

tan 57°. cot 89° 69'. 

cot 84°. esc 45° 1'. 

sin 60° = cos (90° - 60°) = cos 30°. 
cos 75° = sin (90° - 75°) = sin 15°. 
tan 67° = cot (90° - 67°) = cot 33°. 
cot 84° = tan (90° - 84°) = tan 6°. 

esc 69° 2' = sec (90° - 69° 2') 

= sec 20° 58'. 
cos 85° 39' = sin (90° - 86° 390 

= sin 4° 21'. 
cot 89° 69' = tan (90° - 89° 690 

= tan 0° 1'. 
etc 46° r = sec (90° - 46° 10 

= sec 44° W, 
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3. Given tan 30° = * Vs ; find 

cot 60°. 

tan 30° = cot (90° -30°) 

= cot 60°. 

.-. cot 60° = i Vs. 

4. Given tan 4 = cot 4 ; find A. 

tan4 = cot(90°-4), 
90° - A = A, 
24 = 90°. 
.-. A = 45°. 

5. Given cos A = sin 2 A ; find 4 . 

cos 4 = sin (90° - A), 
90°- A =2 A, 
34 = 90°. 
.-. A = 30°. 

6. Given sin A = cos 2 4 ; find 4. 

sin A,= cos (90° -4), 
90° -A =2 4, 
34 = 90°. 
.-. 4 = 30°. 

7. Given co*4 = sin (45° — i4); 
find 4. 

cos 4 = sin (90° -4), 
90°-4 = 45°-i^l, 
180° -24 =90° -4. 
.-. 4 = 90°. 

8. Given cot £ 4 = tan 4 ; find 4 .' 

tan 4 = cot (90° - 4), 
i4 = 90°-4, 



4 = 180° -24, . 
34 = 180°. 
.-. 4 = 60°. 

9. Given tan (46° + 4) = cot 4 ; 
find 4. 

cot 4 = tan (90° -4), 
tan (90° - 4) = tan (45° + 4), 
90° - 4 = 45° + 4, 
24=45°. 
.-. 4 = 22° 30'. 

10. Find 4 if sin A = cos 4 4. 

sin 4 = cos (90° -4), 
90°- 4 = 44, 
64=90°. 
.-. 4 = 18°. 

11. Find 4 if cot A = tan 8 4. 

cot4 = tan(i>0°-4), 
84 = 90° -4, 
94=90°. 
.-. 4 = 10°. 

12. Find 4 if cot A = tan nA. 

cot A = tan(90°-4), 
90°-4 = n4, 

90° = 4 (n + 1). 
90° 



.-.4 = 



n + 1 



Exercise V. 

1. Prove Formulas [1], [2], [3], 
using for the functions the line 
values in the unit circle given in 
Sect. Ill, p. 8. 

[1] sin* 4 + cos* 4 = 1. 

[2] tan 4 = 55^:. 
cos 4 



Page 14. 

[3] sin 4 x esc 4 =1, 
cos 4 x sec 4=1, 
tan 4 x cot 4 =1. 

[1] JfP = sin4, 

OM = cos 4 , 

but OF* = 1. 
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PLANE TRIGONOMETRY. 



4. What condition must be ful- 
filled by the lengths of the three 
lines a, b, c (Fig. 2) in order to 
make them the sides of a right tri- 
angle ? Is this condition fulfilled 
in Example 3? 

The condition is a 2 + ft 2 = c 2 . 
It is ; for 

3* + 4* = 6*. P + 40*:=:41*. 

6 a + 12* = 13 2 . 3.0 2 + 8 2 = 8.9 2 . 
8 2 + 152=17 2 . 1.10*+1.2P=1.00>. 

5. Find the values of the func- 
tions of il, if a, bj c, respectively, 
have the following values : 

(i) 2 mn, m 2 - n 2 , m 2 + n 2 . 

(B) !!», « + ,,* + *■. 
w x- y v x — y 

(iii) pgr, gr«, rsp. 

win wm> nr 



(iv) 



pg sq ps 

(0 
sin -4 = - = 



" c m 2 + n 2 

. b m 2 -n 2 
cos -4 = - = 



2 run 



tan .4 = - = 

b m 2 - 



n 2 



. . b m? — ri 
cot -4 = - = 



#in A 



secA : 
esc -4 : 

_ 2xy 



a 
c 
'b 
c 
a 



2mn 
to 2 + n 2 



m 2 — n 2 



2mn 



(ii) 

a; — 1 



x 2 + ; 



2xy 

"x 2 + # 2 " 

^ / v x — y x 2 — y 2 
cos A = (x+y x -- — S- = - — sL. 
a^ + y 2 x 2 + y 2 



tan -4 



- 2xy 



1 



x + y 



x — y 

cot A = (x + y) x = 

2xy 

sec -4 = — x : 

x — y x + y 

A x 2 + y 2 x — y 

CSC -4 = — X : 

x — y 2 xy 

(iii) 

• a POT Q a 

sin A = £ - i - = - • cos ^4 : 
rsp 



2xy 

x 2 — y* 

. x 2 - y 2 

2xy 
x*_+ y 2 
x 2 - 



8 

tan .4 _^?T = ^. cot^l: 

. rsp p . 

sec -4 = —=- = — • csc-4 : 
qrs q 

(iv) 

pq 

mt 



. win ps 
sin A = — x — = 



cos A = — x 



nr 
ps 

nr ' 

*L. 
mv 



a m n 
tan A = — x 
pq 

j. a ■ nw PQ 
cot A = — x — = 
sq mn 

a nr S Q 
sec A = — x — - = 

p« WM) 

a nr PQ 
csc .4 = — x *-± = 
ps mn 



2xy 

: qrs = q 
rsp p' 

qrs __ 8 

PQ? ~~ P 
rsp __ 8 
~pqr~ q 

ms 

~qr" 

mpv 

nqr ' 

ns 

pv' 

pv 

ns' 

nqr 

mpv 

2L. 

ms 



6. Prove that the values of a, 6, 
c in (i) and (ii), Example 5, satisfy 
the condition necessary to make 
them the sides of a right triangle. 

(i) 
a 2 + b* = c 2 . 
(2mn) 2 + (w 2 -n 2 ) 2 

= (m 2 + n 2 ) 2 . 
4m¥ + m 4 - 2 mH 2 + n 4 

= m 4 + 2m 2 n 2 + n 4 . 
m 4 +2m 2 n 2 + n 4 = ro 4 + 2 m*n 2 -f »*. 
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(«) 



\ x-y / " 
4xV 



x a -2xy + y 2 



+ x 2 + 2xy + y 2 
x* + 2x 2 y a + y* 



x a -2xy + y 2 
i + x*-2x a y a + y* 

= x*+2x a y a + y*. 
x* + 2x*y 2 + y* = x 4 + 2xty* + y 4 . 



7. What equations of condition 
must be satisfied by the values of 
a, 6, c in (iii) and (iv), Example 5, 
in order that the values may repre- 
sent the sides of a right triangle ? 

(iii) 



(iv) 
m*n* mflv 2 _ wV 2 
p2 g a + 8 *q* " i> 3 « 2% 
or m*n*& + mtyhfl = n^V 2 . 



8. Given a 2 + ft 2 = c 2 ; find the 
functions of A and £ when a = 24, 
6 = 143. 



c 


= V24 2 + 143 2 
= V21025 




= 145. 




sin ^1 


24 
~~ 145" 


: COSB. 


cos^l 


_143_ 
= 145 = 


= sin£. 


tan .4 


24 
"143" 


= cot£. 


OOtui 


_143_ 
24 = 


= tanB. 



A 146 

sec A = — -- = esc B, 
143 

A 145 * 

esc A = — = sec A 
24 



9. Given a a + 6 2 = c a ; find the 
functions of A and £ when 
a = 0.264, c = 0.265/ 
b = V(c -f a) (c - a ) 
= V0.529x .001 
= V0. 000529 
= 0.023. 

. , a 264 _ 

sm A = - = — = cos B. 

c 265 

, 6 23 
cos A =*- = — = sin B. 
c 265 

. . a 264 ^ _ 

tan .4 = - = — = cot B. 

b 23 

b 23 

cot A = - = — = tan B. 

a 264 

A c 265 D 

sec -d. = - = — = esc B. 
b 23 

, c 265 __ 

esc A = - = — = sec B. 
a 264 



10. Given a 2 + 6 2 = c 2 ; find the 
functions of J. and 2? when 
b = 9.5, c = 19.3. 



a 


= V(c + b) (c - o) 
= V28.8 x 9.8 

= V282.24 




= 16.8. 


siu ^L 


a 168 __ 
= - = — = cos B. 
c 193 


cos .4 


b 96 
= - = — = sm B. 
c 193 


tan .4 


a 168 , _ 
= - = — = cot 2?. 
& 95 



cot A = = = tan B. 

a 168 
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Bee A = 



m 

95 



= cmcB. 



a c 193 
csc-4 = - = -— = sec 5. 
a 168 



11. Given a 2 + ft 2 = c 2 ; find the 
functions of A and 2* when 



a = VpM-g 2 , 6 = V2pg. 
c = Vp 2 + g 2 + 2j>g 
= p + g. 



Yp 2 +< 



= cos 1?. 



sin -4 = - = 

c p-H g 

. 6 y/2pq . _, 

cos A = - = — = sin J5. 

c p+q 



A a V F 

tan A = - = — — 
6 



>9Ti 



V2pg 



= cot B. 



a Vp 2 + g2 



* V2pg 



csc A 



_c _ p + q 



Vp 2 + g2 



= CSC 5. 



= sec B. 



12. Given a 2 + 6 s = c 2 ; find the 
functions of A and J? when 

a = Vp 2 +pg, c=p + g. 
6 2 = c 2 - o 2 - 
= g 2 + Pg- 
.-. 6 = Vg 2 -Hp g . 

• a a Vp2 _j_ pq 
sin .4 = - = ^ ^ = cos J5. 
c p + g 

, 6 Vg 2 + pg . ^ 
cos .4 = - = ^ ^ = sin B. 
c P+g 

tenyi= a = 2 gT^ 

6 Vg 2 + pg 



■# 



= \^ = cotJJ. 
'g 



cot^ = ^ = ^±^ 

a vy+pg 



A§ 



^ = tanB. 
P 

8ec^=?=-^L = = csc5. 

6 Vg2 + pg 

csc A = - = ^ + 9 = sec B. 

« Vp2 + pg 



13. Given a 2 + 6 2 = c 2 ; find the 
functions of -4 and 2? when 
6 = 2 V^g, c = p + g. 
a 2 = c 2 - ft 2 . 

a*=p* + 2pq + q*-4p q 
= p 2 -2pg + g 2 . 
•• a = p - g. 

sin A = - = P ~ q = cos JB. 
c p + q 

. b 2V™ . n 

cos -4 = - = ^ = sin B. 

c p + g 

tan^ = ? = ^| = cot5. 
b 2Vpg 

cot^=- = ^? = tanl?. 
a p-g 

8eci=?=^±l = C scl?. 

csc^=^=^±i = sec5. 
a p-g 

14. Given a 2 + 6 2 = c 2 ; find the 
functions of A when a = 2 6. 
a = 2 6. 
a 2 + 6 2 = c 2 . 
46" 4- 62 = c 2 . 
56 2 = c 2 . 
.-. c = 6 V6. 
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Bill .4 


_ a 
c 


26 


fVg. 


coa A 


_6_ 

~" c " 


b 


J vs. 


tmA 


~6 = 


■"■» 




cot A 


_6 

" a 


1 
= 2* 





sec -4 = - = — — = V5. 



a c & V5. . /- 

esc A = - = -— - = i v 6. 
a 26 * 

15. Given a 2 + 6 s = c 2 ; find the 
functions of A when a = J c. 



a = ic. 




6 = Vc 2 - 


a 2 


= V C 2 - 


|c 2 


-S* 




sin A = - = 2- 
c c 


c _ 2 
""8 



<V5 

cos A = - = — = i V 6. 
c c * 

tan^ = ? = H. = |V6. 

6 H 

cot^ = * = 2 = iV5. 

.« |c 

«ec A = ? = —2— = { Vs. 
3 

csc 4 = - = — = -. 
a fc 2 



16. 


Given a 2 + 6* = c 2 ; find the 


functions of <4 when a + 6 = f c. 




a + 6 = 


= Jc. 




a 2 + 6 2 = 


= C*. 


a 2 + 6* + 2a6 = 


= «* 




2a6 = 


= A* 


a 2 - 


-2a6 + 6 2 = 


= AA 




a-6 = 


.;«. 




a + 6 = 


= }c. 




26 = 


6 './^ 




6 = 


: £(6-V7). 




2a = 


6 , C /r 




a = 


»|(5 + V7). 


sin ^4 = 


a 8 


' 6+V7 



c c 

c 



A » 8 (6 "^> 6-V7 
cos -4 = - = - 



tan 4 = 



c c 8 

o "5 + V7 I6 + 5V7 



6 5-V7 



9 



cot A = - = 6 "~ v ^ _ 1L~ A^ 
a 6 + V7" 9 



sec J. = - 



6 |«.-vn 



= *(5+V7). 



esc A = - = - 



|(6+V7) 



-=4(6-V7). 
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C08 a -A 



. esc A — sin A = • 



cos ^4 



an A 
= cot -4. 



From [1], 
Also, from [2], 

22. Prove that _ 

1 — sin A cos A 

Clearing of fractions, this becomes, 

cos 2 4 = 1 - sin 2 A, 
which is correct by [1]. 

cos A __ 1 + sin A 
1 — sin A cos A 



sin A 
.\ esc A — sin A = cos A cot A, 

cos A l+8in4 



Exercise VI. Page 16. 



1. Find the values of the other 


functions when sin A = {f . 


sin 2 A + coa?A = 1, 


cos>A = l-Q\ 


cos^V 1 -® 2 


/~26" 
~ \169* 


, 5 
.-. cos A = — - . 
13 


. sin A 12 

tan A = — • 

cos ^4 5 


cot A is reciprocal of tan A. 


•• °* A= w 


sec A is reciprocal of cos A. 


A 13 

.-. sec A = — • 


esc -4 is reciprocal of sin A. 


A 13 

.*. csc A = — 
12 



2. Find the values of the other 
functions when sin A = 0.8. 

sin 2 A +cos 2 -4 = l, 

cos 2 ^ = l -(0.8) 2 , 



cos A 


= Vl - 0.64. 


. COB A 


= 0.6. 




tan .4 


sin A 

COB A 


0.8 
0.6 


. tan A 


= 1.3333. 




cot A 


_0.6 

~0.8* 




. cot A 


= 0.75. 




sec A 


1 
~0.6* 




\ sec A 


= 1.6667. 




csc A 


1 
~0.8* 




\ csc A 


= 1.25. 





3. Find the values of the other 
functions when cos A = $ $. 

sin 2 A + cos 2 A = l, 
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sin .4 




•COt-4s= 



4. Find the values of the other 
functions when cos A — 0.28. 
Bin*A + c6tPA = l, 
sin A=y/\- (0.28) 2 

= V0.9216 = 0.96. 
sin .4 0.96 
cos A ~~ 0.28 
1 1 



tan A = 



3.4286. 



cot A = 



sec A = 



esc A = 



tan A 

1 
cos -4 

1 



3.4286 

1 
0.28 

1 



= 0.2917. 



= 3.6714. 



= 1.0417. 



sin A 0.96 

5. Find the values of the other 
functions when tan A = $ . 

tan .4 = -. 
3 



.\ cot A = - 



tan A = 



4 

sin A 



cos A 
4_ sin A 

3" Vl - sin* .4 



3 sin A = 4 Vl -sin* -4, 
9 sinM. = 16-16 sin 2 4, 
6 sin A = 4. 

• ^ 4 

.*. sin -A = -. 



cos .4 = 



sin A 3 







tan -4 


6 


sec 


A 


1 

COS -4 


_6 
~"3 


CSC 


A 


1 

sin A 


_6 
"4 



1 = 



6. Find the values of the other 
functions when cot -4 = 1. 

cot A = 1. i 

.-. tan-4 = 1. 

tan A = , 

cos .4 

sin A 

— * 
Vl — sin 2 .4 

sin A = Vl - sin 2 .4, 
sin* .4 = 1 - sin 2 A, 
2 sin 2 .4 = 1, 

sin 2 .4 = -• 
2 

/. sin A = V[ = ± V2. 

C08 ^ = 8 i n -4 = i V2. 
tan -4 

sec4 = — i— = -i- = V2. 
cos4 ^V2 

csc4 = -A- = — ?- = V2. 
sin .4 ^V2 

7. Find the values of the other 
functions when cot A = 0.5. 

tan^=— ?— = A = 2 - 
cot A 0.6 

. sin -4 . 
tan A = = 2. 

cos -4 

2 cos<4 = sin .4. 

4 cos 2 4 -sin 2 A = 0. 

cos 2 A + sin 2 .4 = 1. 

Add, 6 cos 2 A = 1. 
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COS A 



= VH.46. 



4 cos 2 A + 4 sin 2 A = 4 
4 cos 2 A — sin 2 A = 







5 sin 2 .4 =4 




sin A = 


= ^ = 0.90. 




sec -4 = 


= X J = 2.22. 

COS A 




csc .4. = 


8U1 A 


8. 


Find the values of the other 


rnc 


tions when sec A = 2. 




cos 4 = 


1 1 

seed 2 



nR-xI- 



sin ^4 = i V5. 
sin -4 



tan A = 
cot A = 
esc A = 



jV3 

i 



:V§. 



cos -4 

-i- = -i- = iV5. 

tan-4 V§ 

= * Vs. 



sin -4 



9. Find the values of the other 
functions when esc A = V2. 

sin .4 = -L ='1 VS. 

V2 



cos .4 = Vl - (J V2) 2 = Vl -J 
= V£ = 4 V5. 

tan^=i^=l. 

J V2 

cot A = - = 1. 

sec -4 = = Vi. 

*V2 



10. Find the values of the other 
functions when sin A = m. . 



cos A = Vl - sin 2 .4 = Vl — m 2 . 

. sin -4 m 

tan -4 = 



cos4 Vl_m 2 
i Vl - m 2 



cot -4 = 



1 -m 2 

1 = lvr 



sec -4 : 



tan A m 
1 1 

~cos4~ Vl - m 2 
1 1 



esc -4 = _ 

sin -4 m 

11. Find the values of the other 
2m 



functions when sin A = - 



1 + m 2 



cos A = Vl — sin 2 A. 
.-. cos A 



V 1 + 

•4 



4 m 2 



2 m 2 + m 4 



1 - 2 m 2 + m 4 
1 + 2 m 2 + m* 
1-m 2 



tan .4 = 
cot A = 
sec A = 
esc -4 = 



1 + m 2 
sin A 



cos A 

1 
tan .4 

1 

cos .4 
1 

sin A 



2m 
1-m 2 ' 
1-m 2 

2m 
1+m 2 
1-m 2 ' 
1 + m 2 

2m 



12. Find the values of the other 

functions when cos A = 

m 2 + n 2 



-4 = Vl — cos 2 .4. 



■J 



-\ii~- 



4 mV 



m* + 2 m 2 n 2 + n 4 
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V ?w*-2m a n a -fn 4 
ro 4 + 2.m*n* + n* 
m 2 -n a 



tan .4 = 



cot A = 



ro a + » a 

sin ^1 _ m a — n? 
cos -4 * 2 mn 
1 2mn 



sec -4 = 



tan A m 2 — n a 
1 _ m 2 -f n 2 
cos -4 2 mn 

. 1 m a + n 2 

CSC A = - T = —^ ;• 

sm A wi 2 — n 2 

13. Given tan 46°= 1; find the 
other functions of 45°. 



sin 46° 
cos 45° 
sin 46° 



= tan 45°. 



= 1. 



cos 46° 
sin 2 45° + cos 2 45° = 1. 
By (1), sin 45° = cos 45°. 
By (2), cos 2 45° + cos 2 46° = 1, 
2cos 2 45° = l, 



(1) 
(2) 



cos 2 46° = -, 
2 



cos 46° 



S-*va 



sin 46° = J V2. 

cot 46° = V_ = - = 1. 



sec 46° = 



tan 45° 1 

1 



= V5. 

*V2 
esc 45° = — i— = V2. 

14. Given sin 30° = | ; find the 
other functions of 30°. 

sin 2 30° + cos 2 30°= 1. 
cos30°=^rr] = ^| = iV3. 



tan 30° = -i— = 1 V5. 

i V3 

cot 30° = -i- = V3. 

jV§ 

sec 30° = -i- = 4 V3. 
iV§ f 

esc 30° = - ='2. 

i 
i 

15. Given esc 60° = f V§ ; find 
the other function of 60°. 



sin 60° = 



1 



esc 60° 

i^3 

cos 60° = Vl -sin 2 60° 
= Vi - (J V§) 2 

1 



^ 



-,ft-j-: 



tan 60° = 



i 

cot 60° = — - = i V3. 

V3 * 

sec 00° = - = 2. 

i 

16. Given tan 16° = 2 - V3; find 
the other functions of 15°. 

, __ sin 15° rt /r 

tan 15° = = 2 - v3. 

cos 15° 

sin 2 15° + cos 2 15° = 1. 

sin 15° = (2 -V3) cos 15°. 

[(2 - Vs) cos 15°] 2 + cos 2 16° = 1, 

(4 - 4 V5 + 3) cos 2 16° + cos 2 16° 

= 1, 

(8-4 V3)cos215°=l. 

cos 2 15° = _!_ = ^, 
4 (2 - V3) 4 
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c08l6 o = ^^ =i ^7v|. 

sin* 16°= 1- cos* 15°. 

• aieo t 2+V5 2-V3 
an 8 16° = 1 = , 



sin 15° = i V2-V3. 
1 1 



cot 15° = 



sec 15° = 



tan 16° 2 - V3 
= 2+V5. 

1 



esc 16° = 



1V2+V3 

= 2(2 -V§) V2+V3. 
1 _ 

\ V2 - V3 
= 2(2+^) V2-V3. 



17. Given cot 22° 80' = V2 + 1 ; 
find the other functions of 22° 30'. 
1 1 



tan 221° = - 



V2 + 1 



cot 22J° 
= V§-1. 

«5j?L = tan22io, (1) 

cos 221° 2 W 

cos* 22J° + sin* 22*° = 1. (2) 

From (1), 

cos 22J°tan 22 J° = sin 22£°. 
Square, 

cos2 22i tan2 22£ = sin*22i°. 
From (2), 

cos*22p = -sin*22£° + l 
Add, 

cos 2 22J°tan2 22i° + cos 2 22J° = 1. 

cos*221°(tan222i + 1) = 1, 
cos 2 22|°(4-2V2) = l, 

cos22£° V4-2 V2 = 1. 
1 



.-. cos 22*° = - 



V4-2 V2 





_ ^/4 + 2 V2 
* 8 




= h V2 


+ V2. 


sinlJ25 


-v- 


2+V2 

4 




-v- 


2-V2 
4 



1 



i V2 + V2 



= (2 - V2) V2 + V2. 

csc22J° = - - 1 

i V2-V2 



= (2 + V£) V2-V2. 



18. Given sin 0° = ; find the 
other functions of 0°. 



cos 0° = Vl - sin 2 0° 



= Vl-0 
= 1. 

tan o = sin J?° := ? = o. 
cos 0° 1 

cot 0° = — - — = - = oo. 
tan0° 
1 1 

sec 0° = - 



cos0° 1 

esc 0° = = - = oo. 

sin 0° 

19. Given sin 90° = 1 ; find the 
other functions of 90°. 
sin 99° = 1. 



cos 90° = Vl _ sin 2 90° = 



0. 



tan 90° = 



sin 90° __ 1 
cos 90° ~ " 
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cot 90° = 



-l- = i = o. 

tan 90° oo 



sec 90° = -— = - = oc. 

cos 90° 



esc 90° = 



-J- -1=1. 
sin 90° * 1 



20. Given tan 90° = oo ; find the 
other functions of 90°. 
tan 90° = oo. 



cot 90° = 



1 



tan 90° oo 



1 = 0. 



cos 90° 



= cot90°='0. 



sin 90° 
.-. cos 90° = 0. 

sin 2 90° + cos a 90° = 1. 
.-. sin 2 90° = 1, 

sin 90° =1. 

8ec90° = ^ = ao. 


esc 90° =1. 

21. Express the values of all the 
other functions in terms of sin A. 



cos A = Vl -sin 2 .4. 

. sin A 

tan A = - 



cot A — 
sec A — 
esc A 



Vl - B in 2 ^4 

Vl -sin 2 ^4 

sin -4 

1 

Vl - Bin* .4 

1 
sin ,4 



22. Express the values of all the 
other functions in terms of cos A. 



iA =Vl -cos 2 .4. 



tan ,4 = 



Vl - cos 2 ^. 



cos -4 



cot .4 = 
sec -4. = 

esc ^4. = - 



cos .4 



Vl - cos 2 .4 

1 



cos .4 



Vl - cos 2 A 



23. Express the values of all the 
other functions in terms of tan A. 

col A = . 

tan .4 

a x A 

- = tan.4. 
o 

a — b tan A, 

a 2 = ft 2 tan 2 .4. 
a 2 - a 2 tan 2 .4 = 
a 2 4- ^ =1 

6 2 (l + tan 2 ^l)= 1 

1 



6 2 = - 



1 + tan 2 A 



= cos 2 A. 



cos A 



\l-fta 



tan 2 .4 



[A =Vl -cos 2 .4. 



■V 



= *1-: 



1 



1 + tan 2 .4 
tan -4 



Vl + tan 2 .4 



sec A = = Vl -f tan 2 ^4. 



esc A = 



cos A 
1 Vl+tan 2 .4 



sin A 



tan A 



24. Express the values of all the 
other functions in terms of cot A. 

= tan-4. 



cot A 
sin A 
coaA 



= tan -4. 
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Let x = sin .4, y = cos -4. 
x_ 1 
y cot A 
x cot A = y, 
x 2 cot 2 A = y 2 . 

x 2 cot 2 A -y 2 = 
x 2 + y 2 = 1 

x 2 (l + cot a A)=l 

x 2 = — -i 

1 + cot? A 

sin A = — — . 

Vl + cot 2 A 

cos A = Vl -sin 2 A 



■4 



mi- 



1 + COt»jl 



-^ 



/ l + cot 2 A - 1 



1 + cot 2 A 

_ cot A 

Vl + cot 2 .4 

A 1 Vl+cot 2 A 
sec A = = ■ . 



cos .4 



cot A 



esc A = = Vl + cot 2 A. 

sin A 

25. Given 2 sin A = cob A; find 
sin A and cos A. 

sin 2 A + cos 2 A = 1. 
sin 2 A + 4 sin 2 A = 1. 
6 sin 2 A = 1, 

sin 2 A=i, 
5 

sinA = ^l = iV6. 

.-. cos A = $ V6. 

26. Given 4 sin A = tan A; find 
Bin A and tan A. 

sin A 



tan A = ■ 



008.4 



But tan A = 4 sin A. 
sin A 
cos A 
4 sin A x cos A = sin A. 
sin A 1 



.sin A = 



/.cos -4 = 



4 sin A 
sin 2 A + cos 2 A = l. 



\ 16 \16 

= *Vl6. 



tanA = 



sin A 

cos A 

i Vl6 

* 



= Vl6. 



27. If sin A : cos A = 9 : 40, find 
sin A and cos A. 

40 sin A = 9 cos A. 
Square, 

1600 sin 2 A =81 cos 2 A. 

1600 sin 2 A - 81 cos 2 A = 0. 
But sin 2 A + cos? A = 1. 

Multiply by 81 and add, 

1681 sin 2 A = 81. 

.-. 41 sin A = 9. 

sin A = — . 
41 

sin 2 A + cos 2 A = 1. 

cos A = Vl — sin 2 A. 



• C08 " l= V 1 -(n)=4T 



28. Transform the quantity 
tan 2 A + cot 2 A - sin 2 A - cos 2 A 
into a form containing only cos A 
sin 2 A I -coa 2 A 



tan 2 A = 



cot? A 



cos 2 A 
cos 2 A 



cob 2 A 



" sin 9 A 1 - cosU 
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1 -co** A 
coa*A 



coa* A 



1 — COS 2 -4 
— 1 + C08 a 4 — COB 2 A 

1 — 2coa 2 ^+2cogML —cos 2 A +coe 4 ^l 



30. Prove that 
tan A + cot A = sec A x esc A. 



~~ co&A—co&A 

1 — Scos^-f ScosM 
cos 2 .4 — cos* A 

29. Prove that 
sin .4 +cosA = (1 + tan-4)cos-A. 

sin^l . 

= tan -4. 

cos -4 

gin A = tan A cos A. 

sin .4+ cos J. = tan ^L cos ^1 + cos A 

= (1 + tan^t)cos^4. 



Exercise VII. 

1. Solve the equation 

2 cos x = sec x. 
1 
cosx' 
... 2cos*x = 1. 
COS X = VJ. 
.-. x = 46°. 

2. Solve the equation 

4sinx = cscx. 

4sinx= - 

sinx 

.•. 4sin a x = 1. 

sin x = i. 

.-. x = 30°. 

3. Solve the equation 

tan x = 2 sin x. 
sinx 



tan .4 = 



cot A = 



sin A 
cos A 
cos A 
sin A 



A , ^ . sm A cob A 

tan A + cot A = + - — - 

cos -A sin A 

sin 2 4 + cos 2 -4 



2 cosx = 



= 2 sin x. 
cosx 

sinx = 2sinx cosx. 

(1 — 2 coax) sinx =0. 

sinx = 0. (1) 





cos A sin A 


But sin 2 A + cos 2 4 = 1. 


tan-A + eot-A : 


1 
cos A sin A 




= sec A x esc A 


Page 18. 




.*. X 


= 0. 


1 — 2 cos x 


= 0. 


cosx 


= f 


.-. X 


= 60°. 


.-. X 


= 0° or 60°. 


4. Solve the equation 


sec x 


= V2 tan x. 


1 
cosx 


_V2— . 
cosx 


1 


= V2 sin x. 


sinx 


1 

~V2* 


.-. X 


= 46°. 


5. Solve the equation 


sin 2 x 


= 3 cos 2 x 


sin^ 
cos 2 x 


= 3. 


tan 2 x 


= 3. 


tanx 


= Vs. 


.-. X 


= 60°. 



(2) 
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6. Solve the equation 

2sin a x + cos 2 x = §. 

sin a x + (Bin a x+cos 2 x) = j. 

sin 2 x + 1 = §. 

sin a x = J. 

1 

sinx = — — . 

V2 
.-. x = 45°. 

7. Solve the equation 
3tan 2 x-sec 2 x = 1. 

3 tan 2 x - (tan 2 x -f 1) = 1. 

2tan 2 x- 1 = 1. 

2tan 2 x = 2. 

tanx = 1. 

.-. x = 46°. 

8. Solve the equation 

tan x + cot x = 2. 

tanx + = 2. 

tanx 
tan a x-2tanx + l =0. 
tan x — 1 = 0. 
.*. tan x = 1. 
.-. x = 46°. 

9. Solve the equation 

sin a x — cosx = £. 

(1 — cos a x) — cos x = i. 

cos 2 x 4- cos x = £ . 

COS 2 X + COSX + ±= 1. 

COS X -f ± = 1. 

COS X = £. 

.-. x = 60°. 

10. Solve the equation 

tan a x — secx = 1. 

(sec 2 x — 1) — sec x = 1. 

sec 2 x — secx = 2. 

sec 2 x — secx -f i = f. 

sec x - i = ± J. 

sec x = 2. 

.\ x = 60°. 



11. Solve the equation 
sin x + V3 cos x = 2. 

V5 cos x = 2 — sin x. 
3 coaPx = (2 - sin x) 2 . 
3(1 - sin 2 x) = 4 - 4 sin x 4- sin 2 x. 
4 sin 2 x - 4 sin x + 1 = 0. 
2 sin x - 1 = 0. 
sin x = ±. 
.-. x = 30°. 

12. Solve the equation 

tanfcx + csc 2 x = 3. 

tan a x + (1 + cot a x) = 3. 

tan a x - 2 + cot a x = 0. 

tan x — cot x = 0. 

tan x = 0. 

tanx 

tan a x = 1. 

tan x = 1. 

.-. x = 45°. 

13. Solve the equation 

2 cos x -f sec x = 3. 

2 cos x + = 3. 

cosx 

2cos 2 x + 1 = 3cobx. 

2 cos 2 x - 3 cos x + 1 = 0. 

(2 cosx — l)(cosx — 1) = 0. 

cos x = 1 or |. 

.-. x = 0° or 60°. 

14. Solve the equation 
cos 2 x — sin 2 x = sin x. 

(1 — sin 2 x) — sin 2 x = sin x. 
2 sin 2 x + sin x — 1 = 0. 
(2sinx — l)(sinx + 1)= 0. 

sin x = — 1 or f 
.-. x = 30°. 

15. Solve the equation 

2 sin x -f cot x = 1 + 2 coax. 
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^ . coax - , n 

2 sin x + - — = 1 + 2 cosx. 
sm x 

2sin 2 x + cosx 

= sin x + 2 cos x sin x. 

2 sin 2 x — sin x 

= 2 cos x sin x — cos x. 

sinx(2sinx — 1) 

= cos x (2 sin x — 1). 

(sin x — cos x) (2 sin x — 1) = 0. 

.*. sin x = cos x. 

tanx = 1. 

.-. x = 45°. 

sin x = \. 

.-. x = 30°. 

Hence x = 30° or 46°. 

16. Solve the equation 

sin 2 x + tan 2 x = 3 cos 2 x. 

. _ , sin a x Q 

sin a x -\ = 3 cos 8 x. 

cos 2 x 



1 - cos 2 x + - — 22L5 = 3 cos 2 x. 



• 4 COS 2 X + 



COS 2 X 

1 



= 0. 



COS 2 X 

4cos*x= 1. 

COS X = Vj. 

.-. x = 46°. 

17. Solve the equation 

tan x + 2 cot x = {esc x. 

sin x cosx _ 5 
cosx sin x 2sinx 
sin 2 x -f 2 co8 2 x = $ cos x. 
1 — cos 2 x + 2 cos 2 x = | cos x. 
cos 2 x — } cos x -f 1 = 0. 
(cosx - 2) (cosx - \) = 0. 

cos x = 2 or \. 
.-. x = 60°. 



Exercise VIII. Page 24. 



1. In Case II give another way 
of finding c, after b has been found. 

A b 

COB A = — 
C 

b = ccobA. 
b 

COB A 

2. In Case III give another way 
of finding c, after a has been found. 

• a a 

BinA=-- 

c 
€BinA—a. 



b\uA 



3. In Case IV give another way 
of finding &, after the angles have 
been found. 



cos 4 = -• 

c 

.-. 6 = ccos-4. 

4. In Case V give another way 

of finding c, after the angles have 

been found. 

sin A = - . 
c 

c sin A = a. 



,\ c = - 



a 



Bin A 



5. Given B and c ; find A, a, 6. 
4 = 90° - £. 
cos 2? = - . 



/. a = c cos B. 

sin 2? = - • 
c 

,\ & = c sin 2?. 
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6. Given B and b ; And A, a, c. 

4 = 90° - B. 

cot £ = 7. 
o 

.«. a = 6 cot 2?. 

c 
6 
"sinB* 

7. Given £ and a ; find A, 6, c. 

A = 90° - B. 

cot 2? = ?. 
o 

.-. 6 = — — = atanB. 

0O8-B = 



cotB 

a 

c" 



cos 2? 
8. Given & and c ; find A, B, a. 



cos A = - • 

c 



B = 90° - A. 



a = V c a - &2 



. . 4 = 32° 86'. 
£ = 90°-^ 
= 67° 26'. 



6 = V(c - a) (c + a) 

= Vl20 
= 10.964. 

11. Given a= 6.3, ^1 = 12° 17'; 
required B = 77° 43', 6 = 24.342, 
c = 24.918. 

£ = 90°-.4 
= 77° 43'. 

- = cot^i. 



= V(c + 6) (c - 6). 

9. Given a = 3, 6 = 4; required 
4 = 36° 52', B = 53° 8', c = 5. 



tan^ = ? = ? = 0.7600. 
& 4 

.-. 4 = 36° 52'. 

B = 90° - A 

= 63° 8'. 



c = Vo2 + 62 
= 6. 

10. Given a = 7, c = 13 ; required 
A = 32° 35', B = 67° 26', 6 = 10.954. 

sin^ = - = ^ = 0.5386. 
c 13 



.* 


. 6 = a cot -4 




= 6.3 x 4.6928 




= 24.342. 




a • A 
- = sin A, 
c 




a 


' 


sin A 




5.3 
0.2127 




= 24.918. 


12. Given 


a= 10.4, £ = 43° 18' •, 


required A = 


: 46° 42', b = 9.800, c = 


14.290. 


A = 90° - B 




= 46° 42'. 




- = tan2*. 
a 




\ 6 = a tan 2? 




= 10.4 x 0.9424 




= 9.800. 




- = cos B. 
c 




a 




cos 2? 




10.4 




0.7278 




= 14.290. 
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13. Given c = 26, 4=37° 42'; 

required B = 62° 18', a = 15.900, 

6 = 20.572 

B = 90° - A 

= 52° 18'. 

? = sinA. 
c 



.«. a = c ain A 
= 26 x 0.6115 
= 15.900. 

ft A 

- = cosA. 

c 
... 6 = ccosA 

= 26 x 0.7912 
= 20.572. 

14. Given c = 140, B = 24° 12' ; 
required A = 65° 48', a = 127.694, 
6 = 67.386. 

A =90°- JB 
= 65° 48'. 

(l = cosB. 
c 

.-. a= ccosB 

= 140 x 0.9121 

= 127.694. 

- = sin B. 
c 

... b = c sin B 

= 140 x 0.4099 

= 57.386. 

15. Given b = 19, c = 23 ; required 
A = 34° 18% B = 56° 42', a = 12.961. 

cos A = - = ^ = 0.8261. 

.-. A = 34° 18'. 
... JB = 90° - A 
= 55° 42'. 



16. Given b = 98, c = 136.2 ; re- 
quired A =43° 33', 2* = 46° 27', a 

= 93.139. 

, b 98 

C08A = c = l3^ 

= 0.7248. 

... A = 43° 33'. 

... £ = 90° - A 

= 46° 27.'. 



a=y/(e- b) (c + b) 



= V8675.U4 
= 93.130. 

17. Given 6 = 42.4, A = 32° 14'; 

required B = 57° 40', a = 26.733, 

c = 50.124. 

2? = 90° - A 

= 57° 46'. 

- = tan A. 
b 

... a = fttanA 

= 42.4x0.6306 

= 26.733. 

ft A 

- = cos A. 

c 

b 

cos A 

42.4 



,t=V(c-&)(c + &) 

= Vl68 
= 12.961. 



0.8459 
= 50.124. 

18. Given b = 200, B = 46° 11' ; 
required A = 43° 49', a = 191.900, 

c = 277.160. 

A = 90° - B 
= 43° 49'. 

? = cot£. 

... a = b cot B 

= 200 x 0.9595 
= 191.900. 

- = sin B. 
c 
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sin 5 
200 
~~ 0.7216 
= 277.160. 

19. Given a = 96, b = 37 ; re- 
quired A = 68° 48', £ = 21° 17', 
c = 101.961. 

teaiA = - = — = 2.5676. 
6 37 

.-. A = 68° 43'. 

.-. B = 90° - ^1 

= 21° 17'. 



= V10394 
= 101.951. 

20. Given a = 6, c = 103 ; re- 
quired ^1=3° 21', £ = 86° 39', 
6 = 102.826. 

sin^l = - = — = 0.0583. 
c 103 

..A = S°2Y. 

.-. B = 90° - A 

= 86° 39'. 



b = Vc 2 - a 2 
= V10673 
= 102.825. 

21. Given a = 3.12, 5 = 6° 8'; 
required 4 = 84° 62', b = 0.280, 
c = 3.133. 

A = 90° - B 
= 84° 52'. 

b 

- = tan 5. 
a 

.-. 6 = a tan 2? 

= 3.12 x 0.0898 

= 0.280. 

- = cos B. 



COB B 

3.12 
"0.9960 
= 3.133. 

22. Given a = 17, c = 18 ; re- 
quired A = 70° 48', £ = 19° 12'. 
b = 6.916. 



tan J# 






i/35 
= 0.1690. 
/. J £ = 9° 36'. 
.-. B = 19° 12'. 
.-. 4 = 90° - B 
= 70° 48'. 
6 = V(c - a) (c + a) 
= V§5 
= 5.916. 

23. Given c = 57, .4 = 38° 29'; 
required B = 61° 31', a = 36.471, 
b = 44.620. 

5 = 90°-4 
= 51° 31'. 

- = sin A. 
c 

.\ a = c sin A 

= 57 x 0.6223 

= 36.471. 

b 

- = cos A. 
c 

.-.b = c cos A 

= 57 x 0.7828 

= 44.620. 

24. Given a + c = 18, b = 12 ; re- 
quired A = 22° 37'. B = 67° 23', 
a = 6, c = 13. 
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c* - a 2 = 6*. 

(c + a) (c - a) = 6 2 . 

18 (c- a) = 144. 

c - a = 8. 

.-. c = 13. 

.-. a = 6. 



sin^=? = — = 0.3846. 
c 13 

.-. A = 22° 37'. 

.-. B = 00° - A 

= 67° 23'. 



25. Given a + 6 = 9, c = 8 ; re- 
quired A = 82° 18', 5 = 7° 42', a = 
7.928, 6 = 1.072. 



a 2 + 62 = c 2 = 64 
a 2 + 2a6 + 6 2 = 9 2 = 81 

2a6 = 17 
a 2 - 2a6 + 6* = 64^- 17 = 47. 
... a - 6 = V47 = 6.856. 
But a -f b = 9. 

.-. a = 7.928 
and 6 = 1.072. 



tan*£ 



Vc —a 
c + a 



0.072 



/ 16.928 
= 0.0672. 
.-. i B = 3° 5r. 
.-. JB = 7° 42'. 
.-. A = 90°-£ = 82° 18'. 
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1. Given a = 6, c = 12 ; required 
A = 30°, £ = 60°, b = 10.392. 

. . a 1 
sin -4 = - = - • 
c 2 

.-. A = 30°. 

£ = (90° -A) = 60°. 

. 6 
COB A =-. 
c 

,\ 6 = ccos^i. 

log cos A =9.93763 

log 12 = 1.07918 

log b =1.01671 

b = 10.392. 

2. Given A = 60°, 6 = 4; required 
B = 30°, c = 8, a = 6.9282. 

5=90°- A =30°. 

. 6 

cos A. = -. 

c 



. c = 



COS A. 



log 6 = 0.60206 
colog cos A = 0.30103 
logc =0.90309 
c = 8. 

c* = a* + 6*. 
... c 2 - 6* = a 2 = 48. 

log 48 = log a 2 = 1.68124. 
.-.log a = 0.84062. 
a = 6.9282. 

3. GivenA = 30°,a = 3;required 
JB = 60, c = 6, 6 = 6.1961. 

£•=(90° -A) =60°. 

sin -4 = - • 
c 

a 



sin A 

log a = 0.47712 

colog sin A = 0.30103 

logc = 0.77815 

c = 6. 

c 2 = a« + 6«. 
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.-. c* - a 2 = 6* = 27. 

log 27 = log 6 2 =1.43136. 
.-.log 6 = 0.71668. 
6 = 6.1061. 

4. Given a = 4, 6 = 4; required 
A = B = 46°, c = 6.6668. 

Since a and 6 each = 4, the A is 
isosceles and ZA = ZB. 

.-. A = i of 90° = 46°, 
and B = i of 90° = 46°. 
c 2 = a 2 + 62 = 32°. 
log 32 = log c 2 = 1.60616. 
.-. log c = 0.76267. 
c = 6.6568. 

5. Given a = 2, c = 2.82843 ; re- 
quired -4 = £ = 46°, 6 = 2. 

6 = Vc 2 - a 2 

= V(c + a) (c - a), 
log 6 s = log(c + a) + log(c - a). 
log(c -fa) = 0.68381 
log(c - a) = 9.01826 - 10 
log 6 2 = 0.60207 
log 6 = 0.30103. 
6 = 2. 
.*. the A is an isosceles rt A. 
.-. A = B = 46°. 

6. Given c = 627, A = 23° SV ; 
required B = 66° 30', a = 250.02, 
6 = 576.0. 

B= (90° -A) =66° 30'. 
a = c sin .4. 
log a = log c + log sin A. 

log c= 2.79727 

log sin ^1 = 9.60070 

log a = 2.39797 

a = 260.02. 

6 = c cos A. 



log 6 = log c + log cos A. 
log c= 2.70727 
log cos 4 = 9.96240 
log 6 =2.75067 
6 = 576. 



7. Given c 
required B = 
6 = 2011.6. 

B: 

a: 
loga: 

logC : 

log sin A - 

loga: 

a = 

.& = 

lOg 6: 
logC: 

log cos A - 

log 6: 

6 = 



8. Given c 
required B = 
6 = 55.620. 

B 

a 

loga 

logc 

log sin A 

loga 

a 

6 

log 6 

logc 

log cos A 

log 6 

- 6 



= 2280, A = 28° 6'; 
61° 56', a = 1073.3, 

= (00° -A) =61° 66'. 

= c sin A. 

= log c -f log sin A. 

= 3.35793 

= 9.67280 

= 3.03073 

= 1073.3. 

= CCOS-4. 

= log c + log cos A. 
= 3.35798 
= 9.04660 
= 3.30353 
= 2011.5. 

= 72.16, A =80° 34',- 
50° 26', a = 46.068, 

= (90° - A) = 60° 26'. 

= c sin 4. 

= log c + log sin 4. 

= 1.85824 

= 9.80412 

= 1.66236 

= 46.958. 

= c cos A. 

= log c + log cos A. 

= 1.85824 

= 9.88699 



= 1.74523 
= 55.620. 



9. Given c = 1, A = 36° ; required 
B = 64°, a = 0.58779, 6 = 0.80902, 
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B 

gin A : 

.*. a 
loga: 

lOgC: 

log sin A : 
loga = 

a = 

cos A = 



: (90° - A) = 64°. 
a 

' c' 

: c sin A. 
: log c + log sin -4. 

: 0.00000 
: 9.76022 
: 9.76022 - 10 

: 0.68779. 
b 
c" 

ccosA. 
log c + log cos A. 

0.00000 
9.90796 



.-. b 
log b 

logc 
log cos A 

log 6 = 9.90796 - 10 



6 = 0. 



10. Given c = 200, B = 21°47'; 
required A = 68° IS', a = 186.72, 
b = 74.22. 

4 = (90° -B) = 68° 13'. 

sin A = - • 
c 

.-.a = c sin A. 
log a = log c -f- log sin -4. 

log c = 2.30103 

log sin A = 9.96783 

log a = 2.26886 

a = 186.72. 
b 

V 

.-. 6 = c cos A. 

log b = log c + log cos A. 

log c = 2.30103 

log cos A = 9.56949 

log b = 1.87052 

b = 74.220. 



cosa = ■ 



11. Given c = 93.4, B = 76° 25' ; 
required 4 rs 13° 36', a = 21.936, 
& = 90.788. 

A = (90°-£) = 13°35'. 
a = c sin A. 
log a = log c + log sin A. 
log c = 1.97035 
logging = 9.37081 
loga = 1.34116 
a = 21.936. 
b = a cot A. 
log & = log a + log cot A. 
log a = 1.34116 
log cot A = 0.61687 
log b = 1.96803 
b = 90.788. 

12. Given a = 637, A = 4° 36' ; 
required B = 85° 25', 6 = 7946, 
c = 7971.5. 

J5 = (90°- 4)= 86° 25'. 

b = a cot -4. 

log 6 = log a + log cot A. 

log a = 2.80414 

log cot A = 1.09601 

log 6 = 3.90016 

b = 7946. 

log c = log a + colog sin A. 

log a = 2.80414 

colog Bin A = 1.09740 

log c = 3.90161 

c = 7971.5. 

13. Givena = 48.532,A = 36°44'; 
required B = 63° 16', B = 66.031, 
c = 81.144. 

B = 00° - A 
= 90° -36° 44' 
= 63° 16'. 

sin A = - • 
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sin .4 

log c = log a + colog sin A. 

log a = 1.68603 

colog sin A = 0.22323 

log c = 1.90926 

c = 81.144. 

A b 
cos A = - . 
c 

.-. b = c cos -4. 

log b = log c + log cos -4. 

logc= 1.90926 

log cos A = 9.90386 

log b = 1.81312 

b = 66.031. 



14. Given a = 0.0008, 4 = 86° ; 
required B = 4°, 6 = 0.0000669, c = 
0.000802. 



B = 



sin A = 



90° -A 
90° - 86° 
4°. 
a 
c* 
a 



log c 
log a = 
colog sin .4 : 

log C = 



cos ^4 = - 

.-.6 = 
log 6 = 
log c = 

log COS A = 

log 6 = 

b: 



sill -4 

: log a + colog sin 4. 
: 6.90309 - 10 
: 0.00106 
: 6.90416 - 10 
: 0.000802. 

b 

c' 

C COB A. 

logc + log COB A. 
6.90416 - 10 
8.84368 - 10 



6.74773- 10 
: 0.0000669. 



15. Given 6 = 60.937, B = 43°48' ; 
required A = 46° 12', a = 63.116, 
c = 73.69. 

A = (90° - 5) = 46° 12 7 . 

tan-4 = -. 
o 

.*. a = 6 tan -4. 

log b = 1.70703 

log tan A = 0.01820 

loga= 1.72623 

a = 63.116. 

sin.4 = -. 



sin ,4 

loga = 1.72523 

colog sin A = 0.14161 

log c = 1.86684 

c = 73.693. 

16. Given 6 = 2,5 = 3° 38' ; re- 
quired A = 86° 22', a = 31.496, c 
= 31.669. 

^=(90 o -5) = 86 o 22 , . 

tan A = - . 
6 

.•. a = 6 tan ,4. 

log b = 0.30103 

log tan .4 = 1.19723 

log a = 



sin .4 = 



1.49826 
a = 31.496. 
a 



sin ,4 

log a = 1.49826 

colog sin A = 0.00087 

log c = 1.49913 

c = 31.669. 



TEACHER8' EDITION. 



35 



17. GiveD a = 992, B = 76° 19' ; 


logc = 2.30637 


required A = 13° 41', 6 = 4074.6, 


log sin B= 9.96976 


c =4193.6. 


log 6 = 2.27613 


A = 90° - 76° 19' 


6 = 188.86. 


= 13° 41'. 






19. Given a = 2.189,5 = 46° 26'; 


A , & 

sin A = - • 


required A = 44° 36', 6 = 2.2211, 


log c = log a + colog sin ,4. 


c = 3.1186. 

A = 90° - 46° 26' 


loga = 2.99661 


= 44° 36'. 


colog sin A = 0.62607 


• a a 


log c = 3.62268 


sin -A = - • 
c 


c = 4193.6. 


a 
... c = • 


, „ 6 


sin A 


sin5 = - 

c 


log c = log a + colog sin A . 


.\ 6 = c sin B. 


loga = 0.34026 


log 6 = log c -f- log sin B. 


colog sin A = 0. 16370 


log c = 3.62268 


log c = 0.49396 


log Bin 5 = 9.98750 


c = 3.1185. 


log 6 = 3.61008 


A 6 
cos^l = -. 


6 = 4074.5. 


c 




.•. 6 = c cos A, 




log 6 = log c + log cos A. 


18. Given a = 73, B = 68° 62' ; 


log c = 0.49396 


required A = 21° 8', 6 = 188.86, 


log cos 4 = 9.85262 


c = 202.47. 


log 6 = 0.34667 


A = (90° - B) = 21° 8'. 


6 = 2.2211. 


sin ^1 = - • 


20. Given 6 = 4, ^1 = 37° 66' ; re- 


c 


quired B = 62° 4', a =3.1176, c 


a 
•• c = - — r • 


= 6.0714. 


sin -A 


B = (90° - A) = 62° 4'. 


log c = log a -f colog sin A. 


, 6 




cos ^1 = - . 


log .4 = 1.86332 


c 


colog sin A =0.44305 


6 

.'. c = 


logc = 2.30637 


cos -4 


c = 202.47. 


log c = log 6 + colog cos A. 


. x> b 


% log 6 = 0.60206 


sin£ = -. 
c 


colog cos A = 0.10307 


.-. 6 = c sin J8. 


logc = 0.70613 


log 6 = log c + log sin B. 


c = 6.0714. 
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tan4 = -• 
b 

.-. a — bi&nA. 

log a = log 6 4- log tan A. 

log b = 0.60206 

logtan^l = 9.89177 

loga = 0.49383 

a = 3.1176. 



21. Given 
required A = 
6 = 7332.8. 



c = 8690, a = 4476 ; 
31° 24', B = 68° 36', 



sin A = - • 



log sin A •■ 
log a; 

COlog C : 

log sin A = 
4 = 

.-. B = 

cot A = 

6 = 
log b = 
loga = 
log cot A = 
log 6 = 

6: 



: log a + colog c. 

= 3.65089 

= 6.06601 - 10 

= 9.71690-10 

= 31° 24'. 

: 58° 36. 

b 

a' 

■ a cot a. 

: log a + log cot A. 
: 3.65089 
: 0.21438 
: 3.86627 
: 7332.8. 



22. Given c = 86.53, a = 71.78 ; 
required A = 66° 3', £ = 33° 57', 
b = 48.324. 

smA = - - 
c 

log sin A = log a + colog c. 

log a =1.85600 

colog c = 8.06283 - 10 

log sin A =9.91883- 10 

A = 56° 3'. 

-— ... J* = 33° 57'. 



6 = 



cot A 

log 6 = log a 4- log cot A.. 

log a =1.85600 

log cot A = 9.82817 

log 6 = 1.68417 

b = 48.324. 

23. Given c = 9.85, a = 8.49; re- 
quired A = 66° 14', B = 24° 46', 
6 = 3.917. 

• ^ a 
sin A = - • 
c 

colog c = 9.02919 -10 

loga = 0.92891 

log sin .4 = 9.95810 - 10 

A = 65° 14'. 

.-. B = 24° 46'. 

cos A = - • 
c 

.-. 6 = c cos a. 

logc = 0.97081 

logcos.4. = 9.62214 

log b = 0.59296 

b = 3.917. 

24. Given c = 2194, b = 1312.7 ; 
required ^ = 53° 15', B = 36° 45', 
a = 1758. 

b 
c' 



COB A 



log 5 = 3.11816 

colog c = 6.65876 - 10 

log cos A = 9.77692 - 10 

A = 53° 15'. 

.-. B = (90° - A) 

= 36° 45'. 

. . a 
sin 4 = - . 

c 

.-. a = c sin -4. 



teachers' edition. 



37 



log c = 3.84124 
logging = 9.90377 
log .4 =3.24601 
a = 1768. 



25. Given 

required A - 
a = 24.67. 



c = 30.69, 6=18.266; 
= 63° 80', £ = 36°30 / , 



cos^l = 



log cos A 

log b 

cologc 

log cos A 

A 

..B 

tan.t = ? 



a 

log a 

iogtan-4 

log b 

log a 

a 



= logB + cologc. 

= 1.26140 

= 8.61300-10 

= 9.77440-10 

= 63° 30'. 

= 36° 3(r. 

a 

b' 

= 6tan4. 
= log tan 4. + log o. 
= 0.18079 
= 1.26140 



= 1.39219 
= 24.671. 



26. Given a = 38.313, b = 19.622 ; 
required A = 63°, B = 27°, c = 48. 

A a 

tan A = -• 
b 

log tan A = log a + colog 6. 

logo= 1.68386 

colog6 = 8.70948 - 10 

log tan 4 = 10.29283 -10 

A = 63°. 

.\ B = 27°. 

sin A = - • 



sin .4 
log c = log a + colog sin A. 



log a = 1.68335 
colog sin A = 0.06012 
log c = 1.63347 
c = 43. 

27. Given a = 1.2291, 6 = 14.960; 
required 4=4° 42', B = 86° 18', 
c=15. 

* A a 

tan .4 =-. 
o 

log a = 0.08959 

colog 6 = 8.82636- 10 

log tan 4 = 8.91496 -10 

4=4° 42'. 

.-. B = 86° 18'. 

sin^ = a . 



sin A 
log a = 0.08969 
colog sin A = 1.08661 
log c = 1.17610 
c=16. 

28. Given a = 41 5. 38, b = 62.080 

required A = 81° 30', B = 8° 30' 

c = 420. 

^ a 
tan 4 = -• 

o 
loga= 2.61846 
cologft = 8.20705 - 10 
log tan 4 = 10.82660 -10 
A = 81° 30'. 
.-. B = 8° 30'. 
a 
" c 
a 



sin ,4 



. c = 



sin -d. 
log a = 2.61846 
colog sin A = 0.00480 
log c = 2.62326 
c = 420. 
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29. Given a = 13.690, b = 16.926; 


31. Compute the unknown parts 


required A = 38° 68', B = 61° 2', 


and also the area, having given 


c = 21.769. 


a = 6, 6 = 6. 


tan .4 = -. 


tan^ = l 


log tan A = log a + colog 6. 


log tan A = log a + colog b. 


log a = 1.13640 


log a = 0.69897 


colog 6 = 8.77144 -10 


colog 6 = 9.22186 -10 


log tan .4=9.90784 -10 


log tan 4 = 9.92082 -10 


A = 38° 68'. 


A = 39° 48'. 


.-. B = 61° 2'. 


.-. B = 60° 12'. 


• a a 
sin A = - • 
c 


• a a 
smA = -• 
c 


a 


a 


c = 

sin .4 


ain A 


log c = log a + colog sin A. 


log c = log o + colog sin A. 


loga = 1.13640 


log a = 0.69897 


colog sin A =0.20144 


colog sin A = 0.19376 


log c = 1.33784 


. log c= 0.89272 


c = 21.769. 


c = 7.8112. 


30. Given c = 91.92, a = 2.19; 


2 2 


required A = 1° 22', B = 88° 38', 
b = 91.894. 


32. Compute the unknown parts 


, a 


and also the area, having given 


sin -4. = - . 
c 


a = 0.616, c = 70. 


log sin A = log a + colog c. 


• a a 
sin 4 = -. 


logo = 0.34044 

colog c = 8.03669 - 10 

log sin 4= 8.37703 -10 

.4 = 1° 22'. 

.-. B = 88° 38'. 

, b 


c 
log sin A = log a + colog c. 
log a = 9.78888 -10 
colog c = 8.16490 -10 
log sin 4 = 7.94378 -10 
A = 30' 12". 


cos A = - • 
c 


.-. B = 89° 2^ 48". 


.-. 6 = c cos -4. 


6 = V(c + a) (c - a). 


log b = log c -f log cos A. 
log c = 1.96341 


loc6 _ lo g( c + a ) + lo g( c - a ) 
* 2 


log cos A =9.99988 


log(c + a) = 1.84890 


log b = 1.96329 


log(c- a) = 1.84126 


h - Q1 894. 


3.69016 
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log b = 1.84508. 

b = 69.997. 

F = \ab. 
log a = 9.78888 -10 
log b = 1.84508 
colog 2 = 9.69897 - 10 
logF = 1.33293 

F= 21.526. 

33. Compute the unknown parts 
and also the area, having given 
6 = V2, c=V3. 

V2 = 1.25991. 

V3 = 1.73206. 

A b 
cos 4 =-• 
c 

log cos A — log b + colog c. 

log 6 =0.10034 

colog c = 9.76144 - 10 

log cos A = 9.86178 - 10 

A = 43° 2(K. 

.-. B = 46° 40'. 

sin A = - . 
c 

.-. a = c sin A. 

log a = log c + log sin A. 

log c = 0.23856 

log sin X = 9.83648 

log a = 0.07504 

a = 1.1886. 

F=\ab. 
log a = 0.07504 
log 6 = 0.10034 
colog 2 = 9.69897 - 10 
logF= 9.87435 -10 

F= 0.74876. 

34. Compute the unknown parts 
and also the area, having given 
a = 7, A = 18° 14". 



B-. 

ain A = 



:71°46'. 

a 
c' 
a 



logC: 

log a: 
colog sin A : 

lOg C: 
C : 

tan^=? 



.6 = 



sin J. 

: log a + colog sin -4. 
: 0.84510 
: 0.50461 
: 1.34971 
: 22.372. 

a 

a 



log b. 

log a: 

colog tan A -. 

log 6: 

6: 

lOgtt: 

lOg 6 = 

COlog 2 : 

lOgF: 

F-- 



tan ^4 
: log a + colog tan ^4. 
: 0.84510 
: 0.48224 - 10 
: 1.32734 
: 21.249. 

: 0.84510 
: 1.32734 
= 9.69897 - 10 
: 1.87141 
: 74.372. 



35. Compute the unknown parts 
and also the area, having given 
b = 12, A = 29° 8'. 

A = 29° 8'. 
.-. J5 = 60°52 / 



cos A — - . 
c 



cos ^4 

log c = log b + colog cos A. 

log b = 1.07918 

colog cos A = 0.05874 

log c = 1.13792 

c = 13.738. 
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sin .4 : 

.-. a- 
log a: 



logc 
log sin A 

log a = 0.82631 

a = 

F-- 

logF = 

loga = 

log 6 = 

colog2 = 

logF = 

F = 



a 

c ' 

can A. 

log c + log sin A. 

1.13792 
9.68730 



-. Ioga+log6+colog2. 

: 0.82631 

1.07918 

9.69897 - 10 
: 1.60346 

40.129. 



36. Compute the unknown parts 
and also the area, having given 
c = 68, A = 69° 64'. 

4 = 69° 64'. 
.-. £=20° 6'. 

«n^=?. 
c 

.-. a = c sin A. 

log a = log c + log sin A. 

log c = 1.83251 

log sin A = 9.97271 

log a = 1.80522 

a = 63.859. 

A b 
cos A = - • 

c 

.-. b = c cos -4. 
log 6 = log c + log cos A. 

log c = 1.83261 

logcos.4 = 9.63613 

log b = 1.36864 

b = 23.369. 

~ ' ab. 



log a = 1.80622 

log 6 =1.36864 

colog2 = 9.69897 - 10 

log F = 2.87283 

J? =746.16. 

37. Compute the unknown parts 
and also the area, having given 
c =27, B = 44° 4'. 

4=45° 56V 

a= c sin -4. 

log a = log c + log sin -4. 

log c = 1.43136 

log sin A = 9.86646 

log a =1.28781 

a = 19.40. 

b = c cos A. 

log 6 = log c + log cos ^4. 

log c = 1.43136 

log cos A = 9.84229 

log 6 =1.27365 

6=18.778. 

F=iao. 

loga = 1.28781 

log 6 = 1.27365 

colog 2 = 9.69897 - 10 

log F = 2.26043 

F= 182.16. 

38. Compute the unknown parts 
and also the area, having given 
a = 47, B = 48° 49'. 

A = 41° 11'. 
b = a cot -4. 
log 6 = log a + log cot A. 
loga= 1.67210 
log cot A = 10.05803 
log 6= 1.73013 
b = 63.719. 
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am A 

log c = log a + colog sin -4. 

loga = 1.67210 

colog sin a = 0.18146 

log c = 1.85366 

c = 71.377. 

log a =1.67210 
log b = 1.73013 
colog 2 = 9.69897 - 10 
logF = 3.10120 
F =1262.4. 



c = 



39. Compute the unknown parts 
and also the area, having given 
6=9, 5=34° 44'. 

A =66° 16'. 
a = bUunA 
log a = log b + log tan A. 
log 6= 0.95424 
log tan A = 10.15908 
loga= 1.11332 
a = 12.981. 
a 
sin -4 

log c = log a + colog sin A. 
loga = 1.11332 
colog sin A = 0.08523 
log c= 1.19855 
c = 16.796. 
F = ia6. 
log a = 1.11332 
. log 6= 0.95424 
colog2 = 9.69897 - 10 
log F= 1.76653 
F= 58.416. 

40. Compute the unknown parts 
and also the area, having given 
c = 8.462, B = 86° 4'. 



A 

a 

log a 

logc 

log sin A 

log a 

a 

b 

log b 

logc 

log cos A 

log 6 

b 

F 

log a 

log b 

colog 2 

logF 

F 



= 8° 66'. 

= c sin A. 

= log c + log sin A. 

= 0.92747 

= 8.83630 - 10 

= 9.76377-10 

= 0.68046. 

=ccos.4. 

= logc + log cos A. 

= 0.92747 

= 9.99898 

= 0.92646 

= 8.442. 

= iao. 

= 9.76377 - 10 

= 0.92645 

= 9.69897 - 10 

= 0.38919 

= 2.4601. 



41. Find the value of F in terms 
of c &ndA. 



mi A = 



F = T a&. 
a 



.♦. a = csin-4. 

A b 

COB A =-• 
c 

.-. b = c cos A. 

F = iab 

= ^c 3 sin -d. cos -4. 

42. Find the value of F in terms 
of a and 4. 



cot A 



F = $db. 
b 
a 

b = a cot -4. 
F=ia6 
= ±a 2 cotJ.. 
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43. Find the value of F in terms 


loga = 1.00000 


of b and A. 


colog sin ^. = 0. 18513 


F = ldb. 


log c = 1.18513 


£i 


c = 16.316. 


tan^l = -. 




b 


46. Given F = 18, 6 = 5 ; sob 


.\a = btanA. 


the triangle. 


F=iab 


F = iab. 


= tWt*nA. 


2F 
a = — . 


44. Find the value of F in terms 


b 
logo = log2F + colog 6. 


of a and c. 


log2F= 1.55630 


F = \ab. 


colog b = 9.30103 - 10 


c* = a* + 6*. 


log a = 0.85733 


&a = c* + a*. 


a = 7.2. 


.-. 6 = Vc 2 - o2. 


tan^t=l 


F=*aVca-a*. 


b 




log tan ^1 = log a + colog 6. 


45. Given F = 58, a = 10; solve 


logo= 0.86733 


the triangle. 


colog 6= 9.30103-10 
log tan ^1 = 10.15836 -10 


F=ia6. 


A = 55° 13' 20". 


6 = 2 -Z. 


.-. £ = 34° 46' 40". 


log 6 = log 2 F -f colog a. 


_ a 

ein A 


log2F = 2.06446 


cologo = 9.00000 -10 


log c = log a + colog sin ^4 


log 6 = 1.06446 


log o = 0.85733 


b = 11.6. 


colog sin ^4 = 0.08546 




log c = 0.94279 


t*nA=^. 
b 


c = 8.7668. 


log tan ^4 = loga + colog&. 


47. Given F = 12, A = 29°; solve 


loga = 1.00000 


the triangle. 


colog b = 8.03654 - 10 


B = 61°. 


logtan A = 9.03554 - 10 


F = ioo = 12. 


A = 40° 45' 48". 


oft = 24. 


.-. B = 49° 14' 12". 


24 


_ a 


a = — 
b 


mnA 


a 


T a + colog sin A. 


tan^4=-. 
b 
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tan 29° = 



6 2 



&* = 



24 



log 6 = i (log 

log 24 = 

colog tan 29° = 

2 

log 6 

6 



tan 29° = " 

.-. a 

log a 

log 6 

log tan 29° 

log a: 

a 



tan 29° 
24 + colog tan 29°). 
= 1.38021 
= 0.26625 
) 1.63646 
= 0.81823 
= 6.58. 

a 

V 

6 tan 29°. 

log b + log tan 29°. 

0.81823 

9.74375 



sin -4 = 



0.56198 
3.6474. 
a 
c' 



logC: 

loga: 

colog sin 29° : 

logc. 



sin 29° 

: log a + colog sin 29° 
: 0.56198 
: 0.31443 
: 0.87641 
: 7.5233. 



48. Given F = 100, c= 22 ; solve 

the triangle. 

F= Ja6 = 100. 

ab = 200. 

200 
a = — . 
b 

„ 40000 

a 2 = . 

6 2 

a 2 + 62 = c 2 = 484. 
Substitute, 

i^ + 6-484. 
Or 

40,000 + 6* = 484 63. 



6* -4846 2 = -40,000. 

6* _() + (242) 2 = 18,664. 

log V18664 = j (4-26867) 

= 2.13434. 

But 2.13434 = log 136.25. 

.-. 6 2 - 242 = 136.25. 

6 s = 378.25. 

log6 = Jlog 378.25 

= 1.28889. 

6=19.449. 

. 6 
cos A = - . 
c 

log cos A = log 6 + colog c. 

log 6 = 1.28889 

colog c = 8.65758 

log cos 4 = 9.94647 

A = 27° 62'. 

.-. B = 62° 8'. 

sin A = - . 
c 

.-. a = c sin A. 

log a = log c + log sin A. 

log c = 1.34242 

log sin ^1 = 9.66970 

loga = 1.01212 

a = 10.283. 

49. Find the angles of a right 
triangle if the hypotenuse is equal 
to three times one of the legs. 

Let c = hypotenuse, 

and c = three times a, one 

of the legs, 

sm A = - = - • . 
c 3 

log sin A = log a + colog c. 

log a = 0.00000 

colog c = 9.52288 - 10 

log sin 4 = 9.52288 

A = 19° 28' 17". 

.-. .B = 70 o 31'43". 
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50. Find the legs of a right tri- 
angle if the hypotenuse is 6, and 
one angle is twice the other. 

Let c = hypotenuse = 6, 

and B = 2A. 

Then B = 60°, and A = 30°. 

sin A = - • 
c 

.-. a = csuiA. 

log a = log c + log sin A. 

log c = 0.77815 

log sin ,4 = 9.69897 

log a = 0.47712 

a = 3. 

sin B = - • 
c 

.*. 6 = c sin B. 

log 6 = log c + log sin 2?. 

logc = 0.77815 

log sin .8 = 9.93753 

log 6 = 0.71668 

6 = 6.1961. 

51. In a right triangle given c, 
and A — nB\ find a and b. 

B = 90°- A = W>-nB. 
£(n + l) = 90°. 
90° 



.-. B =■ 



n+ 1 



cos B = - . 
c 



sin 



90° _q 
n + 1 c 
.-. a = c cos 

6 

c' 

90° ^6 
n + l~~c' 
.*. b = c sin 



90° 
n + l' 



sin B = 



90° 
n+l* 



52. In a right triangle the differ- 
ence between the hypotenuse and 
the greater leg is equal to the differ- 
ence between the two legs. Find the 
angles. 

c — a = a - b. 
2a-b = c. (1) 

a* + &* = A * (2) 

Square (1), 

4aa-4o& + & 2 = c* 



3a»-4a6 

3a* = 4a&. 

3a = 46. 

46 
.*. a = 



= 



3 

tan^l = — = — . 
6 3 

log tan A = log 4 + colog 3. 

log 4= 0.60206 

colog 3 = 9.52288 -^ 10 

log tan 4 = 10.12494 

A = 63° V 48". 

.-. B = 36° 52' 12". 

53. At a horizontal distance of 
120 feet from the foot of a steeple, 
the angle of elevation of the top 
was found to be 60° 30'. Find the 
height of the steeple. 

tan -<4 = -• 
o 

/. a = btxaA. 

log a = log b + log tan A. 

log 6= 2.07918 

log tan 4 = 10.24736 

loga= 2.32654 

a = 212.1. 

Height of steeple is 212.1 feet. 
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54. From the top of a rock that 
rises vertically 826 feet out of the 
water, the angle of depression of a 
boat was found to be 24°. Find the 
distance of the boat from the foot of 
the rock. 

cot A = - . 
a 

.-. 6 = a cot A. 

log b = log a -f log cot A. 

\oga= 2.51322 

log cot 4 = 1035142 

log b = 2.86464 

6 = 732.22. 

Distance is 732.22 feet. 

55. How far is a monument, in 
a level plain, from the eye, if the 
height of the monument is 200 feet 
and the angle of elevation of the 
top 3° 80'? 

cot A = - • 
a 

.-.b = a cot A. 

log b = log a + log cot A. 

loga = 2.30103 

log cot 4 = 1.21351 

log b = 3.51454 

b = 3270. 

Monument is 3270 feet from the 

eye. 

56. A distance AB is measured 
96 feet along the bank of a river 
from a point A opposite a tree C on 
the other bank. The angle ABC 
is 21° 14'. Find the breadth of the 
river. 

tan B = AC •*- AB. 
.:AC = ABx tanJB. 
log AC = log AB + log tan B. 



\ogAB = l: 
log tan B = 9.58944 
log^C= 1.67171 
4C = 37.3. 
Breadth of river is 87.3 feet. 

57. What is the angle of eleva- 
tion of an inclined plane if it rises 
1 foot in a horizontal distance of 
40 feet? 

A a 

tan A = - • 
b 

log tan A = log a + colog b. 

log a = 0.00000 

colog b = 8.39794 - 10 

log tan A =8.39794 

A = \° 26' 56". 

58. Find the angle of elevation 
of the sun when a tower 120 feet 
high casts a horizontal shadow 70 
feet long. 

a 
V 
120 



tan 4 



tan A = - - 
70 

log tan A = log 120 + colog 70. 

log 120= 2.07918 

colog 70 = 8.15490-10 

log tan A =10.23408 

A = 69° 44' 36". 

59. How high is a tree that casts 
a horizontal shadow 80 feet in length 
when the angle of elevation of the 
sun is 50°? 

A a 

tan A = -• 
b 

.-. a = b tan A. 

log a = log b + log tan A. 
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log 6= 1.90309 

log tan A = 1007619 

loga = 1.97928 

a = 96.34. 

Tree is 95.34 feet high. 

60. A ship is sailing due north- 
east at a rate of 10 miles an hour. 
Find the rate at which she is moving 
due north, and also due east. 

Let AB be the direction of the 
vessel, and equal 1 hour's progress 
= 10 miles. 

AC = distance due east passed 
over in 1 hour. 

As the direction of the ship is 
northeast, 

A = 45°. 
b = c cos A. 
log b = log c + log cos A. 
logc = 1.00000 
log cos A = 9.84949 
log b = 0.84949 
b = 7.0712. 
AP = AC. 
Ship moves 7.0712 miles due north, 
and also due east. 

61. In front of a window 20 feet 
high is a flower-bed 6 feet wide. 
How long is a ladder that will just 
reach from the edge of the bed to 
the window ? 

tsmA = -. 
b 

log tan A = log 20 -f colog 6. 

log 20= 1.30103 
colog 6 = 9.22185 - 10 
-tan -4. = 10.52288 



A = 73° 18'. 

_ a 
sin A 
log c = log 20 -f colog sin A. 
log o = 1.30103 
colog sin A = 0.01871 
log c = 1.31974 
c = 20.88. 
Length of ladder is 20.88 feet. 

62. A ladder 40 feet long may be 
so placed that it will reach a window 
33 feet high on one side of the street, 
and by turning it over without mov- 
ing its foot it will reach a window 
21 feet high on the other side. Find 
the breadth of the street. 



cos B = — 

log 33 = 

colog 40 = 

log cos B = 

B = 

tan .8 = 

.-.6 = 

log 33 = 

log tan B = 

log 6 = 

b = 

cos B' = ^ 

log 21 = 

colog 40 = 

log cos B* = 

tanB / = 
6' = 



33 

40* 

1.51851 
8.39794 - 10 
9.91645 - 10 
34° 24' 45". 

33' 

33 tan B. 

1.51851 

9.83571 

1.35422 

22.606. 

21 

40* 

1.32222 

8.39794 - 10 

9.72016 

58° W 54". 

b' 

21* 

21 tan Bf. 
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log 21 = 1.32222 

log tan B? = 0.20982 

log6 / = 1.63204 

y = 34.044. 

Width of street 

= 32.606 feet + 34.044 feet 
= 66.66 feet. 

63. From the" top of a hill the 
angles of depression of two succes- 
sive milestones, on a straight level 
road leading to the hill, are observed 
to be 5° and 16°. Find the height 
of the hill. 




5280 



sin 5° = 



6280 
.-.a = 5280 sin 6°. 



log 5280 = 
log sin 5° = 

log a = 2.66293 



3.72263 
8.94030 - 10 



sin 10° = 



loga = 

colog sin 10° = 

logc = 

cos 75° = 

.-. 6 = 
logc = 



a 



sin 10° 

2.66293 

0.76033 

3.42326 

b 

c 

c cos 76°. 

3.42326 

9.41300 - 10 



log cos 75° = 

log b = 2.83626 

6 = 
Height of hill 



685.9 

is 685.9 feet. 



64. A fort stands on a horizontal 
plain. The angle of elevation at a 
certain point on the plain is 30°, 
and at a point 100 feet nearer the 
fort it is 45°. How high is the fort ? 

B 




Let B represent the fort, AC the 
horizontal plain, BC a ± from fort 
to plain. 

BAC = angle made by line from 
oye of observer = 30°. • 

BA'C = 45° = angle of elevation 
100 feet nearer. 
From A' draw A'N ± to AB. 
In rt. A AA'N, 
ZNAA / = S(P J 
and Z NA'A = 60°. 

.-. NA' = 5 feet. 
.\AN = Vj)Xto) *-- (50) 2 



50 Vs 



= cot NBA' = cot 15°. 



= V7600 
= 86.602, 
In rt. A BNA', 
BN 
NA' 
and BN=NA' cot 15°. 

log JM' = 1.60897 
log cot 15° = 0.57195 
log J5iV= 2.27092 
BN= 186.60 
AN= 86.60 
AB = 273.20 
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In rt. A ABC, ■ 

ZiUC = 30°, 
and Z ABC = 60°. 
..BC = \AB 

= i x 273.20 feet 
= 136.60 feet. 

65. From a certain point on the 
ground the angles of elevation of 
the belfry of a church and of the top 
of a steeple were found to be 40° 
and 61° respectively. From a p >int 
300 feet farther off, on a horizontal 
line, the angle of elevation of the 
top of the steeple is found to be 
33° 45'. Find the distance from 
the belfry to the top of the steeple. 

A 




300 ft. D C 

Draw BE _L to AB from B. 

In A BEB, 

FT) 

- = sin 33° 45'. 

BB 

.-. EB = 300 x sin 33° 46'. 

log 300 = 2.47712 

log sin 33° 45' = 9.74474 

log EB= 2.22186 

Z. EAB = 180° - 33° 46' - (180° 

- 51°) = 17° 15'. 

In A ABE, 

ft) 

= sin 17° 15'. 
AB 



.-. AB = 



ED 



log ED 
cologsinl7°16' 
log AD 
In A ADC, 

DC 

AD 

..DC 

log AD 

log cos 61° 

log DC 

In A ADC, 

AC 

DC 

..AC 

log DC 

log tan 51° 

log^lC 

AC 

In A FDC, 

FC 

DC 

..FC 

log DC 

log tan 40° 

logFC 

FC 



sin 17° 16' 
: 2.22186 
: 0.52701 
= 2.74977 



= cos 51°. 

= AD cos 61°. 

= 2.74977 
= 9.79887 
= 2.54864 



: tan 61°. 

: DC tan 61°. 

: 2.64804 
: 10.09163 



10 



: 2.64027 
: 436.79. 

: tan 40°. 

DC tan 40°. 

; 2.54864 
9. 92381 
2.47245 

296.79. 



Distance from belfry to top of 
steeple is 436. 79 feet - 296. 79 feet 
= 140 feet. 

66. The angle of elevation of the 
top C of an inaccessible fort ob- 
served from a point A is 12°. At 
a point B, 219 feet from A and on 
a line AB perpendicular to AC, the 
angle ABC is 61° 46'. Find the 
height of the fort. 
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A 7? 
In rt. A CAB, =£ = cot ABC. 
AC 



.-. AC = 



AB 



cot ABC 

log AC = log^lB + colog cot^BC. 
4 C 




log4B = 2.84044 
colog cot A BC = 0.2697 7 

log4C = 2.61021 

In rt. A ADC, 

CD 

— = sin CAD. 

AC 

.: CD- AC Bin CAD. 

log CD = \og AC + log sin (MD. 

log4C = 2.61021 

log sin CAD = 9.31788 - 10 

log CD =1.92809 

CD = 84.74. 

Height of fort is 84.74 feet. 



Exercise X. Page 33. 



1. In an isosceles triangle, given 
a and A ; find C, c, h. 

C = 180°-24 
= 2(90° -4). 



ic 



= cos A. 



c = 2 a cos 4. 

a 

h = a sin A. 



= sin 4. 



2. In an isosceles triangle, given 
a and C ; find .A, c, A. 

(7 + 24 = 180°. 

4 = 90° - i C. 

— = C08.4. 

a 

c = 2 a cos .4. 

h • ^ 
- = sin .4. 

a 

A = a sin 4. 

3. In an isosceles triangle, given 
c and A ; find C, a, A. 

C=180°-24 
= 2 (90° -A). 



— = cos A. 



2 a = ---- 

C08-4. 



2 cos 4 

- = sin 4. 
a 

, A = a sin 4. 

4. In an isosceles triangle, given 
c and O ; find A, a, ft. 

A = 90° - i C. 

— = cos-4. 
a 



2 cos A 

h . . 
- = sin A. 
a 

h = a sin 4. 

5. In an isosceles triangle, given 
h and A ; find C, a, c. 

C = 2(90°-4). 

sin A = - • 
a 
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,\ a = - 



sin .4 

COS A = — = 

a 2a 

.-. c = 2 a cos A. 

6. In an isosceles triangle, given 
h and C ; find A, a, c. 

4 = 90° - i C. 



shut 


a' 


.-. a 


sin .4 


cos -4 


_ \c _ c 
~~ a ~2o 


.-. c 


= 2 a cos -A 



7. In an isosceles triangle, given 
a and h; find A, C, c. 

sin A. = h -i- a. 

C = 2 (90° - 4). 

cos .A = — = 

a 2a 

.-. c = 2 a cos J.. 

8. In an isosceles triangle, given 
c and h; find A y C, a. 

* A k 
tan A. = — • 

C = 2 (90° - 4). 

a 

h 
a= . . 
sin A. 

9. In an isosceles triangle, given 
a = 14.3, c = 11 ; find -4, C, h. 

A \ C 

cos -4. = — . 
a 

log cos .A = log ^- c -f colog a. 
log Jc = 0.74036 
colog a = 8.84466 - 10 

loer cos .4 = 9.68602 - 10 



A = 67° 22' 60". 

.-. € = 2(90° -A) 

= 46° 14' 20". 

• a h 
sin A = - • 

a 
.-. h = asin^L. 
log h = log a + log sin -4. 

log £=1.15534 
log sin .4= 9.96524 
log A =1.12068 
h = 13.2. 

10. In an isosceles triangle, giver. 
a = 0.295, A = 68° 10'; find c, A, JFl 

sin A = - • 
a 

.*. A = asin^<t. 

log h = log a + log sin -4. 

log a = 9.46982 -10 

log sin A = 9.90767 - 10 

log h = 9.43749- 10 

h = 0.27384. 

A * C 

cos .4 = — 

a 

.-. \c = a cos A. 
log i c = log a -f- log cos A. 

log a = 9.46982 -10 

log cos A = 9.57044-10 

logic = 9.04026 -10 

ic = 0.109713. 
.-. c = 0.21943. 

F=*cft. 
2F=ch. 
log 2 F = log c + log h. 

log c = 9.34130 - 10 

log h = 9.43749 -10 

log2F=8.77879-10 

2 F= 0.060089. 
F= 0.03004. 
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11. In an isosceles triangle, given 
c = 2.362, C = 69° 49'; find a, A, F. 
i C = 34° 64' 30". 



sin i C = • 



ic 



siniC 

log a = logic +cologsiniC. 

logic = 0.07041 

colog sin i C = 0.24240 

log a = 0.31281 

a = 2.065. 

cosi<7 = -• 

.-. A = acosiC. 
log A = log a -f log cos £ O. 
log a = 0.31281 
log cos i C = 9.91385 
log A = 0.22666 
A = 1.6852. 
F=icA. 
2F=cA. 
log2F=logc + logA. 
log c = 0.37144 
log A = 0.22666 
log2F = 0.59810 
2 F = 3.9637. 
F= 1.9819. 

12. In an isosceles triangle, given 
h = 7.4847, A = 76° 14'; find a, c, F. 

sin .4 = - • 



sin A 
log a = log A + colog sin A. 
logA = 0.87417 
colog sin ,4 = 0.01266 
log a = 0.88683 
a = 7:706. 



tan -4 = 



A 

ic' 



.'.iC: 

logic: 
log A : 

colog tan A -. 

lOgiC: 

iC: 

C : 

F = 

logF = 

logic: 
lOg A z 

logF = 

F: 



tan J. 

: log A + colog tan A. 
-. 0.87417 
: 9.38918 - 10 
: 0.26336 
: 1.8338. 
: 3.6676. 

icA. 

: lOgiC + lOg A. 

0.26335 

0.87417 
: 1.13752 
: 13.725. 



13. In an isosceles triangle, given 
a = 6.71, A = 6.6; find A, C, c. 

. A A 
smA = -. 

a 

log sin A = log A + colog a. 

log A = 0.81954 
colog a = 9.17328-10 
log sin 4 = 9.99282 - 10 
A = 79° 36' 30". 
.-. C = 20° 47'. 

cos -4 = - — 
a 

.*. ic = acos^l. 
log i c = log a -f log cos -4. 
log a =0.82672 
log cos A = 9.25617 - 10 
logic = 0.08289 
ic = 1.2103. 
c = 2.4206. 

14. In an isosceles triangle, given 
c = 9, A = 20 ; find A, C, a. 

ic 
A ' 



taniC: 
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log tan i C : 

logic: 

colog ft - 
log tan \ C - 

*C = 

C-- 
2A-- 
r.Az 

svaA = - 



r log i c + colog ft. 
: 0.65321 

8.69897 - 10 
: 9.36218 

12° 40' 49". 

25° 21' 38". 

180° - C. 

77° 19' 11". 

ft 

a 
ft 



log a: 

log ft: 

colog sin ^4 : 

log a = 

a : 



sin J. 

: log ft + colog sin A. 
: 1.30103 
: 0.01072 
: 1.31175 
: 20.6. 



15. In an isosceles triangle, given 
c = 147, F = 2572.6; find j1, C, a, ft. 
F=icft. 



.* = ?* 

c 



log A = log 2 F + colog c. 
log2F= 3.71139 
colog c = 7.83268 -10 



log ft = 1.64407 
ft = 35. 

tan .4 = — 

log tan .4 = log ft + colog i c. 

logh = 1.64407 
colog i c = 8.13371 - 10 
log tan A = 9.67778- 10 
A = 26° 27' 47". 
/. C = 2(90° -4) 
= 129° 4' 26". 

ft 

a = 

sin .4 

] og a = log ft + colog sin 4. 



tan ^4 = 



log A =1.64407 
colog sin A = 0.36661 
log a = 1.91068 
a = 81.41. 

16. In an isosceles triangle, given 
ft = 16.8, F = 43.68 ; find A, C, a, c. 
F=icft. 

F 

ic = r 

log i c = log F + colog h. 
logF =1.64028 
colog A = 8.77469- 10 
logic = 0.41497 
ic = 2.60. 
c = 6.2. 

^_ 

log tan A = log ft + colog i c. 

log ft = 1.22531 
colog i c = 9.68503 - 10 
log tan A = 10.81034 -10 
A = 81° 12' 9". 
i C = 8° 47' 51". 
C = 17° 35' 42". 

cos A = --. 

a 

log a = log i c + colog cos A. 
log}c = 0.41497 
colog cos A = 0.81647 
loga= 1.23044 
a = 17. 

17. In an isosceles triangle, find 
the value of F in terms of a and c. 
F = ich. 






4a 2 -c» 
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= iV4a*-c a . 



F = ic(iV4a*-c*) 
= Jc V4a 2 -c*. 

18. In an isosceles triangle, find 
the value of jP in terms of a and C. 

i c = a sin i C. 
h = a cos i C. 
2^ = a sin i C x a cos i C 
= a a sin£CcosiC. 

19. In an isosceles triangle, find 
the value of F in terms of a and A. 

F=ich. 

\c = a cos A . 
A= a sin -4. 
F=ocoBil xa sin A 
= a 3 sin A cos A. 

20. In an isosceles triangle, find 
the value of F in terms of h and C. 

F=+ch. 
ic = fctani<7. 
F=h(hUmiC) 
= A*taniC 

21. A barn is 40 x 80 feet, the 
pitch of the roof is 46°; find the 
length of the rafters and the area 
of the whole roof. 

40 h- 2 = 20 = |c. 

\c_ 20 

a ~~ a 

20= a cos A. 

20 

•"•<* = t- 

cos J. 

log a = log 20 -f- colog cos 4. 

log 20 = 1.30103 

colog cos A = 0.15051 

log a =1.45154 



COS A : 



a = 28.284. 
2 x 28.284 x 80 = 4625.44. 
Length of rafters is 28.284 feet ; 
area of roof is 4525.44 square feet. 

22. In a unit circle, what is the 
length of the chord corresponding 
to the angle 45° at the centre ? 

siniC = i?. 
a 

log i c = log a + log sin i C. 

log a = 0.00000 

log sin \C = 9.58284 - 10 

log^c = 9.58284- 10 

ic = 0.38268. 

c= 0.76536. 

23. If the radius of a circle is 30, 
and the length of a chord is 44, find 
the angle subtended at the centre. 

a 
log sin i C = log i c + colog a. 
logic = 1.34242 
colog a = 8.52288 - 10 
log sini C = 9.8(3530 - 10 
i C = 47° W. 
C = 94° 20'. 

24. Find the radius of a circle if 
a chord whose length is 5 subtends 
at the centre an angle of 133°. 

siniC = ^. 
a 

log a = logic +cologsiniC 

logic = 0.39794 

colog sini C = 0.03760 

log a = 0.43554 

a = 2.7261. 

25. What is the angle at the cen- 
tre of a circle if the corresponding 
chord is equal to f of the radius ? 
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Let a = 3, then c = 2, and J c = 1. 

sin £ C = - . 
3 

log sin £ C = log 1 -f colog 3. 

log 1 = 0.00000 

colog 3 = 9.52288- 10 

logsiniC = 9.52288- 10 

* C = 19° 28' 17". 

C = 38° 56' 33". 

26. Find the area of a circular 
sector if the radius of the circle is 12, 
and the angle of the sector is 30°. 



Area O = xK 2 . 
30*iP 



Area sector = 



360 



log area sector 

= log 30 + colog 360 
+ log it -f 2 log K 

log 30 = 1.47712 

colog 360 = 7.44370- 10 

log 3r = 0.49715 

2 logfl = 2.15830 

log area = 1.57633 

Area = 37.699. 



Exercise XI. Page 35. 



1. Find the remaining parts of a 
regular polygon, given n = 10, c = 1. 

1 10 
ic = 0.6. 
A = 72°. 

ft = £ c tan ^4. 
log ft = log J c + log tan -4. 
log£c = 9.69897-10 
logtan^. = 10.48822 - 10 
log ft = 0.18719 

ft = 1.5388. 
logr = log Jc+cologcos^4. 
log \c = 9.69897 -10 
colog cos A = 0.51002 
logr = 0.20899 
r = 1.618. 
F=\Tvp. 
log ft = 0.18719 
logp = 1.00000 
log2F= 1.18719 

2 F = 15.388. 
1^=7.694. 



2. Find the remaining parts of a 
regular polygon, given n = 18, r = 1. 

i C = 10°. 
;4 = 80°. 
ft = rsin.4. 
logr =0.00000 
log sin A = 9.99335 - 10 
log ft = 9.99335 -10 
ft = 0.9848. 
£c = rcos-4. 
logr = 0.00000 
log cos A = 9.23967 - 10 
logic = 9.23967 -10 
ic = 0.17365. 
p = 6.2514. 
F=$hp. 
log ft = 9.99335 -10 
logp = 0.79598 
log2F= 0.78933 
2 F= 6.1564. 
F= 3.0782. 

3. Find the remaining parts of a 
regular polygon, given n = 20, r = 20. 
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A: 
ft: 

logr : 
log sin A : 

lOg A: 

ft: 

*C = 

logr : 

log COS A : 
10giC = 

c = 

P'- 

F-. 

log ft = 

\ogp-- 

\og2F-- 

2F-- 

F-- 



: 9°. 
:81°. 

: r sin A. 
: 1.30103 
: 9.99462 - 10 
: 1.29665 
: 19.764. 
: r cos A. 
: 1.30103 

9.19433 - 10 

0.49536 

3.1286. 

6. 2f>7. 
: 125.14. 

iftp. 

1.29565 

2.09740 

3.39305 

2472. 
: 1236. 



4. Find the remaining parts of a 
regular polygon, given n = 8, ft = 1. 
i C = 22° 30'. 

taniC = * C . 
ft 

log i c = log ft + log tan i C. 

log ft = 0.00000 

log tan i C = 9.61722 - 10 

logic = 9.61722 -10 

ic = 0.41421. 

c = 0.82842. 

xn h 
C08 £ C = - • 

r 
log r = log ft + colog cos i C 

log ft = 0.00000 

colog cos i C = 0.03438 

logr = 0.03438 

r = 1.0824. 

-F = iftp 

= 3.3137. 



5. Find the remaining parts of 
a regular polygon, given n = 11, 
F=20. 

2F-^pft. 
40 = pft. 

. « = -?. 
11 



P 

iC = 16°22'. 
tan*C = il 



Substitute values of ft and c, 

, _„ p 40 p2 

tan i C = - - -; = — . 

22 P 880 

logp = i (log 880 + log tan i C). 

log 880 = 2.94448 

log tan i C = 9.46788 - 10 

2 )2.41236 

logp = 1.20618 

p = 16.076. 

c = 1.4615. 

siniC = ^. 
r 

logr = logic + colog sin iC 

logic = 9.86377 -10 

colog sin i C = 0.55008 

logr = 0.41386 

r = 2.6938. 

cos i C = - • 
r 

log ft = log r -f log cos i C. 

log r = 0.41385 

logco8jC = 9.98204 

log ft = 0.39589 

ft = 2.4882. 

6. Find the remaining parts of a 
regular polygon, given n = 7, F= 7 
14=pft. 
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P 

-f 

iC = 25° 43'. 

log p = i (log 196 + log tan i C). 

log 196 = 2.29226 
logtanjC = 9.68271 -10 
2 )1.97497 
logp = 0.98749 
p = 9.716. 
|c = 0.694. 

log A = log i c + colog tan i C. 
logic = 9.84136 - 10 
colog taniC = 0.31729 
log h = 0.16865 
h =1.441. 

siniC = ^. 
r 

log r = log i c + colog sin £ C. 

logic = 9.84136- 10 

colog sin i C = 0.36259 

logr = 0.20395 

r = 1.5994. 

7. Find the side of a regular 
decagon inscribed in a unit circle, 
i C = 18°. 

8ini c = ^. 

r 
log c = log 2 + log sin i C. 

log 2= 0.30103 
logsinjC = 9.48998 

log c= 9.79101 -10 
c = 0.61803. 



8. Find the side of a regular 
decagon circumscribed about a unit 
circle. 

iC = 18°. 

taniC = ^. 
h 

log i c = log h -|- log tan i C. 

log h = 0.00000 

logtanjC = 9.51178 

logic = 9.51178 - 10 

ic = 0.32492. 

c = 0.64984. 

9. If the side of an inscribed 
regular hexagon is equal to 1, find 
the side of an inscribed regular 
dodecagon. 

Let O be the centre of the circle. 
BC a side of the hexagon, and BA 
a side of the dodecagon. Also let 
OD be ± to BA. 
Then OB = $C = 1. 

A BOD = 16°. 
In rt. A ODB, 

sin BOD = ±AB -s- OB. 
.: AB = 2 OB x sin BOD. 
logAB= log 2 OB + log sin BOD. 
log 2 OB = 0.30103 
log sin 15° = 9.41300 
log^4B = 9.71403 -10 
AB = 0.51764. 

10. Given n and c, and let b 
denote the side of the Inscribed 
regular polygon having 2n sides; 
find b in terms of n and c. 

Let O be the centre of the circle, 
BC the side of the polygon having 
n sides, BA the side of the polygon, 
having 2 n sides. Then OJ. is 1 to 
BC at its middle point D, 
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360° 1JHP 
n * 
180° 
n 
The A BOA is isosceles. 



ZBOA = 

2 n 

Z (XBC = 90° 



2\ n ) 

= 90°-^. 
n 

Z^iBC = Z OBA - Z OBC 

90° \ / 180° \ 90° 



= ( 909 -^)-(™ P - 



) = - 



b 


90° 
= cos — . 
n 


•ic 


90° 

= cos 

n 


.-. 6 


_ ic 

90° 

cos 

n 



2 cos 



90° 



11. Compute the difference be- 
tween the areas of a regular octa- 
gon and a regular nonagon if the 
perimeter of each is 16. 

2n 16 

A= — = 22° 30'. 
n 

log ft = log i c + log cot il. 
logic = 0.00000 
log cot A = 10.38278 - 10 
log ft = 0.38278 
logF=logft + logip. 
log ft =0.38278 
log fP = 0.90309 
log F- 1.28687 
F = 19.3139. 

n' 



log A' = 
logic' = 

log COt A' : 

log ft' = 
log *" = 
log ft' = 
logip = 

logF'r 

F*z 
F -F-- 



\og\cf -f log cot A'. 
: 9.94885-10 
= 10.43893 - 10 
0.38778 

log ft' 4- log i p. 

0.38778 

0.90309 

1.29087 

19.5377. 

19.5377 - 10.3139 

0.2238. 



12. Compute the difference be- 
tween the perimeters of a regular 
pentagon and a regular hexagon if 
the area of each is 12. 

F=12, n = 5. 

180° 
5 
F=ihp. 

24 



*C = 



= 86°. 



ft = - 
P 

ic = -?-=*. 
2n 10 



10 



ic 



ft 24 240 



p 2 = 240 tan i C. 
log 240 = 2.38021 
log tan i C = 9.86126 - 10 
2 )2.24147 
logp = 1.12074 

p = 13.205. 

n' = 6, i C = 30°. 

taniC7' = i = e 
24 288 

P' 
j/ 3 = 288 tan* C. 
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-10 



log 288 = 2.46939 

log tani C" = 9.76144- 

2)2.22083 

log;p'= 1.11042 

p' = 12.895. 

p-p / = 0.310. 



13. Find the area of the regular 
octagon formed by cutting away the 
corners of a square whose side is 1. 

A = 90° - 22° 30' 
= 67° 30'. 

tan^4=A. 

h 
.-. ic = 

tan A 
logic = log h + colog tan A. 
log ft = 9.69897 - 10 
colog tan A = 9.61722 - 10 
log lc = 9.31619 -10 
p = i c x 2 n = nc. 
F=ipft = ic xjn. 
logF= logic + login, 
logic = 9.31619- 10 
login = 0.60206 
logF = 9.91825 -10 
F= 0.82842. 



14. Find the area of a regular 
pentagon if its diagonals are each 
equal to 12. 

180° 
ZAOD = — =36°. 
n 

ZAOC = 180° - 36° = 144°. 

ZACD = i(180°- 144°) 

= 18° = ZCAO. 

Z OAD = 90° - ZAOD=64°. 



Z.BAC = 54° + 18° = 72°. 

cos2MC = ^ = i£. 
AC 12 

logic = log 12 + log cos 72°. 

log cos 72° = 9.48998 
log 12 = 1.07918 
logic = 0.66916 

tan 2X40 = A. 
ic 

log A = logic + log tan 64°. 




10 



logic = 0.66916 

log tan 54° = 10.13874 

loga= 0.70790 v 

p = ic x 2n. 

F = iph = ic x nh. 
log F = log i c -f logn + log h. 
logic = 0.56916 
logn = 0.69897 
log h = 0.70790 
logF= 1.97603 

F = 94.63. 

15. Find the area of a regular 
polygon of 11 sides inscribed in a 
circle, if the area of an inscribed 
regular pentagon is 331.8. 
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Let AB be a side of a regular 
inscribed pentagon, and AD the 
side of a regular inscribed polygon 
of 11 sides. 

Xiet r be the radius of the circle 
whose centre is 0, and h and h' 
the apothems of the two polygons 
respectively. 

Given F the area of pentagon 
= 331.8; find F' y the area of the 
11 -sided polygon. 

Liet p and jf and c and c' repre- 
sent the perimeters and sides of the 
pentagon and the 11-sided polygon 
respectively. 

F = iph. 
331.8 = iph. 
ph = 663.6. 
, 663.6 



n 


P 




c 


P 

"" 5' 




*c 


P 
~10* 




ZAOE 


= 36°. 




tan 36° 


ic p p 
~ h " 10 663.6 




1* 

"6636* 




logp 2 = log 


tan 36° -flog 6636. 


log 6636 


= 3.82191 




log tan 36° 


= 9.86126 - 


-10 


logp 2 


= 3.68317 




logp 


= 1.84159. 




Since J c 


= iV of P» 




logic 


= 0.84159. 




sin ZAOE 


r 





log r = log \ c -f colog sin 36° 
logJc = 0.84159 
colog sin 36° = 0.23078 
logr = 1.07237 



360° 
Z A OC = — = 16° 21' 49". 
22 

8inZAOC = i<? + r. 

logr = 1.07237 

log sin 40C = 9.44984 - 10 

logic' = 0.62221 

tan^40C = i^. 
h' 

log A' = log 1 c' + colog tan 4 OC. 

logjc' = 0.52221 

colog tan A OC = 0.53221 

logft' = 1.06442 

F=ip'/i' 

= J cf x 11 x A'. 

logic' = 0.52221 

log 11 = 1.04139 

logft' = 1.05442 

log F = 2.61802 

F = 414.97. 

16. Find the area of a circle 
inscribed in an equilateral triangle 
whose perimeter is 20. 




A ^ B 

Perimeter = 20. 

AB = J x 20 = y . 
Z (MB = J of 180° = 30°. 

tan 30° = —. 
AB 

log A B =.0.52288 
log tan 30° = 9.76144 - 10 
logr = 0.28432 
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Area = m*. 

log n = 0.49715. 

logr a = 0.66864 

log area = 1.06679 

Area = 11.636. 

17. Find the area of a regular 
polygon of 15 sides inscribed in a 
circle, if the area of a regular in- 
scribed polygon of 16 sides is 100. 



iC = 



360° 



= 11° 16'. 



Let 



32 
360° 
30 
= h,AB = r,BC = ic. 
= ihp. 
= ihp. 
200 
P ' 
P 
32_ 
200 

P 
= 6400 tan J C. 

= 3.80618 
= 9.29866 - 10 
2 )3.10484 
= 1.55242 
= 36.68. 
= 35.68 -s- 32 
= 1.115. 
_ \c _ 1.115 
r ~ r ' 



£C" = ^- = 12° 

AG 

F 

100 

h = 



taniC = — 



P 2 

log 6400 

log tan } C 

logp 
P 



sin.VC = ^ = 



0.75703 
9.99040 - 10 



log 1.115 = 0.04727 

cologBinjC = 0.70976 

log r = 0.76703 

£ = cosiC'(12°). 
.-. h' = r x cos*C. 



logr 
log cos £ & 

logA' = 0.74743 

\* 

r 



sin^C". 

r x sin \ C. 



logr: 
log sin iC": 

log*c' = 

F = 

logF=logi 

log*c' = 
log 16 = 
log*' = 



: 0.75703 
: 9.31788 
: 0.07491 

x 2nA' 



cf 4- log n -f log h'. 

0.07491 
1.17609 
0.74743 
1.99843 
99.640. 



18. Find the perimeter of a 
regular dodecagon circumscribed 
about a circle the circumference 
of which is 1. 

Given circumference of inscribed 
circle = 1, n = 12 ; find p. 

2 itr = circumference. 
__ circ. 
r """¥*" 

^ = ^ = 150. 
T 24 

tan 15° = i^ = wc. 
r 

tan 16° 



3.1416 
log tan 15° = 9.42805 
colog3.1416 = 9.50285 - 10 
log c = 8.93090- 10 
log 12 = 1.07918 
logp = 0.01008 
p = 1.0235. 
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19. The area of a regular poly- 
gon of 25 sides is 40 ; find the area 
of the ring comprised between the 
circumferences of the inscribed and 
circumscribed circles. 

40 
icfc = — =1.6. 
T 26 

iC = 7°12 / . 
^ = taniC, 



or 



h* 

.-. h* = 



= tan | C. 
1.6 



tan*C 

log 1.6 = 0.20412 

colog tan i C = 0.89860 

log#* = 1.10262 

log A =0.66131. 



h 



= cos ^ C. 



cos^C 
log A = 0.65131 
colog cosi C = 0.00344 
logr = 0.66475 
logr* = 1.10950. 
itr 2 = area of circumscribed 0. 
log n = 0.49715 
logr 2 = 1.10960 
log F= 1.60665 
F= 40.425. 
log it = 0.49715 
logfl» = 1.10262 
log*A« = 1.69977" 
Area of inscribed = 39.790. 
40.425-39.790 = 0.636. 



Exercise XII. Page 45. 



1. Construct the functions of an 
angle in Quadrant II. What are 
their signs ? 

Sines and tangents extending up- 
wards from the horizontal diameter 
are positive ; downwards, negative. 
Cosines and cotangents extending 
from the vertical diameter towards 
the right are positive ; towards the 
left, negative. The sign of the secan t 
is the same as the sign of the cosine ; 
and the sign of the cosecant is the 
same as the sign of the sine. Hence, 

sin and esc are +. 

cos and sec are — . 

tan and cot are — . 

2. Construct the functions of an 
angle in Quadrant III. What are 
their signs ? 



sin and esc are — . 

cos and sec are — . 
tan and cot are + . 

3. Construct the functions of an 
angle in Quadrant IV. What are 
their signs ? 

sin and esc are — . 
cos and sec are + . 
tan and cot are — . 

4. What are the signs of the 
functions of the following angles: 
340°, 239°, 145°, 400°, 700°, 1200°, 
3800°? 

240° is in Quadrant IV. 
sin=-. tan=— . sec=+. 
cos = +. cot=— . csc=— . 
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239° is in Quadrant III. 
sin = — . tan = +. sec=— . 

COS=— . COt=-f. C8C=— . 

145° is in Quadrant II. 
sin=-f. tan = — . sec=— . 
cos= — . cot=— . csc=-f. 
400° = 860° + 40°. 
Therefore, 400° is in Quadrant I. 
sin = +. tan = +. sec=+ t 
cos=+. cot=+. csc=+. 
700° = 360° + 340°. 
Therefore, 700° is in Quadrant IV. 
sin=— . tan = — . sec=+. 
cos = +. cot=— . csc=— . 
1200° = 3 x 360° + 120°. 
Therefore, 1200° is in Quadrant IL 
sin = + . tan = — . sec= — . 
cos = — . cot=— . csc=-f. 
3800° = 10 x 360° + 200°. 
Therefore, 3800° is in Quadrant III. 
sin=— . tan=+. sec=— . 
cos = — . cot=+. csc=— . 

5. How many angles less than 
360° have the value of the sine 
equal to + $, and in what quad- 
rants do they lie ? 

Since the sine is + , by Sect. XXII, 
the angles can lie in but two quad- 
rants, the first and second. 

In the first quadrant, by Sect. 
XXII, the sine increases from to 
1, and in the second, decreases from 
1 toO. 

Therefore, of angles less than 360° 
there may be two with sine equal 
to + & ; one in the first quadrant, 
and one in the second quadrant 



& How many values less than 
720° can the angle x have if cosz 
= ■+• J, and in what quadrants do 
they lie ? 

720° is twice 360°; hence, the 
moving radius will make exactly 2 
complete revolutions. 

The cosine has the -f sign in the 
first and fourth quadrants. 

Hence, x can have four values: 
two in Quadrant I and two in 
Quadrant IV. 

7. If we take into account only 
angles less than 180°, how many 
values can x have if sin x = & ? - if 
cosx = J? if cosx = — |? if tan 
x = f? if cotx = - 7? 

(i) Sign being +, the angle can 
be in Quadrant I or II. 

Therefore, there can be two values 
of x less than 180°. 

(ii) Sign being +, the angle can 
be in Quadrant I or IV. 

Therefore, there can be one value 
of x less than 180°. 

(iii) Sign being — , the angle can 
be in Quadrant II or III. 

Therefore, there can be one value 
of x less than 180°. 

(iv) Sign being +, the angle can 
be in Quadrant I or III. 

Therefore, there can be one value 
of x less than 180°. 

(v) Sign being — , the angle can 
be in Quadrant II or IV. 

Therefore, there can be one value 
or x less than 180°. 

8. Within what limits must the 
angle x lie if cos x = — f ? if cotaf 
= 4? if secx = 80? ifcscx = -3? 
(If x<360.) 
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If cos x = — }, x must lie in the 
second or third quadrant, or be- 
tween 90° and 270°. 

If cotx = 4, x is between 0° and 
90° or 180° and 270°. 

If sec x = 80, x is between 0° and 
90° or 270° and 360°. 

If esc x — — 3, x is between 180° 
and 360°. 

9. In what quadrant does an 
angle lie if sine and cosine are both 
negative ? if cosine and tangent are 
both negative ? if cotangent is posi- 
tive and sine negative ? 

(i) Sine is negative in Quadrants 
II and III; cosine is negative in 
Quadrants HI and IV. 

Therefore, angles having both 
sine and cosine negative are in 
Quadrant EH. 

(ii) Cosine is negative in Quad- 
rants II and III ; tangent is nega- 
tive in Quadrants II and IV. 

Therefore, angles having both 
cosine and tangent negative are in 
Quadrant II. 

(iii) Cotangent is positive in Quad- 
rants I and III ; sine is negative in 
Quadrants III and IV. 

Therefore, angles having cotan- 
gent positive and sine negative are 
in Quadrant III. 

10. Between 0° and 3600° how 
many angles are there whose sines 
have the absolute value $ ? Of these 
sines how many are positive and 
how many negative? 

Between 0° and 3600° there are 
10 revolutions, and in each there 
are 4 angles whose sines have the 
absolute value {. Therefore, there 



are 40 angles. The sine is positive 
in Quadrants I and II, and negative 
in Quadrants III and IV. Hence, 
there are 20 angles with the sine posi- 
tive, and 20 with the sine negative. 

11. In finding cos x b y means o f 
the equation cos x = ± Vl — sin a x, 
when must we choose the positive 
sign and when the negative sign ? 

Since cosines of angles in Quad- 
rants I or IV are positive, we use 
the sigh + when angle x lies within 
these limits. 

Also, since cosines of angles in 
Quadrants II and III are negative, 
we use the sign — , when xlies in 
either of these. 

12. Given cosx = -V^; find the 
other functions when x is an angle 
in Quadrant II. 

sin 2 x + co8 2 x = 1. 
sinx = Vl — cos*x 

= Vl _(_V±)2 = V* 

= W2. 



sin x 
1 



: 1 V2. 



1 



tanx : 



cot x = 



cosx __^V2 
sin x __ V$ 
cos x ~" Z±V§ 
1 1 



= -V2. 



= -1. 



= -1. 



tanx — 1 

13. Given tan x = Vs ; find the 
other functions when x is an angle 
in Quadrant III. 

tanx = VS. 

cot x = — = i Vs. 

V3 



64 



PLANE TRIGONOMETRY. 



tanx = 



sin x 



cosx 

tan x x cos x = sin x. 
V5 cos x = sin x. 

3 cos*x — sin 2 x = 
cos 2 x -f sin 2 x = 1 

4 cos 2 x = 1 
cos^x = ±. 

COS X = ± £. 

The angle being in Quadrant III, 
the cosine is negative. 
.•. cos x = — i. 

sin x = Vl - (- i) 2 
= Vj = ± *Vs. 
Sine is negative. 
.*. sin x = — i Vs. 
1 



sec x = = - 2. 

1 
cscx = 



- T V§ 



= -|V3. 



14. Given sec x = + 7, and tan x 
negative ; find the other functions 
of x. 

x must be in Quadrant IV. 

Hence, sine, cosecant,, tangent, 
and cotangent are negative, and 
cosine positive. 

1 1 



= - 7 V3. 
1 



1 _ 
49" 

1 



sin x _ ^ V3 

= -AVs. 

tanx= sinx = - ll >^ 

COSX y 

= -4VS. 



cot x = 



1 _ 1_ 

tanx~ 4 Vg 



15. Given cotx = -3; find ah 
the possible values of the other 
functions. 

By [3] tan x = - i, and may be 
in Quadrant II or IV. 

By [l], 

sin 2 x = 1 — cos 2 x. 
sin x = Vl — cos 2 x. 
By [2], 

1 __ Vl — cos 2 x 

3 "" cosx 

1 _ 1 — cos 2 x 

9 cos 2 x 
cos 2 x = 9 — 9cos 2 x. 

COS 2 X = — • 

10 

cos x = — -= = A Vio, 
VlO 
and is — in Quadrant II, + in IV. 

= ^Vio, 
and is -f in Quadrant II, — in IV. 

secx = = lVI(j. 

3 ; 

cscx = Vio, 
and is + in Quadrant II, — in IV. 

16. What functions of an angle 
of a triangle may be negative ? In 
what case are they negative ? 

When an angle of a triangle is 
acute, its functions are all positive. 
When an angle is obtuse, its func- 
tions are those of an angle in Quad- 
rant II. 



sinx 
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Hence, sine and cosecant are 
always positive, and cosine, tan- 
gent, cotangent, and secant may be 
negative. 

17. Why may cot 380° be con- 
sidered equal either to -f oo or to 

— GO? 

The nearer an acute angle is to 
0°, the greater the positive value of 
its cotangent ; and the nearer an 
angle is to 360°, the greater the 
negative value of its cotangent. 
When the angle is 0° or 360°, the co- 
tangent is parallel to the horizontal 
diameter and cannot meet it. But 
the cotangent of 360° may be re- 
garded as extending, either in the 
positive or in the negative direction, 
and hence either -f oo or — oo . 

18. Obtain by means of Formu- 
las [l]-[3} the other functions of 
the angles, given: 

(i) tan90° = ». 
(ii) cos 180° = - 1. 
(iii) cot 270° = 0. 
(iv) esc 360° = - <*. 

W 

tan90° = oo = -. 


cot90° = - = 0. 
sin90° 1 



cos 90° 

cos90° = 0sin90°=0. 
cos^OO * sin 2 90° = 1. 
sin 2 90° = 1. 

sin 90° = 1. 

sec 90° = = - = oo. 

cos90° 

080 900 = — I — = l = i. 
sin90° 1 





(ii) 




cos 180° 


= -1. 




sin 2 180° + cos 2 180° = 


1. 


sin 2 180° +1 = 1. 




sin 180° 


= 0. 




tan 180° 


sin 180° 
cos 180° 



-1 




= -0. 




cot 180° 


cos 180° 
sin 180° 

= — X. 


-1 



sec 180° 


1 
cos 180° 


1 
- 1 



CSC 180° = —,-- = r - ». 

sin 180° 



(iii) 
cot 270° = 0. 

tan 270° = l = oo. 




cos 270° 



= 0. 



sin 270° 

cos 270° = sin 270° = 0. 
sin 2 270° + cos 2 270° = 1. 
sin 2 270° + = l. 
sin 2 270° = l. 

sin 270° = -1. 



sec 270° = 



1 



1 

= - =s 00. 



cos 270° 
1 1 



csc270° = -— -- = — - 
sin 270° - 1 



(iv) 
esc 360° = - oo. 
sin 360° = ---=-0. 

— 00 

sin 2 360° + cos 2 360° = 1. 
cos 2 360° = 1. 
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COB 360° =1. 

tan 360° = — = -0. 



cot 360° = — - = -ao. 
— 



sec 360° = 



cos 360° 1 . 



19. Find the values of sin 450°, 
tan 640°, cos 630°, cot 720°, sin 810°, 
csc 900* 

sin 450° = sin (360° + 90°) 

= sin90° 

= 1. 
tan640° = tan (360° + 180°) 

= tan 180° 

= 0. 
cos 690° = cos (360° + 270°) 

= 008 270° 

= 0. 
cot 720° = cot (360° + 380°) 

= cot360° 

= 3D. 

sin 810° = sin (2 x 360° + 90°) 

= sin90° 

= 1. 
csc900P = csc(2x360P + 180°) 

= esc 180° 



20. Compute the value of 
asin0° + 6 cos 90° — ctan 180°. 

sinO =0. 
cos90° =0. 
tanl80° = 0. 
Substituting. 
ox0 + 6x0-cx0 = 0. 

21. Compute the value of 

a cos 90° - b tan 180° + c cot 90°. 
cos90° =0. 
tanl80°=0. 
cot 90° =0. 
Substituting, 
ax0-6x0 + cx0 = 0. 

22. Compute the value of 
asin90°- &C06 360 

+ (a-6)cosl80°. 

sin90° =1. 
cos360° = l. 
cos 180° = -1. 
Substituting, 

axl-6xl + (a-6)x(-l) = 

23. Compute the value of 

(a* - &*)cos360° - 4a6sin270°. 
cos360°=l. 
sin 270° = - 1. 
Substituting, 
(a*-6*)xl-4a6x(-l) 
= a*-&* + 4a&. 



Exercise XIII. Page 51. 



1. Kaunas sin 250° in terms of ' 2. Express sin 172° in terms of 
the functions of an acute angle less the functions of an angle less than 



than 45° 

sin 250° = sin (270° - 20°) 
= -cos»0°. 



45° 



sin 172° = sin (180° -8°) 
= sin8 . 
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3. Express cos 100° in terms of 
the functions of an angle less than 
46°. 

cos 100° = cos (90° +10°) 
= - sin 10°. 

4. Express tan 126° in terms of 
the functions of an angle less than 
45°. 

tan 125° = tan (90° -f 35°) 
= -cot35°. 

5. Express cot 01° in terms of 
the functions of an angle less than 
45°. 

cot 91° = cot (90° + 1°) 
= -tanl°. * 

6. Express sec 110° in terms ' of 
the functions of an angle less than 
45°. 

sec 110° = sec (90° +20°) 
= - esc 20°. 

7. Express esc 157° in terms of 
the functions of an angle less than 
45°. 

esc 157° = esc (180° -23°) 
= esc 23°. 

8. Express sin 204° in terms of 
the functions of an angle less than 
45°. 

sin 204°= sin (180° + 24°) 
= -sin24°. 

9. Express cos 359° in terms of 
the functions of an angle less than 
46°. 

cos 369° = cos (360° - 1°) 
= cos 1°. 

10. Express tan 300° in terms of 
the functions of an angle less than 
46°. 

tan 300° = tan (270° + 30°) 
= -cot30°. 



11. Express cot 264° in terms of 
the functions of an angle less than 
45°. 

cot 264° = cot (270° -6°) 
= tan 6°. 

12. Express sec 244° in terms of 
the functions of an angle less than 
46°. 

sec 244° = sec (270° - 26°) 
= - esc 26°. 

13. Express esc 271° in terms of 
the functions of an angle less than 
45°. 

esc 271° = esc (270° + 1°) 
= — sec 1°. 

14. Express sin 163° 49' in terms 
of the functions of an angle less than 
46°. 

sin 163° 49 / = sin (180° - 16° 11') 
= sin 16° 11'. 

15. Express cos 195° 33' in terms 
of the functions of an angle less than 
45°. 

cos 196° 33' = cos (180° + 15°33') 
= - cos 15° 33'. 

16. Express tan 269° 15' in terms 
of the functions of an angle less than 
45°. 

tan 269° 15' = tan (270° - 45') 
= cot 45'. 

17. Express cot 139° 17' in terms 
of the functions of an angle less than 
46°. 

cot 139° 17' = cot (180° - 40° 43') 
= - cot 40° 43'. 

18. Express sec 299° 45' in terms 
of the functions of an angle less than 
45°. 

sec 299° 45' = sec (270° + 29° 460 
= esc 29° 45'. 
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19. Express cac 92° 2o' in terms of the functions of an angle less than 
46°. 

cac 92° 25' = cac (90° + 2° 26") = see 2° 25'. 

20. Rxpi ca * all the functions of — 76° in terms of the functions of a 
positive angle less than 45°. 

sin (- 75°) =sin (270° + 15°) = - cos 15°. 
cos (- 75°) = cos (270° + 16°) = sin 15°. 
tan (- 75°) = tan (270° + 15°) = - cot 16°. 
cot (- 75°) = cot (270° + 15°) = — tan 15°. 

21. Express all the functions of — 127° in terms of the functions of a 
positive angle leas than 45°. 

sin ( - 127°) = sin (270° - 37°) = - cos 37°. 
cos (— 127°) = cos (270° - 37°) = - sin 37°. 
tan (- 127°) = tan (270° - 37°) = cot 37°. 
cot (- 127°) = cot (270° - 37°) = tan 37°. 

22. Express all the functions of — 200° in terms of the functions of a 
positive angle less than 45°. 

sin (- 200°) = sin (180° - 20°) = sin 20°. 
cos (- 200°) = cos (180° - 20°) = - cos 20°. 
tan (- 200°) = tan(180° - 20°) = - tan20°. 
cot (- 200°) = cot (180° - 20°) = - cot 20°. 

23. Express all the functions of — 345° in terms of the functions of a 
positive angle less than 45°. 

sin (-345°) = sin 15°. 
cos (-346°) = cos 15°. 
tan(-346°) = tanl5°. 
cot (-346°) = cot 15°. 

24. Express all the functions of — 52° 37' in terms of the functions of 
a positive angle less than 45°. 

sin ( - 52° 370 = sin (270° + 37° 23') = - cos 37° 23'. 
cos ( - 52° 37') = cos (270° + 37° 230 = sin 37° 23'. 
tan ( - 52° 370 = t*n (270° + 37° 230 = - cot 87° 28'. 
cot ( - 52° 370 = ™*> (270° -|- 37° 230 = - tan 37° 23'. 

25. Express all the functions of — 196° 54' in terms of the functions of 
a positive angle less than 45°. 
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Bin ( - 106° 64') = sin (180° - 16° 54') = Bin 16° 64'. 
cos (- 196° 64') = cos (180° - 16° 64') = - cos 16° 54'. 
tan (- 190° 54') = tan (180° - 16° 64') = - tan 16° 64'. 
cot (- 196° 640 = cot (180° - 16° 64') = - cot 16° 64'. 

26. Find the functions of 120°. 

sin 120° = sin (90° + 30°) = cos 30° = * Vs. 
cos 120° = cos (90° + 30°) = - sin 30° = - f 
tan 120°= tan (90° + 30°)= -cot 30° = - V5. 
cot 120° = cot (90° -f 30°) = - tan 80°= - i Vs. 

27. Find the functions of 136°. 

sin 135° = sin (90° + 45°) = cos 46° = * V§. 
cos 135° = cos (90° + 45°) = - sin 46° = - i V5. 
tan 136° = tan (90° + 45°) = - cot 45° = - 1. 
cot 136° = cot (90° + 46°) = - tan 46° = - 1. 

28. Find the functions of 150°. 

sin 160° = sin (180° - 30°) = sin 30° = f 
cos 160° = cos (180° - 30°) = - cos 80° = - * V5. 
tan 160° = tan (180° - 30°) = - tan 30° = - i V5. 
cot 160° = cot (180° - 30°) = - cot 30° = - VS. 

29. Find the functions of 210°. 

sin 210° = sin (180° + 30°) = - sin 80° = - *. 
cos 210° = cos (180° + 30°) = - cos 30° = - * V§. 
tan 210° = tan (180° + 30°) = tan 30° = i Vs. 
cot 210° = cot (180° + 80°) = cot 30° = V§. 

30. Find the functions of 226°. 

sin 226° = sin (180° + 46°) = - sin 4o° = - i V5. 
cos 225° = cos (180° + 45°) = - cos 45° = - | V& 
tan 225° = tan (180° + 46°) = tan 45° = 1. 
cot 226° = cot (180° -f 46°) = cot 46° = 1. 

31. Find the functions of 240°. 

sin 240° = sin (270° - 30°) = - cos 30° = - * V& 
cos 240° = cos (270° - 30°) = - sin 30° = - f 
tan 240° = tan (270° - 30°) = cot 30° = V5. 
cot 240P = cot (270° -30°) = tan30° = iV8. 
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32. Find the functions of 800°. 

sin 800° = sin (270° + 30°) = - cos 80° = - * VS. 
cos 300° = cos (270° + 30°) = sin 30° = f 
tan 300° = tan (270° + 30°) = - cot 30° = - VS. 
cot300° = cot (270° + 30°) =- tan 30° = - i VS. 

33. Find the functions of - 30°. 

sin(- 30°) = - sin 80° =- f 
cos(- 30°) = cos 30° = i VS. 
tan(- 30°)= - tan 30° = - i VS. 
cot ( - 30°) = - cot 30° = - VS. 

34. Find the functions of - 226°. 

- 225° = 90° -|- 45°. 
sin (- 226°) = sin (90° + 45°) = cos 46° = i V2. 
cos ( - 225°) = cos (90° + 46°) = - sin 45° = - * V2. 
tan(- 225°) = tan (90° + 46°) = - cot 45° = - 1. 
cot (- 225°) = cot (90° + 46°) = - tan 45° = - 1. 

35. Given sin x = — VJ, and cos x negative ; find the other functions 
of x, and the value of x. 

Since sin 45° = — V£ and the sign of the cosine is negative, the angle 
must be in Quadrant III, and must be, therefore, 
180° + 46° = 225°. 
cos (180° -|- 45°) = - cos 45° = - * V£. 
tan (180° + 45°) = tan 45° = 1. 
cot (180° + 45°) = cot 45° = 1; 

36. Given cot x = — VS, and x in Quadrant II ; find the other func- 
tions of x, and the value of x. 

Since cot 30° = VS and the sign is negative, the angle is 180° - 30° 
= 160°. 

sin 150° = sin (180° - 30°) = sin 30° = f 

cos 160° = cos (180° - 30°) = - cos 30° = - i VS. 

tan 150° = tan (180° - 80°) = - tan 30° = - i Vs. 

37. Find the functions of 3540°. 

3640° = 9 x 360° + 300°. 
sin 300° = sin (270° + 30°) = - cos 30° = - i VS. 
cos 300° = cos (270° + 30°) = sin 30° = J. 
tan 300° = tan (270° + 30°) ;= - cot 30° = - VS. 
cot 800° = cot (270° + 80°) = - tan30° = - * VS. 
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38. What angles less than 860° have a sine equal to — | ? a tangent 
squal to — V§ ? 

(i) Since sin 30° = i and the sign is negative, the angle must be in 
Quadrant III or IV, and must be, therefore, 180° + 80° = 210°, or 360° 

— 30° = 330°. 

(ii) Since tan 60° = V3 and the sign is negative, the angle must be in 
Quadrant II or IV, and must be, therefore, 130° - 60° = 120°, or 360° 

— 60° = 300°. 

39. Which of the angles mentioned in Examples 27-34 have a cosine 
equal to — | V2 ? a cotangent equal to — V3 ? 

(i) Since cos 45° = i V2 and the sign is negative, the angle must be in 
Quadrant II or III, and must be, therefore, 180° - 45° = 136°, or 180° + 45° 
= 225°. Also, the functions of — 225° are the same as the functions of 
360° - 226° = 136°. Hence, the angles are 136°, 226°, or - 226°. 

(ii) Since cot 30° = V§ and the sign is negative, the angle must be in 
Quadrant II or IV, and must be, therefore, 180° - 30° = 160°, or 360° 
— 30° = 330°, or - 30°. Hence, the angles are 160° or - 30°. 

40. What values of x between 0° and 720° will satisfy the equation 
sin x = + | ? 

Since sin 80° = i and the sign is positive, the angle must be in Quad- 
rant I or II, and must be, therefore, 80° or 180° - 30° = 160°, the first 
revolution. In the second revolution these angles must be increased by 
360°. Hence, the angles are 30°, 150°, 390°, and 610°. 

41. Find the other angle between 0° and 360° for which the corre- 
sponding function (sign included) has the same value as sin 12°, cos 26°, 
tan 46°, cot 72°; sin 191°, cos 120°, tan 244°, cot 857°. 

In order that the sign shall be the same, 

sin 12° must be in Quadrant II = sin (180° - 12°) = sin 168°, 
cos 26° must be in Quadrant IV = cos (360° - 26°) = cos 334°. 
tan 45° must be in Quadrant III = tan (180° + 46°) = tan 226°. 
cot 72° must be in Quadrant III = cot (180° + 72°) = cot 262°. 
sin 191° must be in Quadrant IV = sin (360° - 11°) = sin 349°. 
cos 120° must be in Quadrant III = cos (180° + 60°) = cos 240°. 
tan 244° must be in Quadrant I = tan (244° - 180°) = tan 64°. 
cot 357° must be in Quadrant II = cot (367° - 180°) = cot 177°. 

42. Given tan 238° = 1.6 ; find sin 122°. 

tan 238° = tan (180° + 68°) = tan 68°. 
sin 122° = sin (180° - 68°) = sin 58°. 
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But tan 238° = 1.6. 

.-.tan 58° =1.6. 

tan 68° sin 58 ° 



1.6 = 



cos 68° 
sin 68° 



Vl-sin 2 68° 
2.66 - 2.66 sin 2 68° = sin* 68°. 
3.66 sin 2 68° = 2.66. 

sin 68° = \— = 0.8480. 
\3.56 

43. Given cos 333° = 0.89 ; find tan 117°. 

cos 333° = 0.89 = cos (270° + 63°) = sin 68°. 
tan 117° = tan (180° - 63°) = - tan 63°. 
sin 2 63° + cos 2 63° = 1. 
(0.89) 2 + cos 2 63° = 1. 

cos 2 63° = 0.2079. 

cos 63° =0.4669. 

-tanea-.!!^- «^_ = _ 1 . 9622 . 

. cos 63° 0.4669 

44. Simplify the expression 45. Simplify the expression 
a cos (90° - x) + b cos (90° + x). m cos (90° - x) sin (90° - x) 
a cos (90° - x) + b cos (90° + x) in cos (90° - x) sin (90° - x) 

= a sin x + b (— sin x) = m sin x cos x. 

= (a — b) sin x. 
« 

46. Simplify the expression 

(a - b) tan (90° - x) + (a + 6) cot (90° + x). 
tan(90°-x) = cotx. 
cot (90° + x) =-tanx. 
Hence, the expression = (a — b) cot x — (a -f 6) tan x. 

47. Simplify the expression 

a 2 + ft 2 - 2 ab cos (180° - x). 
a * + &2 _ 2a6cos (180° - x) = a 2 + ft 2 - 2db (- cosx) 
= a a + 6 2 + 2a&cosx. 

48. Simplify the expression 

sin (90° + x) sin (180° + x) + cos (90° + ») cos (180° - x). 
sin (90° + *) sin (180° + x) + cos (90° + x) cos (180° - x) 

= (cos x) ( — sin x) + (— sin x) (— cos x) 

= — sin x cos x -f sin x cos x = 0. 
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49. Simplify the expression 

cos (180° + x) cos (270° - y) - sin (180° + x) sin (270° - y). 

cos (180° + x) = — cos x. 
cos (270° - y) = - sin y. 
sin (180° + x) = - sin x. 
sin (270° -y) = -cosy. 
Hence, the expression = cos x sin y — sin x cos y. 

50. Simplify the expression 

tan x + tan (- y) - tan (180° - p). 

tan(— y) = — tany. 
- tan (180° - y) = tan y. 
Hence, the expression = tan x. 

51. For what values of x is the expression sin x + cos x positive, and 
for what values negative ? 

If x is in Quadrant I, sin x + cos x must be positive, since both the sine 
and cosine are positive. In Quadrant II the sine is positive and cosine 
negative; hence, so long as the sine is greater than, or equal to, the 
cosine, the expression sin x + cos x is positive ; but after passing the 
middle of Quadrant II, viz., 135°, the cosine of x is greater than sine, 
and the expression is negative. In Quadrant III both sine and cosine 
are negative, and hence their sum must be negative. In Quadrant IV 
the sine is negative and cosine positive. The sine and cosine are equal 
at 315°, after which the cosine is greater than sine. Hence, the expression 
sin x + cos x is negative from 135° to 315°, and positive between 0° 
and 136°, and 315° and 360°. 

52. Answer the questions of Example 51 for sin x — cos x. 

As x increases from 0° to 45°, the sine increases in value, and cosine 
decreases, until at 45° sine = cosine. Hence, up to this point sin x — cosx 
is negative. For the remainder of Quadrant I sine is greater than cosine, 
and consequently the expression sin x — cos x is positive. In Quadrant II 
sine is positive and cosine negative, so the expression sin x — cos x is 
uniformly positive. In Quadrant III sine is negative and cosine negative ; 
hence, so long as sine is less than cosine, the expression is positive, viz. , 
to 225° ; after that point, sine is greater than cosine, and sin x — cos x is 
negative. In Quadrant IV sine is negative and cosine positive; there- 
fore, sin x — cos x is uniformly negative. The expression is, then, 
negative between 0° and 45°, and 226° and 360°; positive between 45° 
and 226°. 
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53. Find the functions of x — 90° in functions of x. 

x - 90° = 360° - (90° - x) = 270° + x. 
sin (x - 90°) = sin (270° + x) = - cosx. 
cos (x - 90°) = cos (270° + x) = sin x. 
tan (x - 90°) = tan (270° + x) = - cot x. 
cot (x - 90°) = cot (270° + x) = - tan x. 

54. Find the functions of x — 180° in functions of x. 

x - 180° = 360° - (180° - x) = 180° + x. 
sin (x - 180°) = sin (180° + x) = - sin x. 
cos (x - 180°) = cos (180° + x) = - cosx. 
tan(x - 180°) = tan (180° + x) = tanx. 
cot (x - 180°) = cot (180° + x) = cot x. 

Exercise XIV. Page 60. 

1. Find the value of sin (x + y) and cos (x + y) when sin x = }, cos x 
= | f siny = ^ T , cosy = |f. 

sin (x + y) = sin x cos y + cos x sin y 

U X 13/ \5 X 13/ 65 66 ""66" 
cos (x + y) = cos x cos y — sin x sin y 

\6'* 18/ \5 X 13/ 65 65 "65* 



2. Find sin (90° - y) and cos (90° - y) by making x = 90° in Formulas 
[8] and [9]. 

sin(90°-y) = sin 90 6 cos y - cos 90° sin y 

= (1 x cos y) — (0 x sin y) = cos y. 

cos (90° — y) =s cos 90° cos y -f sin 90° sin y 

= (0 x cos y) + (1 x sin y) = sin y. 

3. Find, by Formulas [4"]-[ll], the first four functions of 90° + y. 

sin (90° + y) = sin 90° cos y + cos 90° sin y 

= (1 x cos y) + (0 x sin y) = cos y. 

cos (90° + y) = cos 90° cos y - sin 90° sin y 

= (0 x cos y) - (1 x sin y) = - sin y. 

tan (90° + y) = - 5?^ =- coty. 
sin y 

cot (90° + y) = - — = - tan y. 
x cosy * 
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4. Find, by Formulas [4]-[ll], the first four functions of 180° - y. 

sin (180° - y) = sin 180° cos y - cos 180° sin y 

= (0 x cos y) — (- 1 x sin y) = sin y. 

cos (180° - y) = cos 180° cos y + sin 180° sin y 

= (— 1 x cos y) + (0 x sin y) = — cos y. 

tan (180° - y) = - 55JJ = _ tan y. 
* ' cosy 

cot (180° - y) = - ^^ = - cot y. 
siny 

5. Find, by Formulas [4]-[ll], the first four functions of 180° + y. 

sin (180° + y) = sin 180° cos y + cos 180° sin y 

= (0 x cos y) + (- 1 x sin y) = - sin y. 

cos (180° + y) = cos 180° cos y - sin 180° sin y 

= (— 1 x cos y) — (0 x sin y) = — cos y. 

tan (180° + y) = ~ 8m y = tan y. 
v ' — cos y 

cot (180° + y) = ~ C08y = coty. 

— sin y 

6. Find, by Formulas [4]-[ll], the first four functions of 270° - y. 

sin (270° - y) = sin 270° cos y - cos 270° sin y 

= (— 1 x cos y) — (0 x sin y) = — cos y. 

cos (270° - y) = cos 270° cos y + sin 270° sin y 

= (0 x cos y) + (— 1 x sin y) = — sin y. 

tan(270° - y) = ~ C08y = coty. 

— sin y 

cot (270° - y) =r^B-¥ = tan y. 
x ' — cosy 

7. Find, by Formulas [4]-[ll], the first four functions of 270° + y. 

sin (270° + y) = Bin 270° cos y + cos 270° sin y 

= (— 1 x cos y) + (0 x sin y) = — cos y. 

cos (270° + y) = cos 270° cos y - sin 270° sin y 

= (0 x cos y) — (— 1 x sin y) = sin y. 

tan(270° + y) = ~ C0Sy = - coty. 
siny 

cot(270° + y) = mny = - tany. 
x ' — cosy 
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8. Find, by Formulas [4]-[ll], the first four functions of 800° — y. 

sin (860° -y) = sin 360° cos y - coe 360° sin y 

= (0 x cos y) — (1 x sin y) = — sin y. 

cos (300° - y ) = cos 360° cos y + sin 360° sin y 

= (1 x cos y) + (0 x sin y) = cos y. 

tan (360° - y ) = IL 8 ^ = _ tan y. 
* *' cosy * 

cot (360° -y) =-???-*- =_coty. 
— sin y 

9. Find, by Formulas [4]-[ll], the first four functions of 300° + y. 

sin (360° + y) = sin 360° cos y + cos 360° sin y 

= (0 x cos y) + (1 x sin y) = sin y. 

cos (360° + y) = cos 360° cos y - sin 360° sin y 

= (1 x cos y) — (0 x sin y) = cos y. 

tan(360° + y) = ?2J? = tan y. 
x *' cosy 

cot (360° + y) = ^^ = cot y . 
sin y 

10. Find, by Formulas [4]-[ll], the first four functions of * - 90°. 

sin(x-90 ) = sinx cos90°- cosx sin 90° 

= (0 x sin x) - (1 x cos x) = — cos x. 

cos(x - 90°) = cosx cos 90° + sinx sin 90° 

= (0 x cos x) + (1 x sin x) = sin z. 

tanfx - 90°) = ~ COflZ =-cotx. 
sinx 

cot (x - 90°) = smx = - tanx. 



11. Find, by Formulas [4]-[ll], the first four functions of x - 180°. 

sin (x - 180°) = sin x cos 180° - cos x sin 180° 

= sin x (— 1) - cos x x = — sin x. 

cos(x - 180°) = cosx cos 180° + sinx sin 180° 

= cosx (— 1) + sinx x = — coax. 

tan(x - 180°) = " sm ? = tanx. 

x ' - C08 X 

cot (x - 180°) = ~ c ? 8 * = cotx. 
- sin x 
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12. Find, by Formulas [4]-[ll], the first four functions of * - 270°. 

sin (x - 270°) = sin x cos 270° - cos x sin 270° 

= sin x x - cos xx ( — 1) = cos x. 

cos (x - 270°) = cos x cos 270° + sin x sin 270° 

= cos x x + sin x (— 1) = — sin x. 

tan(x - 270°) = C0SZ = - cotx. 

- sin x 

cot (x - 270°) = " 8ln X = - tan x. 

x ' COS X 

13. Find, by Formulas [4]- [11], the first four functions of — y. 

sin (0° — y) = sin 0° cos y - cos 0° sin y 

= (0 x cos y) — (1 x sin y) = — sin y. 

cos (0° — y) = cos 0° cos y -f sin 0° sin y 

= (1 x cos y) + (0 x sin y) = cos y, 

, M v — sin y 

tan (0° - y) = £ = - tany. 

y ' cosy 

cot (0° - y) = COBy = - coty. 

- sin y 

14. Find, by Formulas [4]-[ll], the first four functions of 46° - y. 

sin (46° — y) = sin 45° cos y — cos 45° sin y 

= i V2 cosy — \ V2 sin y = \ V2 (cosy - sin y). 
cos (45° — y) = cos 45° cos y + sin 46° sin y 

= i V2 cos y + i V2 sin y = } V2 (cos y + sin y). 

ton(45--y)=?° 8y ~ 8iny - 1 - tany 



cot (46° - y) = 



cosy + siny 1 + tany 
cos y + sin y __ cot y + 1 
cos y — sin y cot y — 1 



15. Find, by Formulas [4]-[ll], the first four functions of 45° + y. 

sin (46° + y) = sin 46° cos y + cos 46° sin y 

= iV2cosy + iV2 8iny = iV2 (cos y + sin y). 
cos (45° + y) = cos 45° cos y — sin 45° sin y 

= iV2cosy-i\/2siny = iV2 (cos y - sin y). 

tan(45° + y )= COay + Blny = 1 + tany . 
cos y — sin y 1 - tan y 



4 /ieo , v cosy — sin y coty — 1 

cot (45° + y) 3= ^ ^ = — £ — -. 

cos y + sin y cot y + 1 



78 



PLANE TRIGONOMETBY. 



16. Find, by Formulas [4]-[ll], the first lour functions of 30° + y, 
sin (30° -f y) = sin 30° cos y + cos 30° sin y = \ (cos y + Vs sin y). 
cos (30° + y) = cos 30° cos y - sin 30° sin y = \ ( VS cos y — sin y). 



V3t 
y-i 
i Vs + tany 



tan (30° + y) = C( * y + S1P y ; divide each term by Vs cos y, 
v3 cos y — sin y 



1 -i Vjjtany 

cot (30° + y) = 3c ° 8y "I Siny ; divide each term by sin y, 
cos y + v3 sin y 

__ V3coty-l 

coty + V5 

17. Find, by Formulas [4]-[ll], the first four functions of 60° — y. 
sin (60° — y) = sin 00° cos y — cos 60° sin y = | ( V§ cos y — sin y). 
cos (60° - y) = cos G0° cos y + sin 60° sin y = \ (cos y + Vs sin y). 

tan(60°-y)= V ^ C ° Sy - 8in2 '- ^-^ 



cot (60° - y) = 



cos y -|- Vs sin y 1 + VS tan y 

cos y + V# sin y __ £ Vj$ cot y -f- 1 

Vtf cos y — sin y cot y — ^ V§ 



18. Find sin 3 x in terms of sin x. 
sin 3 x = sin (2 x -f x) 

= sin 2 x cosx + cos 2 x sin x. 
sin 2 x = 2 sin x cos x. 
cos 2 x = cos 2 x — sin a x. 
.*. sin 3x 

= 2 sin x cos 2 x 

+ sin x cos 2 x — sin 8 x 
= 3 sin x cos 2 x — sin 8 x. 
But cos 2 x = 1 - sin 2 x. 
.-. sin3x 

= 8 sin x — 3 sin 8 x — sin 8 x 
= 3sinx — 4sin 8 x. 

19. Find cos 3 x in terms of cos x. 
cos 3 x = cos (2 x + x) 



= cos 2 x cos x 

— sin J 



x sinx. 



sin 2 x = 2 sin x cos x. 
cos 2 x = cos 2 x — sin 2 x. 
.-. cos 3 x 

= cos 8 x — sin 2 x cos x 

- 2 sin 2 x cosx 
= co^x — 3 sin 2 x cos x. 
But sin 2 x = 1 — cos*x. 
.♦. cos 3 x 

= cos 8 x — 3 cos x + 3 cos 8 x 
= 4 cos 8 x — 3 cos x. 

20. Given tan | x = 1 ; find cosx. 

/l — cos x 

tan | x = \ 

\ 1 + cos x 






i = 



cosx 
1 — cosx 
1 + cosx 
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1 + COSX = l -COSX. 

2 cos x = 0. 
cos x = 0. 

21. Given cot T x = VE; find 
sin x. 



COt T X : 



- COSX 



*"^ 



- COSX 
COSX 



3 = 



COSX 
1 + COSX 



1 —COSX 

3 — 3 cos x = 1 + cos x. 

— 4 cos x = — 2. 

1 
cos X = - • 
2 

sin a x = 1 — cos 2 x 



22. Given sin x = 0.2 ; find sin T x 
and cos T x. 

sinx = 0.2. 
cos^c = 1 — sin 2 x 
= 1 - 0.04. 
cos x = Vo.96. 



= 1-1=2. 

4 4 



sin T x 



-4 



— COSX 



1 - V096 



f l - 0.4 V5 



2 

= 0.10051. 



cos T x 



-^ 



=4^, 



aVq 



smx 



23. Given cos x = 0.6 ; find cos 2 x and tan 2 x. 
cos 2 x = c o8 a x - 8i n 2 x. 
sinx =Vl_0.6 2 = iV3. 
.*. cos2x =0.26-0.76 

= -0.60=-i. 



= 0.99493. 



tanx =? i ^ = i^ = V3. 
cos x I 



tan2x = 



2 tan x 2 V5 



= -V5. 



1 - tan*x 1-3 
24. Given tan 45° = 1 ; find the functions of 22° 30*. 
Let x = 45°. 

. sinx 

tan x = = 1. 

cosx 

.-. sin x = cos x. 

sin*x + cos*x = 1. 

2 sin^x = 1. 

sin«x = |. 

sinx = T V2 = cos«. 
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sin 22° 8C = sin * x = ^/L_i_? = | V2 - V2 = 0.3827. 
cos 22° 3C = cos ix = ^|!±1-? = i V2 + V2 = 0.9239. 



tan 



cot 



= (1 _ i V2) V2 = V2 _ 1 = 0.4142. 

22 o 3 0' = cotix = J^ = V 11 T ± ^- V2 ( 1 +* V5 ) S 
M _ JV2 1 -t 

= (1 + * V§) V2 = V2 + 1 = 2.4142. 
25. Given sin 80° = 0.5 ; find the functions of 15°. 
sin 30° = 0.5 = ^. 

.-. cos 30° = yf^\ = \| = * v5 - 

. , /l - COSX 

mnix =-y 

•■ sin 16° = \— *— = i V-2 - V3 = 0.2688. 
cos 16° = \ 1 + *^ = i V2 + V§ = 0.9669. 



tan 16° 



cot 16° 



V3 



V§ 



l i-*Vs = / i^ 

"\ 1 + jV§ \2 + 

J(2-V3 )a= V§ = 02679< 
* 4-3 

= . /I+JLll - 2 + V3 = 3.7321. 
\l-iV3 



26. Prove that 

sin 33° + sin 3° 



tan 18° = 



cos 33° + cos 3° 
Let x = 18°, 
and y = 16°. 

Then 
(1) 2 sin x cos y 

= sin(x+ y) + sin(x-y). 



(2) 2 cos x cos y 

= cos(x + y) + cos(x -y). 
Divide (1) by (2), 

sin(x+y) + sin(x-y) 
cos(x+y) 4- cos(x-y) 
Substitute values of x and y, 
sin 33° + sin 3° 



tan x = 



tan 18°: 



cos 33° + cos 3° 
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27. Prove the formula 


. rt 2tanx 

sin2x = — 

1 + tan a x 


sin2x = 2 sin x coax 


2sinx „ 

= COS a X 

cosx 


2 sin x 1 

= x — r~ 

C08X sec a x 


But by Prob. 2, Ex. V, 


sec a x = 1 + tan a x. 


. _ 2tanx 

. sin2x = — . 

1 + tan 2 x 


28. Prove the formula 


1 — tan s x 

cos 2 x = — 

1 + tan a x 


sin 2 x 

cos2x = — 

tan2x 


2 sin x cos x 


2tanx 



1 — tan a x 
_ (1 — tan 2 x)(2 sin x cos x) 

2tanx 
= (1 — tan 3 x) cos 2 x. 
But by Prob. 2, Ex. V, 



»x = l + tan 2 x = 



cos 2 x. 



. cos 2 x = 



1 - t an 2 x 
1 + tan 2 x' 



29. Prove the formula 
sinx 



tan^x = 



1 + cosx 



tan T x 



-4 



C08X 



'(1 — cosx)(l -f cosx) 
(1 + cosx) 2 



_ Vl — cos a x 

1 + cos X 
_ sinx 
1 + cosx 

30. Prove the formula 

sin x 
cot T x = 



1 — cosx 



cot T x 



__ /l -f cos X 
\ 1 — cos X 

-4 



(1 + cosx)(l -cosx) 
(1-cosx) 2 



Vl — C08 a X 

1 — cosx 
sinx 
1 -cosx 



31. Prove the formula 



sin T x ± cos } x = Vl ± sin x. 



sin T x±cos T x = V(sin T x ± cos T x) 2 



= Vsin 2 T x + cos a T x ± 2 sin |x cos T x 
= Vl ± 2 sin £x cos ix 



= Vl ± sin x. 



32. Prove the formula 
tan x ± tan y 
cot x ± cot y 



= ± tan x tan y. 
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sin x siny 

tan * ± tan y __ cosx cosy 

cot x ± cot y "" cosx cosy 

sin x sin y 



sin x cos y ± cos x sin y sin x sin y 



cosxcosy cos x sm y ± sin x cos ^ 

sin x siny 

= ± = ± tan x tan y. 

cosxcosy 



33. Prove the formula 

1 — tanx 



tan(46°-x) = 
tan(46°-x) = 



1 + tanx 
tan 46° — tan x 1 — tan x 



1 + tan 45° tan x 1 + tan x 



34. If A, B, C are the angles of a triangle, prove that 
sin A -f sin B + sin C = 4 cos £ A cos i J5 cos * C 
sin -4 + sin B + sin C 

= sin A + sin B + sin [180° - (A + B)] 

= sin A -f sin 2? + sin (^i + 5) 
By [20] and [12], 

= 2sin|(J. + B)cosi(^l - 5) -f 2sin|(4 + B)cosi{A + i?) 

= 2sini(^. + B)[cos±(A - B) + co8±(4 + £)] 
By [22], =2sini(^. + B) 2cos|J. cos T J5 

= 4 sin T (^i -f -B) cos £ -4 cos ±B. 
But cos T C = cos[90°-i(^ + B)] =sin ¥ (^ + 5). 

.■. sin A + sin B + sin C = 4 cos* J. cos * 1? cos * C. 

35. If A , 5, C are the angles of a triangle, prove that 

cos A + cosB-f- cosC= 1 -f 4 sin \ A sin * 5 sin \ (7. 
cos C = cos [180° -(^L + J3)] = - cos (^1 + JB). 
.•. cos -4 -f cos B + cos C 

= cos J. + cos 2? — cos (4 -f B) 
By [22], = 2 cosi(-4 + B) cos i (A - B) - cos(^l + 5) 
By [13], = 2 cos* (A + 5) cos I (A - B) - 2 cob** (A + B) + 1 

= [2cosi(A + i)] [cos*(A - B) - cos$(A + B)] + 1 
By [23], =[2coBi(4 + £)] x [2sin*^LsiniB] + l 

= (2 sin i C) (2 sin i A siniB) + 1 

= 1 + 4 sin \ A sin \ B sin \ C. 



msF: 
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36. If A y B, C are the angles of a triangle, prove that 
tan J.-ftanB + tanC = tan A x tan B x tan C. 
Since A + B + C = 180°, O = 180° - (A + B). 

.-. tan C = tan [180° - (A + B)] = - tan (A + B). 
By [6], tan -4 + tan B = tan (4 + B) (1 -tan 4 tan B) 

= tan (4 + B) - tan (A + B) tan A tan B. 
.\ tan -4 +tanB + tanC = tan(4 + B)-tan(4 + B) 

-tan (4 + B)tan4tanB 
= -tan(.4 + B)tan-rf4tanB 
= tan A tan B tan C 

37. If A, By C are the angles of a triangle, prove that 

cotiA-\-cotiB-\-co%iC = cotiA x cot^B x cotf(7. 
Since \A + *B + *C = 90°, \C = 90° - \(A + B). 

.-. cot*C = tani(4 + B), 
cot*B = tani(.4 + C), 
and coti-4 =tani(B+ C). 

.-. coti-4 + cot^B + cotiC 

= tan * (A + B) + tan * (4 + C) + tan i (B + C) 
By Prob. 36, =tani(4 + B) x tan*(^L + C) x tani(B+C) 

= cot \A x cot ±B x cot + C. 



38. Change cot x + tan x to a 
form more convenient for logarith- 
mic computation. 

cotx + tanx 

cos x x sin x 



~~sinx cosx 
cos 2 x + sin 3 x 


sin x cos x 
_2(cos 2 x + sin 3 x) 


2 sin x cos x 


2 


^^J'-sina* 


39. Change cot x — tan x to a 
form more convenient for logarith- 
mic computation. 


cot x — tan x 


_ cos x sin x 

"~ sin x cos x 



By [13],= 



By [12], = 



cos a x — sin a x 
sin x cos x 
cos2x 



sin x cos x 
2cos2x 
2 sin x cos x 
2 cos 2 x 



sin2x 
= 2cot2x. 

40. Change cot x + tan y to a 
form more convenient for logarith- 
mic computation. 
cotx v + tany 

h __ cos x sin y 
~~ sin x cos y 

cos x cos y + sin x sin y 



By [9], = 



sin x cos y 
_ cos (x — y) 

— sin x cos y " 
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41. Change cot z — tan y to a 
form more convenient for logarith- 
mic computation. 

cot x — tan y 

__ cobs sin y 

~" sin x cos y 

__ cos x cos y — sin x sin y 

~" sin x cos y 

By [6], = C08 < a + y > . 
L J sin x cosy 

42. Change to a form 

l + cos2x 

more convenient for logarithmic 

computation. 

1 — cos 2 x 
1 — cos 2 x _ 2 

1 + cos 2x ~~ 1 + cos 2 x 



By [16], [17], = 



sin a x 

cos 2 x 

= tan 2 x. 



43. Change 1 + tan x tan y to a 
form more convenient for logarith- 
mic computation. 
1 + tan x tan y 

., sin x sin y 

= 1 + x - 

cos x cos y 

__ cos x cos y + sin x sin y 

~~ cos x cos y 

cos (x — y) 

cos x cos y ' 



By[9], = 



44. Change 1 — tan x tan y to a 
form more convenient for logarith- 
mic computation. 

1 — tan x tan y 

— l _ sin x sin V 
~~ cos x cos y 

__ cos x cos y — sin x sin y 

"~ cos x cos y 



By[5],= ^ 8(x + V) . 

J cos x cos y 

45. Change cot x cot y -f 1 to a 
form more convenient for logarith- 
mic computation. 

cot x cot y + 1 

cosx cosy . .. 

= x — ■+- 1 

sin x sin y 

__ cos x cos y + sin x sin y 

"~ sin x sin y 

coeCx-j^) 

L J sin x sin y 

46. Change cot x cot y — 1 to a 
form more convenient for logarith- 
mic computation. 

cot x cot y — 1 
__ cos x cos y 
"~ sin x sin y 

__ cos x cos y — sin x sin y 
"~ sin x sin y 

By[ 6],= 5^+^. 
L J sin x sm y 

m„ ™_ tan x + tan y 

47. Change — - — - — — " to a 

° cot x + cot y 

form more convenient for logarith- 
mic computation. 

tan x + tan y 
cot x + cot y 

sin x sin y 

_ cos x cos y 

~~ cos x cos y 

sin x sin y 



sin x cos y + cos x sin y 


cos x cos y 


sin x cos y + cos x sin y 



sin x sm y 
_ sin x sin y 
"~ cos x cos y 
= tan x tan y. 
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Exercise XV. Page 63. 

1. Find all the values of the following functions: sin-^VS, 
Btn— l iV3> vers-Hi cos-^- T V2), esc- 1 Vjj, tan- 1 *), sec- 1 2, 
oa-i(-iV3). 

sin-4V3= e0° + 2nir or 120° + 2»ir. 

tan-4V3= 80° + 2nir or 210° + 2nir. 

vers-4 = 60° + 2n* or 800° + 2nir. 

cos- 1 (-iV2) = 136° + 2njr or 225° + 2nir. 

csc-iV^s 46° + 2 nit or 136° + 2 wr. 

tan- 1 ® = 90° + 2njr or 270° + 2 nit. 

sec-^ = 60° + 2nar or S00° + 2njr. 

CO s- 1 (-iV3) = 150 o + 2njr or 210° + 2nir. 

2. Prove that sin- 1 (— x) = — sin-ix ; cos- 1 (— x) = it - cos- 1 *. 
sin- 1 (— x) = the angle whose sine is — x 
= — the angle whose sine is x 
= — sin^x. 
cos -1 (— x) = the angle whose cosine is — x 
= it — the angle whose cosine is z 
= it — cos— 1 *. 



3. If sin- 1 x + sin- 1 y = *, prove 
that x = y. 

If the sum of two angles is 180°, 
the sine of the one isvequal to that 
of the other. 

Hence, sin (sin— l x) = sin (sin— l y). 
.-. x = y. 

4. If y = sin— 1 J, find tan y. 
y = sin- 1 f 

.-. sin y = J. 

cos y = Vl - sin 8 y = V| = | V2. 

tany = -i-: = -i- = iV5. 
}V2 2V2 

5. Prove that 

cos (sin— 1 x) = Vl — x a . 
Let sin-ix^y; 



then x = sin y, 

Vl — x a = cos y 

= cos (sin- l z). 

6. Prove that 
cos (2 sin-ix) = 1 - 2x*. 

Let sin- 1 x = y; 
then x = sin y, 

cos (2 sin-ix) = cos 2 y 

= co^y — sin 2 y 
= 1— sin 2 y-sin 2 fl 
= 1-2 sin a y 
= l-2x a . 



7. Prove that 

tan (tan- x x + tan-iy) = 

Let tan— l x = u, 
and tan-iyssv; 



x + y 
1 — xy 
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then x = tan u, 

y = tan v, 
tan (tan-ix + tan-i y) 
= tan (u + v) 
_ tan u + tan v 
1 — tanutano 
__ z + y 
1 -zy 

8. If x = Vj, find all the values 
of sin—ix -f cos— l x. 

sin-i VI = 45°+2n*or 135°+2n?r. 
cos-iV| = 45 + 2ntfor-46 +2n?r. 
.-. sin-iVI + cos-iVj 

= 90° + 2nw, 2n*. 
180° + 2 n*, or 90° + 2 n* 

= 0°, 90°, or 180°. 



then 



9. Prove that 

Let 
tan-i(_£ == ) = y5 

x 



: = tany. 



By Prob. 2, Ex. V, 

sec 2 y = 1 + tan 2 y 

Wl -a 2 ' 



1-x 2 

1 



.tan 



= 1 _ x \ 
sec 2 y 

.\ sin 2 y = 1 - cos 2 y = x 2 . 

.•. sin y = x. 

•*. y = sin— *x. 

i- 1 (- F ^=) = sin-ix. 
Wl-x2/ 



10. Find the value of 

sin (tan- 1^). 
Let tan-i^y = x ; 
then ^ = tan x. 

By Prob. 2, Ex. V, 

sec a x = 1 + tan 2 x 
= 1 + (t 5 i) 2 

= Hf- 

/. cos 2 x = \%%. 
.\sin 2 x = 1 %. 
.-. sin x = ± / y . 

11. Find the value of 

cot (2 sin- 1 1). 
Let shr- 1 ^ x; 
then sin x = J, 

cos x = ± £, 
cot x = ± |. 
cot (2 sin- 1 J) = cot 2 x 

By [6], = cot2g - 1 

2cotx 

_ V-i 

±t 

12. Find the value of 

sin(tan<-i£ + tan-4). 
Let tan-ij = x, 
tan-4 = y; 
then tan x = J, 

and tan y = £. 

Now sec 2 x = 1 + tan 2 x 

= *. 

cos 2 x = I, 

±2 

cos X = -=^- , 

V5 
sin x = ±i ; 



and 



cos y = 



VE' 
vlo' 
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sin y = 4=:- 
vio 

,\ sin (tan— 1 J + tan- 1 J) 
= sin(x-f-y) 

= sin x cos y + cos x sin y 
= 1 _?_ ,_2_ _J_ 

Vs vTo V5 Vio 

= J: & 

Vso 

= ±JV2. 

13. If sin- 1 x = 2 cos- 1 x, find x. 

sin- 1 x = 90° — cos- 1 x. 
, 90° — cos-ix = 2 cos-tx, 
3 cos^x = 90°, 
cos-ix = 30°, 160°, or 270°, 
x = ± £ V3, or 0. 



14. Prove that 
tan (2 tan- 2 x) = 



2x 
1-x 2 ' 



Let tAii— l z = y; 
then x = tan y, 

tan (2 tan -1 x) = tan 2 y 
_ 2 tan y 
~~ 1 - tan 2 y 

2x 
~~l-x 2 ' 



15. Prove that 
sin(2tan- 1 x) = 



2x 



1+x 2 
Let tan~ 1 x = y; 
then x = tan y, 

sin (2 tan— l x) = sin 2 y 

= 2 sin y cos y 

= 2 cos 2 y 

cosy 

__ 2 tan y 

sec 2 y 

_ 2tany 

~~ 1 + tan 2 y* 

2x 



1+x 2 



Exercise XVI. Page 67. 



1. What do the formulas of Sect. 
XXXIV, p. 64, become when one of 
the angles is a right angle ? 




If angle C is a right angle, 
a_sin-4 
c sin C 



sin A ; 



b __ sin B 
c sin C 
a _ sin.4 
6 ""sin 5 
a c 



= sin 5; 
= tan A; 



Bin A 

b 
sin 2? 



sin C 

c 
sinC 



2. Prove by means of the Law of 
Sines that the bisector of an angle 
of a triangle divides the opposite 
side. -into parts proportional to the 
adjacent sides. 
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then 



and — 



Let CD bisect angle C ; 
AD _ sinjC 
CD "~ sin^l ' 

CD ~ sin B ' 
By division, 

AD _ sin ff 
DB ~ buiA' 
sin B b 



But 



sin 4 a 

: 4D_6 

"DB ~ a 



3. What does Formula [26] be- 
come when A = 90° ? when -4 = ,0° ? 
when A = 180° ? What does the tri- 
angle become in each of these cases ? 

Formula [26] is 

a 2 = & 2 + c 2 -2 6ccos4. 

1. When A = 90°, cos4 = 0. 
.-. a 2 = b 2 + c 2 . 

2. When 4 = 0°, cos 4 = 1. 
.-. a* = V* + c*-2bc. 

3. When A = 180°, cos^l = - 1. 
.-. a 2 = & 2 + c 2 + 26c. 

4. A right triangle. 

5. A straight line. 

B 



a = 


:BC. 




c 


o 

= AB. 


b = 


-AC. 




a 


= &-c. 


6. A 


straight line. 






B 




A 




n 


a = 


.BC. 




c 


= BA. 


6 = 


■ AC. 




a 


= 6 + c. 



4. Prove (Figs. 66 and 67) that 
whether the angle B is acute or 
obtuse c = a cos B + b cos A. What 
are the two symmetrical formulas 



obtained by changing the letters ? 
What does the formula become 
when 5 = 90°? 




Case I. When angle B is acute 
(Fig. 1). 

» DB 

cos B = 

a 

cos-4. = 

b 

.*. DB = a cos 2?, 

and -4D = 6cos-4. 

.-. DB-\-AD = acos.B+&cos-4. 

But DB+AD = c. 

.-. c =acos£-f &cos<4. 

Case II. When angle B is obtuse 

(Fig. 2). 

AD 

— — = cos A. 

o 



BD 



= cos (180° -£) 



and 



= — cos B. 
.: AD = b gob A, 
J?D = -acosB. 
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.•. AD — BD = b cos A+ a cos R 
But AD - BD = c. 

.\ c = acos , 2J+6cos-4.. 
The symmetrical formulas are 

6 = acosC-fccos4, 
and a = 6cosC+ccos£. 

When B = 90°, 

o 
.•. c = 6cos^4. 

5. From the three following equa- 
tions (found in the last example) 
prove the theorem of Sect. XXXV, 
p. 66: 

c = acos.B-f6co8-4, 
6 = a cos C + c cos A, 
a = 6 cos C + c cos B. 
c* = ac cos B + 6c cos J.. (1) 
ft 2 = aft cos C + be cos -4. (2) 
a 2 = a& cos C + ac cos £. (3) 
Add (2) and (3), 
a 2 + 6 s = 2 ab cos C + 6c cos A 

+ ac cos B. ' (4) 

Subtract (4) from (1), 

c a _ a 2 - 6 s = - 2 ab cos C. 
.-. c 2 = a 2 + 6 s — 2 a6 cos C. 
In a similar manner it may be 
proved that 

a 2 = ft 2 + c 2 - 2 6c cos -4, 
and 6 s = a 2 + c 2 - 2 ac cos B. 

6. In Formula [27] what is the 
maximum value of \(A — B) ? 

a-b _ txn\(A-B) 
a + b~ ttui$(A + -B) 

The limit of A - B is 180°. 

Therefore, the limit of the maxi- 
mum value of £ (A — B) 



7. Find the form to which For- 
mula [27] reduces, and describe the 
nature of the triangle, when 

(i) C = 00 ; 

(ii) A - B = 90°, and B = O.' 
a-b _ taa I (A - B) 
a + 6~tanJ(^ + B)' 

(i) When C = 90°. 

A + B = 90°. 

3 = 90°-^. 
q-6 _ tanK^~ (90° - *)] 
a + 6 ~~ tan 46° 

tan (^4-45°) 
1 
= tan (4-45°). 

Since C is a right angle, the tri- 
angle is a right triangle. 

(ii) When 4 -3=90°, ami B=C. 

q-6 _ tan£(^ - B) 
a + 6~tani(^ + B) 

A + 3+C=180°, 
or A+2B =180° 

A-B =90° 

..SB= 90°, 
B= 30°, 
C= 30°, 
A = 120°. 
a - b _ tan 45° 
a + 6 ~ tan 75° 
_ tan 45° 
" cot 15° 
1 



and 



2 + V5 

.-. a + 6 = (a - 6) (2 + V3). 

Since B = C, the triangle is isos- 
I celes. 
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Exercise XVII. Page 69. 



1. 


Given find 


3. 


Given find 


a-. 


= 600, C = 123° 12% 


a- 


= 804, C = 36° 4', 


Az 


= 10° 12', 6 = 2051.6, 


A: 


= 99° 55', b = 677.31, 


B = 


= 46° 36' ; c = 2362.6. 


B 


= 46°1'; c = 468.93. 




a = 600. 




a = 804. 




A = 10° 12' 




4= 99° 66' 




B= 46° 36' 




B= 46° V 




A + B = 66° 48' 




A+B = 144° 66' 




/. C = 123° 12'. 




.-. C = 35° 4'. 




log a = 2.69897 




log a = 2.90626 




colog sin 4. =0.76182 




colog sin A =0.00664 




log sin B = 9.86128 




log sin 5 = 9.84961 




log 6 = 3.31207 




log 6 = 2.76141 




6 = 2061.6. 




b = 577.31. 




log a = 2.69897 




log a = 2.90526 




colog sin 4 = 0.76182 




colog sin A = 0.00654 




log sin C = 9.92260 




log sin C = 9.75931 




*logc = 3.37339 




log c = 2.67111 




c = 2362.6. 




c = 468.93. 


2 


Given find 


4. 


Given find 


a 


= 796, C = 55° 20', 


a 


= 820, C=25°12 , 1 


A 


= 79° 69 / , b = 667.69, 


A 


= 12° 49 / , b = 2276.6, 


B 


= 44° 41' ; c = 663.99. 


B 


= 141° 69'; c = 1573.9. 




a = 796. 




a = 820. 




A= 79° 69/ 




A= 12° 49' 




B= 44° 41' 




B = 141° S9 7 




A + J5 = 124° 40' 




i+B= 154° 48' 




/. C = 66° 20'. 




.-. C = 26° 12'. 




log a = 2.90037 




log a = 2.91381 




colog sin 4=0.00667 




colog sin 4 = 0.66398 




log sin 5 = 9.84707 




log sin 5 = 9.78950 




log b = 2.75411 




log b = 3.35729 




&*= 567.69. 




6 = 2276.6.' 




loga = 2.90037 




log a = 2.91381 




colog sin A = 0.00667 




colog sin A =0.66398 




log sin C = 9.91512 




log sinC = 9.62918 




logc = 2.82216 




logc = 3.19697 




c = 663.99. 




c = 1573.9. 
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5. 


Given find 


7. 


Given find 


c 


= 1005, C = 47°14', 


a 


= 6412, B = 66° 66', 


j± 


= 78° 19/, a = 1340.6, 


-4 


= 70° 66', 6 = 6686.9, 


JB 


= 64° 27'; 6 = 1113.8. 


C 


= 62°9 / ; c = 5367.6. 




c = 1005. 




a = 6412. " 




A = 78° IV 




A= 70° 66' 




B= 54° 27' 




C= 62° 9 / 




A + B = 132° 46' 




4 + C = 123° 4' 




.\ C = 47° 14'. 




.-. B= 56° 66'. 




log c = 3.00217 




log a = 3.80699 




cologsinC = 0.18423 




colog sin ,4 = 0.02455 




log sin A = 9.99091 




log sin B= 9.92326 




log a = 3.12731 




log 6 = 3.76480 




a = 1340.6. 




6 = 6686.9. 




log c = 3.00217 




loga = 3.80699 




colog sin (7 = 0.13423 




colog sin A =0.02465 




log sin £ = 9.91042 




log sin C = 9.89742 




log b = 3.04682 




log c = 3.72896 




b = 1113.8. 




c = 5367.5. 


6. 


Given find 


8. 


Given find 


6: 


= 13.57, A = 108° 50', 


6: 


= 999, B = 77° 


B 


= 13° 67', a = 53.276, 


A: 


= 37° 68^ a = 680.77, 


C : 


= 67° 13'; c = 47.324. 


C: 


= 66° 2' ; c = 929.48. 




b = 13.67. 




6 = 999. 




B= 13° 57' 




4= 37° 68' 




C= 57° 13' 




C= 66° 2' 




B + C = 71° 10' 




A + C = 103° 




.-. 4 = 108° 6XK. 




.-. £= 77°. 




log 6= 1.13258 




log 6 = 2.99967 




colog sin 5 = 0.61785 




colog sin B = 0.01128 




log sin A = 9.97610 




log sin 4 = 9.78902 




log a = 1.72653 




loga = 2.79987 




a = 63.276. 




a = 630.77. 




log 6 = 1.13258 




log b = 2.99957 




colog sin B = 0.61786 




colog sin 5 = 0.01128 




log sin (7 = 9.92465 




logsin = 9.96739 




log c = 1.67608 




log c = 2.96824 




c = 47.324. 




c = 929.48. 
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9. In order to determine the dis- 
tance of a hostile fort A from a 
place Bj a line BC and the angles 
ABC and BCA were measured, and 
found to be 322.66 yards, 60° 34', 
and 66° 10', respectively. Find the 
distance AB. 

a = 322.66. 
B = 60° 34' 
C= 66° 10' 
B + C = 116° 44' 
..A = 63° 10' 
loga = 2.608C0 
cologsin J. =0.04910 
log sin C = 9.91942 
log c = 2.47712 
c = 300. 
.-. AB = 300 yards. 

10. The angles B and C of a tri- 
angle ABC are 60° 30' and 122° 9 / , 
respectively, and BC is 9 miles. 
Find AB and AC. 



C- 

B-. 

B+C-. 

.'.A: 

log BC-- 

colog sin A : 

log sin B z 

log&: 

6: 

.'. AC: 

log BC -. 

colog sin A = 

log sin C z 

logC = 

C : 

.-. AB : 



:122° 9 / 

: 50°3 (K 
: 172° S9 7 

: 7° 2r. 

: 0.96424 
= 0.89303 
: 9.88741 
: 1.73468 
: 64.286. 
: 64.286 miles. 
= 0.96424 
: 0.89303 
: 9^92771 
: 1.77498 
: 69.664. 
: C9.664 miles. 



11. Two observers 6 miles apart 
on a plain, and facing each other, 
find that the angles of elevation of 
a balloon in the same vertical plane 
with themselves are 65° and 68°. 
respectively. Find the distance 
from the balloon to each observer, 
and also the height of the balloon 
above the plain. 

£ = 68° 
Az= 66° 

A + B = 113° 
/. C = 67°. 
logc = 0.69897 
cologsinC = 0.03697 
log sin A = 9.91386 
log a = 0.64830 
a = 4.4494. 
.-. BC = 4.4494 miles, 
log c = 0.69897 
colog sin C = 0.03697 
log sin g = 9.92842 
log 6 = 0.66836 
b = 4.6064. 
..AC = 4.0064 miles. 
: » find h. 

- = sin B. 

a 

.*. h = amnB. 

log a = 0.64830 

logsinJ3 = 9.92842 " 

log& = 0.67672 

h = 3.7733. 

.-. height = 3.7733 miles. 

12. In a parallelogram, given a 
diagonal d and the angles x and y 
which this diagonal makes with the 
sides. Find the sides. Compute 
the results if d = 11.237, x = 19° 1', 
and y = 42° 64'. 
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a 
d' 

. a = 

e 
d 



d 

x 

y 
x + y 

.-. z 

logo" 

colog sin z 

log sin x 

logo 

a 

logo* 

colog hiii z 

log sin y 

logc 

c 



sinx 

sin z 

dsinx 
sin 2 

siny 

sinz 
__ d sin y 
sinz 
= 11.237. 
= 10° 1' 
= 42° 64* 
= 61° 55' 
= 118° 5' 
= 1.05065 
= 0.05440 
= 9.51301 
= 0.61806 
= 4.1501. 
= 1.05066 
= 0.06440 
= 9.83207 
= 0.03802 
= 8.67. 



13. A lighthouse was observed 
from a ship to bear N. 34° £. ; after 
the ship sailed due south 3 miles, it 
bore N. 23° E. Find the distance 
from the lighthouse to the ship in 
each position. 

c = 3. 
A = 23° 
B = (180° - 34°) = 146^ 
A + B = 169° 
.-. C = 11°. 
logc = 0.47712 
colog sin C = 0.71940 
log sin A = 9.59188 
loga = 0.78840 
a = 6.1433. 



logc = 0.47712 

colog sin C = 0.71940 

log sin B = 9.74766 

log 6 = 0.94408 

6 = 8.7918. 

Therefore, the required distances 

are 6.1433 miles and 8.7918 miles. 

14. In a trapezoid, given the 
parallel sides a and 6, and the 
angles x and y at the ends of one 
of the parallel sides. Find the non- 
parallel sides. Compute the results 
when a = 15, b = 7, x = 70°, y = 40°. 

Given parallel sides, 

AB = 7 and DC = 15 ; 
also,4DC=40° and BCD =70°; 
required AD and BC. 

Draw AEU BC; 
then AB = EC (II, comp. bet. II.), 
and DE = DC - AB 
= 16 - 7 = 8. 
Also ^D=J3OD=70°(ext. int. A). 
Now 

DAE= 180° - (40°+ 70°) = 70°. 
But since 

AED = DAE = 10°, 
the A AED is isosceles, and 
DA=DE = 8. 
Now AE = BC, and we are to 

find BC. 

AE __ sin APE 

DE ~ sin DAE 

log Dfi = 0.90309 

logsin.4DJ£ = 0.80807 

colog sin DAE = 0.02701 

log AE = 0.73817 

^ = £0=5.4723. 

15. Given b = 7.07107, A = 30°, 
C = 105° ; find a and c without 
using logarithms. 
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^Let p and q denote the segments 
of c made by the J_ dropped from C. 

A = 30°, 
C = 105°. 
.-. B = 46°. 

a __ sinA _ j 
"6 sin 5 ^ V2 
6 _ 7.07107 
V2 



a 



= 6. 



1.41421 

| = cos A =*V3 = 0.86603. 

p = 6x 0.86603 

= 7.07107 X 0.86603 
= 6.12376. 

? = cos£ = iV2 = 0.70711. 
a 

q = ax 0.70711 

= 5 x 0.70711 = 3.53555. 
c=p + q 

= 6.12376 + 3.53555 

= 9.6593. 

16. Given c = 9.562, 4 = 45°, 
B = 60° ; And a and b without using 
logarithms. 



C = 75°. 




csin.4 




sin C 




sin C = sin (46° + 30°) 




= sin 45° cos 30° 




-|- cos 45° sin 30° 


= iV2xi>/3 + iV2 


x* 


= i(V5+V2). 




_ 9.562 x*V2 




~ i( V6+V2) 




19.124 x V2 




Vq-f V2 




(19.124 x V2)(V6- 


-V2) 


6-2 





= 9.662 (V5-1) 

= 6.99986 = 7. 

qsing _ 7 x jVs 
sin A | V2 

_7 V5_ 7V6 

" V2 "" 2 

= 3.6 V6 = 8.573. 

17. The base of a triangle is 600 
feet, and the angles at the base are 
30° and 120°. Find the other sides 
and the altitude without using log- 
arithms. 

AB = 600. 
A = 30°. 
B = 120°. 
.-. C = 30°. 
.-. a = c = 600 feet, 
a sin B 
sin ^4 
_ 600 x sin (180° -60°) 
~" sin 30° 

_ 600xjV3 

* 
= 600x 1.732051 
= 1039.2. 
ft = asin£ = 600 x i Vjj 
= 519.6 feet. 

18. Two angles of a triangle are, 
the one 20°, the other 40°. Find 
the ratio of the opposite sides with- 
out using logarithms. 

Let x = 20°, 

y=40°, 
and a and b be opposite sides. 
sin x _ a 
sin y b 



Then 
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nat sin x = 0.3420. 
nat sin y = 0.6428. 
.-.0:6 = 3420:6428 
= 855 : 1607. 

19. The angles of a triangle are 
as 5 : 10 : 21, and the side opposite 
the smallest angle is 3. Find the 
other sides without using logarithms. 





Since the angles A, 


B, C are 


as 


5 


: 10 


:21, 












A = 


A of 180° 


= 26°. 








B = 


H of 180° 


= 60°. 








= 


fi of 180° 


= 106°. 








6 = 


a sin B 3 
sin A 


\ x 0.7660 
0.4226 








= 


5.438. 







asinC 3x0.0659 



sin ^4 
= 6.857. 



0.4226 



20. Given one side of a triangle 
equal to 27, the adjacent angles 
equal each to 30°; find the radius 
of the circumscribed circle without 
using logarithms. 

212 = 



sin -4. 
sin A = sin 120° 

= sin(180°-120 o )=sin60°. 
sin 60° = i VS. 

±V§ V3 
.-. R = 9 V§ = 15.588. 



Exercise XVIII. Page 74. 



1. Find the number of solutions 
of the following : 

(i) a = 80, 6 = 100, A = 30°. 
.-. a < 6, 
but a > 6 sin A = 100 x i, 

and A < 90°. 

.-. two solutions. 

(ii) a = 50, b = 100, A = 30°. 
.-. a = 6sin,4 = 100 x £. 
.*. one solution. 

(iii) a = 40, b = 100, A = 30°. 

.'.a<bsmA = 100 x i, 
and A<90°. 

.*. no solution. 

(iv) a=13.4, 6= 11.46, A = 77° 20 7 . 

.*. a > 6. 
.*. one solution, 
(v) a = 70, b = 75, A = 60°. 

.\ a < 6, 



but a > b sin A = 75 x J V5, 

and 4 < 90°. 

.♦. two solutions. 

(vi) a =134.16, 6 = 84.54, 

B = 52° 9 / ll 7 '. 
6<a, 
£<90°, 
nat sin 5 = 0.7896. 

84.54 < 134.16 x 0.7896. 
.-. 6 < a sin J5. 
.*. no solution. 

(vii) a = 200, 6 = 100, A = 30°. 
a>6. 
.*. one solution. 



2. Given 
a = 840, 
6 = 485, 
A = 21° 81" ; 



find 
B- 12° 13' 34", 
C = 146° 15' 26", 
c = 1272.1. 
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cologa = 7.07572 -10 




log a =1.96933 




log 6 = 2.68674 




log sin C = 9.99963 




log sin A =9.56440 




colog sin A =0.10857 




log sin £ = 9.32586 




log c = 2.06753 




B = 12° 13' 34". 




c = 116.82. 




.-. C = 146° 15' 26". 








loga = 2.92428 


5. 


Given find 




log sin = 9.74466 


a 


= 65.65, 4 s 64° 81' 18", 




colog sin 4 = 0.43560 


6- 


= 66.66, ,C = 47°44' 7", 




logc = 3.10454 


B: 


= 77° 44' 40"; c = 50.481. 




c = 1272.1. 




log a = 1.74468 
log sin B = 9.98999 
colog 6 = 8.17613 -10 


3. 


Given find 




log sin 4= 9.91080 


a 


= 9.399, B = 57° 23' 40", 




4 = 54° 31' 13". 


b 


= 9.197, C= 2° 1'20", 




.-. C = 47°44' 7". 


A 


= 120° 35' ; c = 0.38525. 




log a =1.74468 




cologa = 9.02692 -10 




log sin C = 9.86926 




log 6 = 0.96365 




colog sin 4 = 0.08920 




log sin 4 = 9.93495 




logc = 1.70313 




log sin B = 9.92552 




c = 60.481. 




B = 67° 23' 40". 








.-. C = 2° 1' 20". 


6. 


Given 




loga = 0.97308 


a = 


309, 6 = 360, 4 = 21° 14' 25"; 




log sin C = 8.64761 


find 


£ = 24° 67' 54", 




colog sin 4 = 0.06505 




C= 133° 47' 41", 




log c = 9.58574 -10 




c = 615.67, 




c = 0.38526. 




# = 166° 2' 6", 
C' = 3° 43' 29", 
c' = 66.41. 


4. 


Given find 


There are two solutions, 


a 


= 91.06, B = 41° IS', 


for 


a<6, 


b 


= 77.04, C = 87° 37' 54", 


but 


a > b sin 4, 


A 


= 51°9'6 / '; c = 116.82. 


and 


4<90°. 




colog a = 8.04067 - 10 




log b = 2.66630 




log b = 1.88672 




log sin 4 = 9.55904 




log sin A =9.89143 




colog a = 7.51004 -10 




log sin 5 = 9.81882 




log sin £ = 9.62688 




B = 41° 13'. 




B= 24° 57' 54". 




.-. C = 87° 37' 64". 




.-. C= 133° 47' 41". 
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log a = 2.48996 

log sin C = 9.86848 

colog dnA = 0.44096 

logc = 2.78935 

c = 615.67. 

Second Solution. 
. W = 180° - B = 155° 2' 6". 
C = B-A = 8° 43' 29". 

log a = 2.48996 

logsinC' = 8.81267 

colog sin A = 0.44096 

logc^ 1.74369 

c' = 65.41. 

7. Given a = 8.716, 6 = 9.787, 
A= 38° 14' 12"; 
find B=z 44° 1'28", 

C= 97°44 / 20 // , 
c = 13.964, 
#= 136° 68' 32", 
C' = 5° 47' 16", 
c' = 1.4202. 

There arc two solutions, for 
A < 90°, a < 6, and > b sin A, 

colog a = 9.05968 -10 
log b = 0.99065 
log sin A = 9.79163 
log sin B = 9.84196 

B= 44° 1'28". 
.-.B^ 136° 58' 32". 
.-. C = 97° 44' 20". 
.-. C'= 6° 47' 16". 

log a = 0.94032 

log sin C = 9.99602 

colog sin A = 0.20837 

logc = 1.14471 

c = 13.954. 



log a = 0.94032 

log sin C = 9.00366 

colog sin A = 0.20837 

logc' = 0.16234 

& = 1.4202. 

8. Given find 
a = 4.4, B = 90°, 

6 = 5.21, C = 32° 22' 43", 

4 = 67° 37' 17"; c = 2.7901. 
log sin A= 9.92661 ' 
log 6= 0.71684 
colog a = 9.356 5 5 - 10 
log sin B= 10.00000 
£ = 90°. 
.-. C = 32° 22' 43". 
log 6 = 0.71684 
log cos ^1 = 9.72877 
log c = 0.44561 
c = 2.7901. 

9. Given a = 34, 

6 = 22, 
S = 30°20 , ; 
find 4 = 61° 18' 27", 

C = 98° 21' 33", 
c = 43.098, 
A'= 128° 41" 03", 
C" = 20° 68' 27", 
c' = 16.593. 
Here 6 < a, bat > a sin B, and 
J5<90°. 
.*. two solutions. 

log a = 1.53148 
log sin 5 = 9.70332 

colog 6 = 8.65758 - 10 
log sin A =9.89.::8 

A= 61° 18' 27". 
.-.4' =128° 41' 33". 
.-. C= 98°21 , 33 // . 
.-. C" = 20° 68' 27". 
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log a = 1.53148 

log sin C = 9.99686 

colog sin A = 0.10762 

logc = 1.63446 

c = 43.098. 

log a = 1.63148 

logsinC' = 9.65382 

colog sin 4= 0.10762 

log c / = 1.19292 

c 7 = 15.593. 

10. Given 
6=19,0 = 18, C=16°49'; 
find B= 16° 43' 13", 

4 = 147° 27' 47", 
a = 35.519, 
^ = 163° 16' 47", 
A'= 0°54'13", 
a' = 1.0416. 
There are two solutions, 
for c < 6, 

but c> b sin C, 

and C<90°. 

log 6 =1.27875 
log sin C = 9.43546 

colog c = 8.74473 - 10 
log sin £ = 9.45894 

B= 16° 43' 13". 
.:& = 163° 16' 47". 
.-. A = 147° 27' 47". 
.-.4'= 0°54'13". 
log 6 = 1.27876 
colog sin £ = 0.64106 
log sin A = 9.73065 
log a = 1.65046 
a = 36.519. 
log b =1.27875 
colog sin & = 0.54106 
log sin A' = 8.19784 
log a' = 0.01766 
a' = 1.0416. 



11. Given a = 76, 6 = 29, B- 
16° 16' 36" ; find the difference be- 
tween the areas of the two corre- 
sponding triangles. 

The triangle which is the differ- 
ence of the two triangles has for its 
altitude a sin B, and two of its sides 
are of length 29. 

log a = 1.87606 
log sin £ = 9.44716 
log(asin£)= 1.32221 
a sin £ = 21. 
292 _ 212 =(29-21)(29+21) 

= 8 x 50 = 400. 

.-. V29 2 - 21 2 = 20. 

Hence, the base of the triangle is 
2 x 20 = 40, and its altitude 21. Its 
area is therefore i x 40 x 21 = 420. 

12. Given in a parallelogram the 
side a, a diagonal d, and the angle 
A made by the two diagonals ; find 
the other diagonal. 

Special case : a = 35, d = 63, 
A = 21° 36' 30". 

a = 35. 
id = 31.5. 
A = 21° 36' 30". 



colog a = 

lOgid: 

log sin A -. 

log sin B - 

B. 

C-. 

log a = 

log sin C = 

colog sin A •- 

log id' = 

id' = 

d': 



: 8.45593 
: 1.49831 
: 9.56615 



10 



: 9.52039 
: 19° 21' 20". 
: 139° 2' 10". 
: 1.54407 
: 9.81663 
: 0.43385 
: 1.79455 
= 62.3086. 
: 124.617. 
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Exercise XIX. Page 78. 



1. Given 
a = 77.99, 
b = 83.39, 

C = 72° 15' ; 

b + a 

b — a 

B + A 

i(B + A) 

log (6 -a) 

colog (6 + a) 

log tan i(B 4-^1) 

logtani(£-4) 

i(B-^l): 

£: 

log b-. 

log sin C = 

colog sin B • 

logc = 

C : 

2. Given 
b = 872.5, 
c = 632.7, 
A = 80° ; 

6-C: 

6 + C: 

£+ C: 

i(B+C): 

l0g(6-C): 
COlOg (6 + C) : 

logtani(£+C) 
logtan'i(B-C) 

i(B-C)-. 
B-. 

C: 



find 

A = 51° 16', 

B = 56° 30'. 

c = 96.24. 

= 161.38. 
= 6.4. 
= 107° 45'. 
= 63° 62' 30". 

= 0.73239 
= 7.79215 - 10 
= 0.13675 
= 8.66129 

= 2° 37' 30". 
= 61° 16'. 
= 56° 3<y. 

: 1.92111 
: 9.97882 
: 0.07889 
: 1.97882 
: 95.24. 

find 
£ = 60° 45' 2", 
C = 39° 14' 68", 
a = 984.83. 

= 239.8. 
= 1506.2. 
= 100°. 
= 60°. 

= 2.37986 
= 6.82240 - 10 
= 0.07619 
= 9.27844 

10° 45' 2". 
= 60° 46' 2". 
: 39° 14' 68". 



log 6 = 2.94077 

log sin 4 = 9.99336 

colog sin B = 0.05924 

log a = 2.99836 

a = 984.83T 



3. Given 
a = 17, 
6 = 12, 
C = 69° 17' ; 

a + 6 = 

a — 6 = 

A + B-- 

i(A + B)-- 

log(a-6) = 

colog (a + b) • 

logtani(^ + £) = 

\ogtzi\l(A -B)z 

i(A-B)-. 

A-. 

B: 

log b- 

log sin C -. 

colog sin B -. 

lOgC: 



find 
A = 77° 12' 63", 
B = 43°30' 7", 
c = 14.987. 

29. 

5. 
; 120° 43'. 

60° 21' 30". 
: 0.69897 
: 8.63760-10 
: 10.24486 
: 9.48143 
: 16° 61' 23". 
: 77° 12' 63". 
:43°30' 7". 
: 1.07918 
: 9.93435 
= 0.16217 
: 1.17570 
: 14.987. 



4. Given find 

b = V6, B = 93° 28' 36" 

c=V3, C = 60° 38' 24" 

A = 36° 63' ; a = 1.3131. 
V6 = 2.2361. 
Vf = 1.7321. 
6 + c = 3.9681. 
6 _c = 0.5040. 
B + C = 144° V. 
i(B+C)= 72° 3' 30". 
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log(6-c) = 9.70243-10 




A -f C = 164° 87' 24". 




colog (6 4- c) = 9.40142 - 10 




i(^l + C) = 82° 18' 42". 


log 


tan i(B 4- C) = 10.48973 




log(a-c)= 0.39811 


log 


tan*(£- C) = 9.59368 




colog (a + c)= 8.60330 - 10 




i(5-C) = 21 25' 6". 


log 


tan*(4 + C) = 10.86968 




5 = 93° 28' 36". 


log 


tan*(^-C) = 9.87109 




C = 60° 38' 24". 




l(A-C)= 36° 37' 7". 




log c = 0.23866 




A = 118° 66' 49". 




log sin X = 9.76800 




C = 46° 41' 35". 




cologsin = 0.11172 




log a =1.13720 




loga = 0.11828 




log sin £ = 9.42352 




a = 1.3131. 




colog sin A = 0.06789 
log 6 = 0.61861 


5. 


Given find 




6 = 4.1664. 


a 


= 0.917, A = 132° 18' 27", 






6 


= 0.312, B = 14° 34' 24", 


7. 


Given find 


C 


= 33° 7' 9"; c = 0.6776. . 


b 


= 3000.9, B = 66° 13' 61", 




a + 6 = 1.229. 


c 


= 1687.2, C = 28° 42' 6", 




a - 6 = 0.606. 


A 


= 86° 4' 4" ; a = 3297.2. 




4 + 5 = 146° 52' 51". 




6 + c = 4588.1. 




i(A +B)= 73° 26' 26". 




6 - c = 1413.7. 




log (a -6) = 9.78176-10 




5 + C = 93° 56' 56". 




colog(a + 6)= 9.91045-10 




i(B 4-C) = 46° 67' 68". 


log 


tan ±(A + B) = 10.52674 




log(6-c)= 3.15036 


log 


tan* (4 -£) = 10.21896 




colog (6 4- c) = 6.33837 — 10 




t(A-B)= 58? 52' 2". 


log 


tan*(£+ C) = 10.02983 




4 = 132° 18' 27". 


log 


tan*(B- C) = 9.51866 




5= 14° 84' 24". 




l(B- C) = 18° 15' 63''. 




log b = 9.49416 -10 




= 28° 42' 6". 




log sin C = 9.73750 




£ = 65° 13' 61". 




colog sin B = 0.59926 




log 6 = 3.47726 




logc = 9.83091 -10 




log sin A = 9.99898 




c = 0.6775. 




colog sin B = 0.04191 
log a = 3.61816 


6. 


Given find 




a = 3297.2. 


a = 


= 13.716, A = 118° 55' 49", 






c = 


= 11.214, 0= 45°4r35", 


8. 


Given find 


B-- 


= 15°22'36"; 6 = 4.1664. 


a •- 


= 4527, A = 68° 29' 16", 




o-c= 2.601. 


6 = 


= 3466, B = 46° 24' 18", 




a + c=: 24.929. 


C = 


= 66° 6' 27"; c = 4449. 
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a + 6 

a-6 

A + B 

i(A + B) 

log (a -6) 

colog(a + 6) 

log tan i (^1-1- 5) 

logtani(4-2f) 

A: 
B: 

log a = 

log sin C : 

colog sin A : 

lOgC: 



= 7902. 

= 1062. 

= 113° 53' 33". 

= 66° 56' 47". 

= 3.02612 
= 6.09734-10 
= 10.18659 
= 9.31005 

= 11° 32' 28". 
= 68° 29 / 16". 
= 46° 24' 18". 

= 3.66581 
: 9.96109 
= 0.03136 
: 3.64826 

:4449. 



9. Given 

a = 66.14, A 

6 = 33.00, B 

C = 30° 24' ; c 

a + b = 

a-6 = 

A + B = 

i(A + B) = 

log(a-6) = 

colog (a + b) = 

logtan±(4 + £) = 

logtanH^-^) = 

t(A-B) = 

A = 

£ = 



find 
= 117° 24' 32", 
= 32°11 , 28", 
= 31.431. 



88.23. 
22.05. 
149° 36'. 
74° 48'. 

1.34341 
8.06438 - 10 
10.66592 . 
9.96371 

42° 36' 32". 
117° 24' 32". 
32°ll / 28". . 



log 6 = 1.61970 

log sin C = 9.70418 

colog sing = 0.27348 

log c = 1.49736 

c = 31.431. 



10. Given 

a = 47.99, 

b = 33.14, 

C = 176° 19' 10" 

a + 6 

a — b 

A + B 

*(^+.B) 

log(a-o) 

colog (a + b) 

log tan i (A + B) 

log tan i (A - B) 

t(A-B) 

A 

B 

log b 

log sin C 

colog sin B 

logc 



find 
A = %°4&' 8", 
5 = 1° 54' 42", 

; c = 81.066. 

= 81.13. 

= 14.85. 

= 4° 40' 50". 

= 2° 20' 26". 

= 1.17173 

= 8.09082 - 10 

= 8.61138 

= 7.87393 

= 0° 26' 43". 

= 2° 46' 8". 

= 1° 54' 42". 

= 1.62036 

= 8.91169 

= 1.47680 

= 1.90884 

= 81.066. 



11. If two sides of a triangle are 
each equal to 6, and the included 
angle is 60°, find the third side. 

Since a = 6, 

A=B, 
A + B= 120°. 

.-. A = B = C = 60°. 
.-. a = b = c = 6. 

12. If two sides of a triangle are 
each equal to 6, and the included 
angle is 120°, find the third side. 

A + B = 60°. 
. . A = B = 30°, 

a = 6 = b. 

log a = 0.77815 

log sin C = 9.93763 

colog sin A = 0.30103 

logc = 1.01671 

c = 10.392. 
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13. Apply Solution I to the case 
in which a is equal to o; that is, 
the case in which the triangle is 
isosceles. 

If a = o, the formula 

tan$M-.B)= — ^xtml(A + B) 

a + b 
becomes 

tani(^l -B) = 0. 

..A-B = 0. 

A = B 

= i(180°-CJ 
= 90°-iC. 
a sin C 
am A 

14. If two sides of a triangle are 
10 and 1 1 , and the included angle is 
50°, find the third side. 

a 4- 6 = 21. 
a -6 = 1. 
A + B = 130°. 
l(A + B)= 66°. 
log(a-6)= 0.00000 
colog (a + 6) = 8.67778-10 
logtani(4 + B) = 10.33133 
log tan I (A - B) = 9.00911 

l(A-B)= 6° 49' 61". 
A = 70° 49 / 61". 
£ = 59° 10' 9". 
log 6 = 1.00000 
log sinC = 9.88426 
colog sin B = 0.06617 
logc = 0.96042 
c = 8.9212. 

15. If two sides of a triangle are 
43.301 and 26, and the included 
angle is 30°, find the third side. 

a + b = 68.301. 
a - b = 18.301. 



A + B = 150°. 
l(A + B)= 76°. 
log(a-o) = 1.26247 
colog (a + 6)= 8.16567-10 
logtani(^l + B) = 10.67195 
log tan i (4 - B) = 9.99999 
i(4-£)= 46°. 
-4 = 120°. 
B= 30°. 
.*. in isosceles triangle ABC 
c = b = 25. 

16. In order to find the distance 
between two objects A and B sep- 
arated by a swamp, a station C was 
chosen, and the distances CA = 3825 
yards, CB = 3475.6 yards, together 
with the angle ACB = 62° 31', were 
measured. Find the distance from 
A U>B. 

b + a = 7300.6. 
b - a = 349.4. 
B + A = 117° 29 / . 
i(B + ^)= 68° 44' 30". 
log(6-a)= 2.64332 
colog (6 + a) = 6.13664-10 
log tan j QB + A) = 10.21680 
logtani(£-^l)= 8.89676 

i(B-^4)= 4°30 / 29". 
£ = 63° 14' 69". 
A = 64° 14' 1". 
log 6 = 3.58263 
log sin = 9.94799 
colog sin B = 0.04916 
logc = 3.67978 
c = 3800. 
.-. AB = 3800 yards. 

17. Two inaccessible objects A 
and B are each viewed from two 
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stations, C and D, on the same side 
of AB and 562 yards apart. The 
angle ACB is 62° 12', BCD 41° 8', 
ABB 60° 49^ and ADC 34° 61' ; 
required the distance AB. 




In triangle ACD 

A = 180° - (C + D) 

= 41° 49'. 
b _ sin 34° 51' 
562 ~ 



.-,& = 



sin 41° 49' 
562 sin 34° 61' 



sin 41° 49' 

log 562 = 2.74974 

log sin 34° 51' = 9.75696 

colog sin 41° 49' = 0.17604 

log 6 = 2.68274 

b = 481.66. 

In triangle CBD 

B = 180° -(C + D) 

= 43° 12'. 

a _ sin 95° 40' 

562 ~~ sin 43° 12' ' 

__ 662 cos 5° 40' 
*" a "" sin 43° 12' 
log 662 = 2.74974 
log cos 5° 40' = 9.99787 
colog sin 43° 12' = 0.16460 
log a = 2.91221 
a = 816.98. 
In triangle ACB 

tan±(4 - B) =*^x tani(4+B) 



H* + B) : 

a — b : 

a + 6: 



:i(180°-C) 

: 58° 64'. 

= 816.98-481.66 
: 335.32. 

: 816.98+481.66 
1298.64. 



log (a - b) 
colog (a + b) 

logtani(4 + B) 

log tan I (A - B) = 9^63150 



2.52548 
6.88651 - 10 
10.21951 



i(A-B): 
A: 

lOgO: 

log sin C - 
colog sin A z 

lOgC: 

c = 



: 23° 10' 26" 
:82° 4' 26" 

: 2.91221 
: 9.94674 
: 0.00417 
: 2.86312 
729.67. 



.-. AB = 729.67 yards. 

18. Two trains start at the same 
time from the same station, and 
move along straight tracks that 
form an angle of 30°, one train at 
the rate of 30 miles an hour, the 
other at the rate of 40 miles an 
hour. How far apart are the trains 
at the end of half an hour ? 

a + b = 36. 
a - b = 6. 
A + B = 150°. 
i(A + B)= 75°. 

log (a -&) = 0.69897 
colog (a +6)= 8.46593-10 
log tan 1(4 + B) = 10.57195 
logtan|(4-£) = 9.72686 

i (A - B) = 28° 3' 62". 
Bz= 46° 56' 8". 
4 = 103° 3' 62". 



104 



PLANE TBIGONOMETBY. 



log 6 = 1. 17009 

log sin = 9.69897 

colog sin £ = 0.13633 

log c = 1.01139 

c = 10.266. 

Therefore, the trains are 10.266 
miles apart. 

19. In a parallelogram given the 
two diagonals 5 and 6, and the 
angle that they form 49° 18 / ; find 
the sides. 

In the parallelogram ABBE 
let MB = 6, and AD = 6, 

and /. BCA = 49° 18'. 

In triangle ACB 
let BC = a = 8. 

4C = 6 = 2.6. 
Find AB = c. 

a - 6 = 0.6. 
a + 6 = 5.5, 
4 + .B = 130° 42'. 
i(A + B)= 65° 21'. 
log (a -6)= 9.69897-10 
colog (a + 6) = 9.25964-10 
logtan*(4 + 5) = 10.33829 



log tan * (4-5)= 9.! 

i(A-B) = 11° 12' 20". 
A = 76° 33' 20". 
5=54° 8' 40". 
log a = 0.47712 
log sin C = 9.87976 
colog sin A = 0.01207 
log c = 0.36894 
c = AB = 2.3385. 
In triangle 4^C 

J7C = a = 3, 
4(7 = 6 = 2.5, 
^4CJ£ = 130°42'. 



4+tf 

H^+E) 

log (a - 6) 

colog (a + 6) 

logtani(4 + J£) 

logtani(4 - E) = 8.62032 

4 



49° 18'. 

24° 39'. 
9.69897 - 10 
9.25964 - 10 
9.66171 



loga: 

log sin C : 

colog sin A : 

l0gC: 

c = EAz 



: 2° 23' 20". 
27° 2' 20". 
: 0.47712 . 
: 9.87975 
: 0.34238 
: 0.69926 
: 5.0032. 



20. In a triangle one angle is 
139° 54', and the sides forming the 
angle have the ratio 5 :9. Find the 
other two angles. 

a = 9. 
6 = 5. 
a + 6 = 14. 
a - 6 = 4. 
A + B = 40° 6'. 
i(4 + £) = 20°3'. 
log (a -6) =0.60206 
colog (a + 6) = 8.85387 - 10 
logtani(4+£) = 9.56224 
log tan i (A -B) = 9.01817 

l(A~B)= 6° 67' 10". 
A = 26° W 10". 
B=14° 6' 60". 

21. In order to find the distance 
between two objects A and B 
separated by a pond, a station C 
was chosen, and the distances CA 
= 426 yards, CB = 322.4 yards, 
together with the angle ACB = 
68° 42', were measured. Find ths 
distance from A to B. 
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6 + a = 748.4. 
b - a = 103.6. 
B + A = 111° 18'. 
i(£ + ^l)= 65° 39'. 

log (6- a) = 2.01536 
colog (6 + a) = 7.12687 - 10 
log tan i(B + A) = 10.16530 
log tan T (5- ,4) = 9.30653 



i (£ - 4) = 11° 27' 1". 
.-.5 = 67° 6'1". 
log 6 = 2.62941 
log sin C = 9.96927 
colog sin B = 0.03565 
log c = 2.63438 
c = 430.85. 
.-. AB = 430.85 yards. 



Exercise XX. Page 83. 



1. Giyen a = 61, 6 = 65, c = 20 
find the angles. 

a= 61 

6= 65 

c = JO 

28 = 136 

8 = 68. 

9 - a = 17. 

8-6= 3. 

s - c = 48. 

colog 8 = 8.16749-10 
colog (« - a) = 8.76956 - 10 
log (8 -6)= 0.47712 
log (8 - c) = 1.68124 

2 )19.09640-20 
log tan M= 9.64770 

M = 19° 26' 24". 
A = 38° 62' 48". 

colog 8= 8.16749- 10 
colog (8 - 6) = 9.52288 - 10 
log(8-a)= 1.23045 
log(8 - c) = 1.68124 

2 )20.60206 -20 
logtaniB = 10.30103 

*J3= 63°26 / 0". 
B = 126° 52' 12". 
A + B = 165° 46'. 
.-. C = 14° 16'. 



2. Giren a = 78, b = 101, c = 29 ; 
find the angles. 

a= 78 

6 = 101 

c = J9 

28 = 208 

8 = 104. 

8 - a = 26. 

s - 6 = 3. 

s — c= 75. 

colog 8= 7.98297-10 
colog (s-a)= 8.68503 - 10 
log(8-6)= 0.47712 
log (8 - c) = 1.87606 

2 )18.92018-20 
logtan T 4= 9.40009 

T 4 = 16° 6' 27". 
A = 32° W 66". 

colog 8= 7.98297-10 
colog (8 -6)= 9.62288-10 
log (8- a) = 1.41497 
log (8 - c) = 1.87606 

2 )20.79588-20 
log tan *B = 10.39794 

|B= 68° 11' 66". 

B = 136° 23' 60". 

-4 + £ = 168° 34' 46". 

.-. C = 11° 25' 16". 
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3. Given a = 111, 6=146, c=40 ; 
find the angles. 

a = 111 
6 = 145 
' c= 40 
28 = 296 
s = 148. 
s - a = 37. 
8-6 = 3. 
s - c = 108. 
colog8 = 7.82074-10 
colog(8-a) = 8.43180-10 
log (8 -6) = 0.47712 
log(8-c) = 2.03342 

2 )18.77208-20 
log tan* .4 = 9.38604 

M = 13° 40' 16". 
A = 27° 20' 32". 

colog8= 7.82974-10 
log (8- a) = 1.66820 
colog(8-6) = 9.62288-10 
log (8 - c) = 2.03342 

2 )20.96424-20 
log tan ±B = 10.47712 

iB= 71° 33' 64". 

£=143° 7' 48". 

B + A = 170° 28' 20". 

.-. C = 9° 31' 40". 

4. Given a = 21, 6 = 26, c = 31 ; 
find the angles. 

a = 21 

6 = 26 

c = 31 
28 = 78 

8 = 39. 
8 - a = 18. 
8 - 6 = 13. 

8 - c = 8. 



cologs= 8.40894- 10 
colog(8-a)= 8.74473 — 10 
log (8 -6)= 1.11394 
log(8 - c) = 0.90309 

2 )19.17070^20 
logtan*4 = 9.68636 

iA=21°8' 6.3". 
.-. A = 42° 6' 13". 

cologs= 8.40894— 10 
log(8-a)= 1.26627 
colog(8 - 6) = 8.88606 - 10 
log (8 - c) = 0.90309 

2 )19.46336-20 
logtani£= 9.72668 

i# = 28° 3' 18". 

.-. B = 56° 6' 36". 

A + B = 98° 12' 49". 

.-. C = 81° 47' 11". 



5. Given a = 19, 6 = 34, c = 49 ; 

find the angles. 



a = 


19 




6 = 


34 




c = 

28 = 


49 
102 




8 = 


61. 




8 — a = 


32. 




8-6 = 


17. 




8 — C = 


2. 




COlog 8 = 


8.29243 - 


10 


colog (8 — a) = 


8.49485 - 


10 


log (8 -6) = 


1.23045 




I0g(8-C) = 


0.30103 




22 


18.31876 - 


20 


log tan i A = 


9.15938 




*4 = 


8° 12' 48" 




4 = 


16° 26' 36" 
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colog a = 8.29243-10 
log(s-a) = 1.60616 - 
colog («-&) = 8.76966-10 
log(s - c) = 0.30103 

2 )18.86816-20 
logtan*£= 9.43408 

IB= 16° 12'. 
B = 30° 24'. 
.-. C = 133° W 24". 

6. Given a = 43, b = 50, c = 67 ; 
find the angles. 

a= 43 

6= 50 

c= 57 

2a = 150 

= 75. 

= 32. 

= 25. 

:18. 

: 8.12494-10 
: 8.49485-10 
: 1.39794 
= 1.25527 
Q 19.27300 -20 
= 9.63660 
= 23° 24' 47.6". 
= 46° 49' 36". 
= 8.12494-10 
= 1.60616 
= 8.60206-10 
= 1.25527 
1 )19.48742-20 
= 9.74371 
= 28° 59' 62". 
= 67° 59' 44". 
= 75° 10' 41". 



8 : 

a — a-. 

8-b: 

S - C: 

COlOg 8 : 

COlog (8 - a) : 

l0g(8-6): 

log(8-C): 

log tan | ^i : 

A: 

COlOg 8 : 

l0g(8-a): 

COlOg (8 — b) : 

l0g(8-C): 

2 

logtan^B: 

\B. 

B. 

.'. C: 



7. Given a = 37, 6 = 68, c = 79; 
find the angles. 



a = 


37 




6 = 


58 




c = 


79 




28 = 


174 




8 = 


87. 




« — a = 


50. 




*-& = 


29. 




8 — C = 


8. 




COlOg 8 = 


8.06048- 


10 


olog(a — a) = 


8.30103 - 


10 


l0g(8 - 6) = 


1.46240 




log (« - C> = 


0.90309 




*l 


18.72700 - 


20 


log tan T A = 


9.36350 




M = 


13° 0' 14.6". 


^4 = 


26° 0' 29". 





colog s = 8.06048 - 10 
log(s-a)= 1.69897 
* colog (8 - 6) = 8.68760 - 10 
log (s - c) = 0.90309 

2 )19.20014-20 
logtan T B= 9.00007 

iB= 21° 42' 40". 

B= 43° 25' 20". 

/. C = 110° 34' 11". 

8. Given a = 73, b = 82, c = 91 ; 
find the angles. 

a= 73 

6= 82 

c= 91 

2s = 246 

8 = 123. 

* - a = 50. 

s - b = 41. 

* - c = 32. 
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colog s = 7.01009 - 10 
colog(s-a)= 8.30103-10 
log(8-6) = 1.61278 
log (a - c) = 1.50515 

2 )19.32905-20 
.log tan £4= 9.66463 

i^ = 24°47 , 29". 
A = 49° 34' 68". 

colog 8= 7.91009-10 
log (s- a) = 1.69897 
colog (8 -6)= 8.38722-10 
log(8 - c) = 1.50515 

2)19.50143-20 
log tan i 2*= 9.75072 

i B = 29° 23' 29". 

B = 58° 46' 68". 

.-. C = 71° 38' 4". 

9. Given a= 14.493, 6=55.4363, 
c = 66.9129 ; find the angles. 

a = 14.493 
6= 55.4363 
c = 66.9129 



28= 136.8422 

8 = 68.4211. 
s - a = 53.9281. 
8 - 6 = 12.9848. 
8 - c = 1.6082. 

colog 8= 8.16481-10 
colog (8- a) = 8.26819-10 
log(s-6)= 1.11343 
log (8 - c) = 0.17846 

2)17.72489-20 
log tan M = 8.86245 

±A = 4° 10' 0.7". 
A = 8° 20' 1". 



colog 8= 8.16481 -10 
• log(8-a)= 1.73181 
colog (8 - b) = 8.88667 - 10 
log(8 - c) = 0.17846 

2 )18.96165-20 
log tan iB = 9.48082 

IB= 16°60 / 2.0\ 

£ = 33° 40' 5". 
.-. C = 137° 59' 54". 

10. Given o= V6, 6= V5, c= V?; 
find the angles. 

o = Vg = 2.2361 

b = V5 = 2.4495 

c = V? = 2.6458 

28 = 7.3314 

8 = 3.6667. 
8-a = 1.4296. 
8 - 6 = 1.2162. 
s - c = 1.0199. 

colog 8= 9.43686-10 
colog (8 - a) = 9.84478 - 10 
log (8 -6)= 0.08500 
log (8 - c) = 0.00856 

2 )19.37419-20 
log tan i 4 = 9.68709 

M = 26° 66' 36". 
A = 61° 63' 12". 

colog(8-6)= 9.91600 -10 
log(8-c)= 0.00856 

colog s= 9.43686-10 
log (8 - a) = 0.15522 

2 )19.51463-20 
logtani^= 9.76732 

iB = 29°45'64". 
B = 59° 31' 48". 
.-. C = 68° 35'. 
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11. Given a = 6, 6 = 8, c = 10 ; 
find the angles. 

a = 6 

6 = 8 

c = 10 

28 = 24 

8=12. 

8 - a = 6. 
s-6 = 4. 
s - c = 2. 
colog8= 8.92082-10 
colog(8 - a) = 9.22186 - 10 
log (8 -6) = 0.60206 
log(8-c)= 0.30103 

2 )19.04576-20 
log tan M= 9.52288 

*4 = 18° 26' 6". 
A = 36° 62' 12". 
Since 10* = 6 2 -f 8 s , the triangle 
is a right triangle, 
and C = 90°. 

.-. B = 63° V 48". 

12. Given a = 6, 6 = 6, c = 10 ; 
find the angles. 

a= 6 

6= 6 

c = 10 

28 = 22 

8=11. 

8 — a = 5. 
8-6 = 5. 

8 — C = 1. 

colog8= 8.96861-10 
log (8- a) = 0.69897 
log(8-6) = 0.69897 
oolog (8 - c) = 0.00000 

2 )20.36665-20 
logtan}C= 10.17827 



iC= 66° 26' 33". 
C = 112 63' 6". 
Since this is an isosceles triangle, 
A = B = i(lS0°-C) 
= 33° 33' 27". 



13. Given a = 6, 6 = 6, c = 6; 
find the angles. 

The triangle is equilateral and is 
therefore also equiangular. 

.•.4 = B=C = £ofl80° = 60°. 



14. Given a = 
find the angles. 

a - 

6 = 

c - 

2s = 

8 = 

s — a = 

8-6 = 

s — c = 

COlOg 8 = 

colog s — a = 
log 8 — 6 = 
log 8 — C : 

2 
log tan 1 4 : 

i4: 

4: 

COlOg 8 : 

log 8 — a • 

COlOg 8 — 6 : 
log 8 — C : 

5 
log tan if 



6, 6 = 9, c = 12 ; 



6 
9 

12 

27 

13.5. 

7.6. 

4.6. 

1.5. 

8.86967 ■ 
9.12494 
0.65321 
0.17609 



10 
10 



2 )18.82391-20 
9.41196 - 10 
14° 28' 39". 
28° 57' 18". 
8.86967-10 
0.87606 
9.34679-10 
0.17609 



2 



) 19.26761 - 20 

9.63380 - 10 

23° 17' 3". 

46° 34' 6". 

104° 28' 36". 
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15. Given a = 2, b = V5, c : 
V5 - 1 ; find the angles. 

a = 2. 
6 = V5 = 2.44947 
c = V5 - 1 = 0.73205 
28=6.18162 

8 = 2.69076. 
a - a = 0.69076. 
8-6 = 0.14129. 
8 - c = 1.85871. 

log(8-a) = 9.77141 - 10 

log (8 -6) = 9.16011-10 

log(8-c)= 0.26921 

colog 8 = 9.58657 - 10 

logr2= 18.77730 -20 

\ogr= 9.38865-10. 



log (s -a)-. 
log (8 - 6) : 

l0g(8-C): 
COlOg 8 : 



0.20160 
0.06740 
9.93386 - 10 
9.44481 - 10 



logr 2 = 19.63766 -20 



log tan \A - 
log tan \ B - 
log tan £ C : 

iB-- 
= 



: 9.61724. 
: 10.23854. 
: 9.11944. 
; 22° 30'. 
: 60°. 
7° 30'. 
45°. 
120°. 
16°. 



16. Given a = 2, b = V5, c : 
V§ + 1 ; find the angles. 

a = 2. 
6 = V5 = 2.44947 
c=V§ -4-1 = 2.73205 
2s = 7.18162 

8 = 3.69076. 
8 - a = 1.69076. 
8-6=1.14129. 
8-c = 0.86871. 



logr: 

log tan i A : 
logtan|5 = 
log tan i C = 

c = 



: 9.81883-10. 

= 9.61723. 

9.76143. 

: 9.88498. 

; 22° 30'. 
30°. 
37° 30'. 

46°. 
60°. 
75°. 



17. The distances between three 
cities A, B, and C are as follows : 
45=166 miles, AC =72 miles, and 
BC= 185 miles. B is due east from 
A. In what direction is C from A? 
What two answers are admissible? 

a = 186 

6= 72 

c=165 

28 = 422 

8 = 211. 
8 - a = 26. 
s - 6 = 139. 
8 - c = 46. 

colog s= 7.67572 - 10 
colog (s - o) = 8.58603 - 10 
log (8 -6)= 2.14301 
log (8 - c) = 1.66276 

2 )20.06652-20 
log tan M = 10.03326 

M = 47° 11' 31". 
A = 94° 23' 2". 
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Angle ^4C = 94°23'2". Sub- 
tract 90° of the quadrant E to N, 
and we obtain 4° 23' 2" W. of N. 

But C may be to the southward 
of A. Hence two answers are ad- 
missible : W. of N. or W. of S. 

18. Under what visual angle is 
an object 7 feet long seen by an 
observer whose eye is 6 feet from 
one end of the object and 8 feet 
from the other end ? 

a = 6 

6 = 8 

c = _7 

28 = 20 

8=10. 

8 — a = 6. 
8-6 = 2. 
8 - c = 3. 
colog8= 9.00000-10 
log(«-a)= 0.69897 
log (« -6)= 0.30103 
colog (s - c) = 9.52288-10 
2 ) 19.52288 -20 
logtan*C = 9.76144 

. ±C = 30°. 
C = 60°. 

19. When Formula [28] is used 
for finding the value of an angle, 
why does the ambiguity that occurs 
in Case II not exist ? 

When Formula [28] is used for 
finding the value of an angle, the 
ambiguity that occurs in Case II 
does not exist because the sides are 
all known and the angle can have 
but one value ; while in Case II the 
side opposite the angle is not known, 



and may have two values, and there- 
fore the angle also may have two 
values. 

20. If the sides of a triangle are 
3, 4, and 6, find the sine of the 
largest angle. 



a = 
6 = 
c = 

28 = 


3 

4 

6 

13 




8 = 

s — a = 

8-6 = 
8(8 — C) = 


6.6, 
3.5. 
2.6. 
3.25. 




log(s-a) = 
log (8 -6) = 

COlog 8(8 — C) = 


0.54407 
0.39794 
9.48812 - 


10 


2] 


20.43013 - 


20 


log tan £ C = 


10.21607 




C = 

log sin C = 
sin C = 


58° 38' 26". 
117° 16' 50". 
9.94879. 
0.88877. 



21. Of three towns A, B, and C, 
A is 200 miles from B and 184 miles 
from C, B is 150 miles due north 
from C. How far is A north of C ? 

a = 150 

6=184 

c = 200 

28 = 634 

8 = 267. 
8-a=117. 
8 - 6 = 83. 
8 - c = 67. 
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colog a = 7.57349-10 
log (a- a) = 2.06819 
log (s -&) = 1.91908 
colog (« - c) = 8.17393 - 10 
2 )19.73469-20 
logtan±C= 9.86736 

I G = 36° 22' 58". 
C = 72° 45' 56". 

Draw _L from A to fiC. To find 
a' (part cut off by _L on BC from A). 

a' = b cos C. 

log 6 = 2.26482 

log cos C = 9.47171 

loga'= 1.73653 

a' = 64.516. 

Therefore, A is 64.516 miles north 
of C. 



22. The sides of a triangle are 
78.9, 65.4, 97.3, respectively. Find 
the largest angle. 

a = 78.9 

b = 65.4 

c = 97.3 

2s = 241.6 

8 = 120.8. 
s-a = 41.9. 
8-b= 65.4. 
«-c= 23.5. 

colog s = 7.91793- 10 

log(s-a) = 1.62221 

log («-&) = 1.74351 

colog (8 - c) = 8.62893 - 10 

2 )19.91258- 20 

log tan | C = 9.95629 - 10 

iC = 42° V 17". 
C = 84° 14' 34". 



23. The sides of a triangle are 
487.25, 512.33, 544.37, respectively. 
Find the smallest angle. 

a= 487.26 

b= 612.33 

c = 544.37 

25 = 1643.95 

8 = 771.976. 
8 - a = 284.725. 
8 - 6 = 250.645. 
8-c = 227.605. 

colog 8 = 7.11239-10 
colog (a - a) = 7.54657 - 10 
log (s -b)= 2.41438 
log (s - c) = 2.35718 

2 )19.42952-20 
logtani^l= 9.71476- 10 

M= 27° 24' 27". 
A = 64° 48' '64". 



24. Find the angles of a triangle 
V3+ 1 V3_ 1 



whose sides are 

V3 



2 V2 2V2 



respectively. 

V3 + 1 ^ V6+V2 



2 V2 


4 




2.44947 + 1.41421 




4 




= 8 " 86368 =0.96692. 
4 


V3-1 


V6-V2 


2V2 


4 




2.44947 - 1.41421 




4 




= 1 -- 03526 =0.26882. 
4 


v§ 


-™*-0.86603. 
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a = 0.06592 

b = 0.25882 

c = 0.86603 

28 = 2.09077 

8 = 1.04688. 
8-a = 0.07946. 
8 - b = 0.78656. 
8-c = 0.17936. 



log(s-a): 
log(a-6): 

\og(8 -C): 
COlog 8 - 

logr 2 : 
logr: 

log tan \A : 
logtan|5 = 
log tan | C : 

Az 
B-. 
= 



: 8.90015-10 
: 9.89673-10 
9.25370-10 
9.98072 - 10 
; 18.03030 - 20 
: 9.01516 - 10. 

10.11500 - 10. 
9.11940-10. 
9.76146 - 10. 

62° SO'. 
7°30'. 
30°. 

105°. 
16°. 
60°. 



25. The sides of a triangle are 
14.6 inches, 16.7 inches, and 18.8 
inches, respectively. Find the 
length of the perpendicular from 



the vertex of the largest angle upon 
the opposite side. 

a = 18.8 
6 = 16.7 
c = 14.6 
2s = 60.1 
s = 26.06. 
« - a = 6.26. 
8 - b = 8.36. 
s - c = 10.46. 
cologs= 8.60119- 10 
log(s-a)= 0.79688 
colog(s-6) = 9.07831 -10 
log(* - c) = 1.01912 

2 )19.41)460-20 
log tan | B = 9. 74726 - 10 

i# = 29°ll'46". 
B = 68° 23' 32". 
Let AD be the perpendicular from 
A upon BC. 



AD 



= sin B. 



14.6 

.-. AD= 14.6 sin B. 
log 14.6 = 1.16435 
log sin £ = 9.93026 
log 42)= 1.09461 
AD = 12.434. 
Therefore, the required perpen- 
dicular is 12.434 inches. 



Exercise XXI. Page 87. 



1. Given a = 4474.5, b = 2164.5, 
C = 116° 3(K 20"; find the area. 
F = io6sin C. 
log a = 3.65076 
log 6 = 3.33536 
colog2 = 9.69897-10 
log sin C = 9.95177 
log F= 6.63686 
F= 4,333,600. 



2. Given b = 21.66, c = 
A = 66° 4' 19" ; find the area. 
F= i be sin A. 
log 6= 1.33566 
logc = 1.56760 
colog 2 = 9.69897 -10 
log sin 4 = 9.96097 
log F= 2.56310 
F= 365.68. 



.94, 
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3. Given a = 510, c = 173, B = 
162° 30' 28" ; find the area. 

log a = 2.70757 ' 
logc =2.23805 
log sin B =9.47795 
colog 2 = 9.69897 - 10 



log F= 4.12254 
F = 13,260. 



4. Given a = 408, b = 41, c = 401 ; 
find the area. 

a = 408 

6= 41 

c = 401 

2* = 860 

8 = 425. 
8 — a = 17. 
a - 6 = 384. 
* - c = 24. 

log s = 2.62839 

log(8-a) = 1.23045 

log (8 -b) =2.58433 

log(s-c) = 1.38021 

2 )7.82338 

log F= 3.91169 

F=8160. 



5. Given a = 40, b = 13, c = 37 ; 
find the area. 

a = 40 

6 = 13 

c =37 

2« = 90 

8 = 46. 
8 - a = 5. 
s - b = 32. 
8 - c = 8. 



log 8 =1.66321 

log(s- a) = 0.69897 

log (8- b) = 1.50515 

log(s-c) =0.90309 

2 )4.76042 

log 2^=2.38021 

2^=240. 

6. Given a = 624, b = 205, c = 445 ; 
find the area. 

a= 624 
6= 206 
c= 445 
28 = 1274 
8 = 637. 
8 - a = 13. 
8 - 6 = 432. 
8 - c = 192. 
log 8 = 2.80414 
log (8- a) = 1.11394 
log (8 -6) =2.63548 
log(8-c) = 2.28330 
2 log F= 8.83686 
log F= 4.41843 
F = 26,208. 

7. Given b = 149, A = 70° 42' 30", 
5 = 39° 18' 28"; find the area, 

A = 70° 42' 80". 
£ = 39° 18' 28". 
.-. C = 69° 69 / 2". 
log 6 = 2.17319 
log sin 4 = 9.97490 
colog sin B = 0. 19827 
log a = 2.34636 
colog 2 = 9.69897 — 10 
log a = 2.34636 
log b =2.17319 
log sin C = 9.97294 
log F= 4.19146 
F= 15,640. 
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8. Given a = 216.9, c = 307.7, 
A = 26° 9' 31" ; find the area. 

a<c and >esmA. 
A < 90°. .*. two solutions, 
log c = 2.48818 
log sin 4 = 9.62862 

colog a = 7.66676 - 10 
log sin (7 = 9.78240 

C= 37° 17' 38". 
.-. B = 117° 32' 61". 
Or, C" = 142° 42' 22". 

.-. B f - 12° 8' 7". 
colog 2 = 9.69897 - 10 
log a = 2.33426 
log c =2.48818 
log sin B = 9.94774 
log F= 4.46909 
F= 29,460. 
colog 2 = 9.69897 -10 
loga = 2.33425 
logc =2.48813 
log sin & = 9.32268 
log F' = 8.84403 
F' = 6982.8. 

9. Given b = 8, c = 5, 4 = 60° ; 
find the area. 

F = i be sin A 

= 1(8x5) (0.86603) 
= 20 x 0.86603 
= 17.3206. 

10. Given a = 7, c = 3, A = 60° ; 
find the area. 

logc = 0.47712 
log sin 4 = 9.93763 

colog a = 9.15490- 10 
log sin C = 9.56966 

C = 21° 47' 12". 
.-. B = 98° 12' 48". 



colog 2 = 9.69897 -10 

log a = 0.84510 

logc = 0.47712 

log sin B = 9.99552 

log F= 1.01671 

F = 10.392. 

11. Given a = 60, B =40° 35' 12", 
area = 12 ; find the radius of the 
inscribed circle. 



iacsinB = 12. 
c 



24 



log 24 

colog a 

colog sin B 

logc = 9.78876 -10 



a sin 5 
1.38021 
8.22185 - 10 
0.18669 



C : 

a — C: 
a + C : 

A + C: 



: 0.61483. 
: 59.38617. 
: 60.61483. 
: 189° 24' 48" 
: 69°42 / 24" 



log(a-c) 
colog (a + c) 
logtani(4 + C) 
log tan i(4 - C) = 10.42316 



1.77368 
8.21742 - 10 
10.43206 



HA-C): 
..A- 



b = 



log a: 

log sin B : 

colog sin A : 

l0gB: 
6: 



69° 19 / 19". 
139° IMS". 
a sin B 
sin 4 
: 1.77815 
: 9.81331 
= 0.18331 
: 1.77477 
: 59.534. 

: 60. 
: 59.634 
: 0.61483 



a: 

b: 

c ■ 

2s=120.14883 
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8 = 60.07442. 
F=ra. 

F 12 



9 60.07442 
log F = 1.07918 
colog 3 = 8.22131 -10 
logr = 9.30049 -10 
r = 0.19975. 

12. Obtain a formula for the area 
of a parallelogram in terms of two 
adjacent sides and the included 
angle. 

By Geometry, area of parallel- 
ogram = base x height. 
In this case, area = bh. 
But h = a sin A. 
.-. area of CD = ab sin A. 

13. Obtain a formula for the 
area of an isosceles trapezoid in 
terms of the two parallel sides and 
an acute angle. 

Let a = greater base, 

b = smaller base, 
h = altitude, 
p = i(a-b), 
and A = angle at lower 

base. 
F=t(a + b)h. 



Now 
But 



h 



- = tan A. 



l(a-b) 

.-. h = i(a — 6) tan .4. 
.-. F = i (a + b) x i (a - b) tan A 
= ± (a 2 -ft 2 ) tan 4. 

14. Two sides and included angle 
of a triangle are 2416, 1712, and 
30°; and two sides and included 
angle of another triangle are 1948, 
2848, and 150°; find the sum of 
their areas. 



Let a = 2416, c : 
F-- 

loga = 

l0gC = 

colog 2 = 

log sin B = 

logF = 

F = 

Let a'=1948, c'= 
F' = 

log a' = 

log c' = 

colog 2 = 

log sin & = 

logF' = 

F' = 

.-. F+F' = 



= 1712, 5=30°. 
: | ac sin B. 

: 3.38310 
: 3.23350 
: 9.69897 - 10 
= 9.69897 
: 6.0l4o4 
: 1,034,000. 

2848, ^=150°. 
: £ a'c' sin R. 

: 3.28959 

3.45454 

9.69897 - 10 

9.69897 

6.14207 
: 1,387,000. 

2,421,000. 



15. The base of an isosceles tri- 
angle is 20, and its area is 100 -*- VS; 
find its angles. 

a = 6. 
c = 20. 

F= 100+V3. 
100 

V3' 

100 



ich = 



10& = — - 

V3 

Vs 

— = tan A. 

\ogh = 0.76144 
colog i c = 9.00000 - 10 
log tan ^1 = 9.76144 

A = 30°. 
.-. B = 30°. 
.-. C = 120°. 
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16. Show that the area of a quad- 
rilateral is equal to one-half the 
product of its diagonals into the 
sine of their included angle. 

Let the lengths of the diagonals 
be denoted by a and b, and the 
included angle by C. Let the lengths 
of the segments made by their point 
of intersection at C be denoted by 
ai, as, and 61, b*, respectively. 



Now the area of the quadrilateral 
is equal to the sum of the areas of 
the four triangles. 

.•. F = } ai&j sin C + ia^bi sin C 

+ £ 0361 sin C + i a\b\ sin C 
= i(ai6a + ajfta -f 0261 + ai6i)sinC 
=*.(ai+aa)(&i+&»)sinC 
=£a&sin C. 



Exercise XXII. Page 88. 



1. From a ship sailing down the 
English Channel the Eddy stone was 
observed to bear N. 33° 4f>' VV., 
and after the ship had sailed 18 
miles S. 67° 30' W. it bore N. 11° 
If/ E. Find its distance from each 
position of the ship. 




Let A represent the Eddystone, 
C the first position of the ship, and 
B the second. 

a = 18 miles. 
ACE = MP 46'. 
DCB = 67° 30'. 
ABF= 11° 16'. 



ACB = 180° -(ACE + DCB) 

= 78° 45'. 
CBD = 90° - DCB = 22° 30'. 
ABC = 90° - (CBD + ABF) 
= 56° 15'. 
.-. BAC=4&°. 

b __ sin B 
a sin A 

loga = 1.26627 

log sin £ = 9.91986 

colog sin A = 0. 16061 

log 6= 1.32603 

6 = 21.166. * 
c _ sin C 
a sin A 

log a =1.26627 

log sin = 9.99167 

colog sin A = 0.16061 

logc = 1.39736 

c = 24.966. 

Therefore, the required distances 
are 21.166 miles and 24.966 miles. 

2. Two objects A and B were ob- 
served from a ship to be at the same 
instant in a line bearing N. 16° E. 
The ship then sailed northwest 
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5 miles, when it was found that 
A bore due east and B bore north- 
east. Find the distance from A 
to B. 

N 




Let A and B represent the objects, 
S and &' the first and second posi- 
tions of the ship. 

• 8TA ___ sin^flS' 

SS'~ sin S'AS' 
log&S' = 0.69897 
logsin^SS / = 9.93753 
colog sin SAS' = 0.01506 
log S'A = 0.65156 
AB __ sin BS'A 
WA ~ sin S'BA ' 
logSOi = 0.66166 
logain BS'A = 9.84949 
colog sin S'BA = 0.30103 
log AB = 0.80208 
AB = 6.3399. 
Therefore, the distance from A to 
B is 6.3399 miles. 



3. A castle and a monument 
stand on the same horizontal plant 
The angles of depression of the top 
and the bottom of the monument 
viewed from the top of the castla 
are 40° and 80° ; the height of the 
castle is 140 feet. Find the height 
of the monument. 




EC = height of castle. 
AB — height of monument. 



MCB-. 

HCA-. 

HAC-- 

HCz 

AC = 



lOg 140 : 

colog sin A : 

log^lC = 

HCA = 

MCB = 

..ACB = 

CAB = 

.-. ABC = 

AB = 

log AC = 

log sin C = 

colog sin B = 

lOg^UB: 

AB. 



40°. 

10°. 

80°. 

140 feet. 
140 

sin A 
: 2.14613 
: 0.00665 
: 2.16278 
= 10°, 

:40°. 
:40°, 
:10°. 
: 130°. 

^CsinC 

sin B 
: 2.15278 
: 9.80807 

0.11575 
: 2.07660 
: 119.29. 



teachers' edition 



119 



Therefore, the height of the 
monument is 119.29 feet. 

4. If the sun's altitude is 60°, 
what angle must a stick make with 
the horizon in order that its shadow 
in a horizontal plane may be the 
longest possible ? 

The shadow of the stick will be 
the longest when the stick is per- 
pendicular to the rays of the sun. 

Let BC represent the stick, and 
A C the horizontal plane. 
5 = 90°. 
A = 60°. 
.-. C = 30°. 

5. If the sun's altitude is 30°, find 
the length of the longest shadow cast 
on a horizontal plane by a stick 10 
feet in length. 

Let a be a stick JL to rays of sun, 
and c be the longest shadow. 

a • A 
c 

c = 2 a = 20. 
Therefore, the longest shadow is 
20 feet. 

6. In a circle with the radius 3 
find the area of the part comprised 
between parallel chords whose 
lengths are 4 and 5. (Two solu- 
tions.) 

In triangle BOC, 

A = V32-22 

= V6. 
F=ix V5x4 
= 2V66 
= 4.4722. 




sin*£OC = f. 

log 2 = 0.30103 
colog 3 = 9.62288 - 10 
log sin i£OC = 9.82891 

i BOC = 41° 48' 38". 
BOC = 83° 37' 16". 
area = jrx3 2 . 
log * = 0.49715 
logffl = 0.96424 
log area = 1.46139 
area© = 28.274. 
Area of sector BOC 
83° 87' 16" 



360° 

301036 

1 1296000 

75259 



X 28.274 



x 28.274 



X 28.274. 



324000 
log 76259 = 4.87656 
log 28.274 = 1.45139 
colog 324000 = 4.48945 - 10 
log area = 0.81740 
Area of sector BOC 

= 6.6675. 

Area of segment ByC 

= 6.5675-4.4722 
= 2.0953. 
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In triangle DOA, 

h = V32 - 2.5» 

= 1.6683. 
F=ix 1.6683x6 
= 4.1458. 
siniD(M = J. 

log 6 = 0.69897 
colog 6 = 9.22185-10 
log sin i 7)(M = 9.92082 

iDOA = 56° 26' 33". 



DO^l = 112° 



Area of sector DOA 
112° 63' 7 



360° 
406387 
1296000 



x 28.274 



x 28.274. 



log 406387 = 5.60894 
log 28.274 = 1.45139 
colog 1296000 = 3.88 739 - 1 
log area = 0.94772 
Area sector DOA 

= 8.8658. 
Area segment DzA 
= 8.8658-4.1458 = 4.72. 
Ares, DA CB 

= area O - [ByC + DzA] 
= 28.274 - (2.0053 + 4.72) 
= 21.4587. 
Area DAC& 

= DzA - &xC 
= 4.72 - 2.0963 
= 2.6247. 



Exercise XXIII. Page 90. 



1. The angle of elevation of a 
tower is 48° 19' 14", and the dis- 
tance of the base from the point of 
observation is 95 feet. Find the 
height of the tower, and the dis- 
tance of its top from the point of 
observation. 

Given A = 48° 19' 14", b = 95 feet ; 
' required a and c. 

a = btajiA. 

c = bsecA. 

log 6= 1.97772 
log tan A= 1 0.05045 
loga= 2.02817 
a =106.70. 

log 6= 1.97772 

log sec ^i = 0.17720 

logc = 2.16492 

c = 142.86. 



Height of tower, 106.70 feet ; dis- 
tance of top from point of observa- 
tion, 142.86 feet. 

2. From a mountain 1000 feet 
high, the angle of depression of a 
ship is 77° 36' 11". Find the dis- 
tance of the ship from the summit 
of the mountain. 

Given B = 12° 24' 49", a = 1000 
feet ; required c. 

c = a sec B. 

log a = 3.00000 

log sec # = 0.01027 

log c = 3.01027 

c = 1028.9. 

Required distance, 1023.9 feet. 

3. A flagstaff 90 feet high, on a 
horizontal plane, casts a shadow of 
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117 feet. Find the altitude of the 
sun. 

Given a = 90 feet, 6 = 117 feet ; 
required A. 

* A a 

tan A = - • 
o 

log a = 1.96424 

colog6 = 7.93181 -10 

log tan A =9.88605 

A = 37° 34' 5". 

Altitude of sun, 37° 34' 5". 

4. When the moon is setting at 
any place, the angle at the moon 
subtended by the earth's radius 
passing through that place is 57' 3". 
If the earth's radius is 3956.2 miles 
what is the moon's distance from 
the earth's centre ? 

Let C represent the place, A the 
moon, and B the earth's centre. 
Then in the right triangle ABC, 
given A = 57' 3", a = 3956.2 miles ; 
required c. 

c = acsc.4. 

log a = 3.69728 

log esc 4 = 1.78004 

log c = 6.37732 

c = 238,410. 

Moon's distance, 238,410 miles. 

5. The angle at the earth's centre 
subtended by the sun's radius is 
16' 2 // , and the sun's distance is 
92,400,000 miles. Find the sun's 
diameter in miles. 

Let A represent the centre of the 
earth, B that of the sun, and C a 
point on the edge of the sun's disk. 
Then in the right triangle ABC, 



given A = 16' 2", c = 92,400,000 
miles; required 2a. 

a = c sin A. 

logc= 7.96667 

log sin 4 = 7.66874 

log a = 5.63441 

a = 430,930. 

2a = 861,860. 

Sun's diameter, 861,860 miles. 

6. The latitude of Cambridge, 
Mass., is 42° 22' 49". What is the 
length of the radius of that parallel • 
of latitude ? 




Let O be the centre of the earth, 
NS the axis, NA8 the meridian of 
Cambridge, A the position of Cam- 
bridge, and C the centre of its 
parallel of latitude. Then, in the 
right triangle OAC, given O = 90° 
- 42° 22' 49" = 47° 37' 11", OA = 
3956.2 miles; required AC. 

AC= AOsinO. 

log 40 = 3.69728 

log sin = 9.86846 

log40 = 3.46674 

40 = 2922.4. 

Radius of parallel of latitude, 
2922.4 miles. 
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7. At what latitude is the cir- 
cumference of the parallel of lati- 
tude half of that of the equator ? 

The radius of the parallel will be 
half of the radius of the earth. 

In the figure of Example 6, given 
AC = i AO ; required 90° - angle 
O, i.e., angle A. 

cos^ = — =i. 

.-. A = 60°. 

The required latitude is 60°. • 

8. In a circle with a radius of 
6.7 is inscribed a regular polygon 
of thirteen sides. Find the length 
of one of its sides. 




Let O be the centre of the circle, 
AB a side of the polygon, and C 
the middle point. Then in the 

860° 
right triangle OCB, given O = 

= 13° 50' 46", 05 = 6.7; required 
AB = 2 CB. 

CB = OB sin BOC. 
log OB = 0.82607 
log sin BOC= 9.37897 
log CB = 0.20504 
CB = 1.6034. 
AB = 3.2068. 
Length of a side of the polygon, 
3.2068. 



9. A regular heptagon one side 
of which is 5.73 is inscribed in a 
circle. Find the radius of the circle. 

In the figure of Example 8, given 

BC = i x 6.73 = 2.866 and angle 

360° 
BOC = 2^- = 25° 42' 61" ; required 

OB. U 

OB-BCcsc BOC. 

log BC = 0.45712 

log esc BOC = 0.36263 

log OB = 0.81976 

OB = 6.6031. 

Radius of circle, 6.6031. 

10. A tower 93.97 feet high is 
situated on the bank of a river. 
The angle of depression of an object 
on the opposite bank is 26° 12' 54". 
Find the breadth of the river. 

Given A = 90 - 25° 12' 64" = 
64° 47' 6", b = 93.97 ; required a. 
a = b tan A. 
log 6= 1.97299 
log tan 4 = 10.32708 
loga= 2.30007 
a = 199.56. 
Breadth of river, 199.66 feet. 

11. From a tower 68 feet high 
the angles of depression of two 
objects situated in the same hori- 
zontal line with the base of the 
tower, and on the same side, are 
30° 13' 18" and 45° 46 7 14". Find 
the distance between these two 
objects. 

(i) Given A = 90° - 80° 13' 18" 
= 69° 46' 42", b = 58 ; required a. 
a = btan^L. 



TEACHERS' EDITION. 



123 



log 6= 1.76343 
logtan-4 = 10.23469 
loga= 1.99812 
a = 99.668. 

(ii) Given A' = 90° - 46° 46' 14" 
= 44° 13' 46", b = 68 ; required a', 
a' = b tan A'. 
log 6 = 1.76343 
log tan A' - 9.98832 
log a' = 1.76176 
a' = 66.461. 
a -a 7 = 43.107. 
Distance between the objects, 
43.107 feet. 

12. Standing directly in front of 
Qne corner of a flat-roofed house 
which is 150 feet in length, I 
observe that the horizontal angle 
which the length subtends has for 
its cosine VJ, and that the vertical 
angle subtended by its height has 

Q 

for its sine What is the 

V5I 
height of the house ? 

Let a = distance of observer from 
house, 
b = height of house, 
B = horizontal angle subtended 

by length of house, 
& = vertical angle subtended 
by height of house. 
Then a = 160 cot B. 

b = a tan & 
= 160 cot B tan B'. 
But cos B = Vj ; 
hence sin B = Vl - £ 
__ 2 



. _ cos 2? , 
.*. cot B = = i. 



Also sin B' = 



. cos JF = - 



sin £ 
3 

V34 
6 

V34 
.-. tan B' = f . 
' Hence 6 = 160 x \ x \ =46. 

Height of house, 45 feet. 

13. A regular pyramid, with a 
square base, has a lateral edge 160 
feet long, and a side of its base is 
200 feet. Find the inclination of 
the face of the pyramid to the base. 

A 




Let A be the vertex of the pyra- 
mid, BCDE its base, O the centre 
of the base, and M the middle point 
of the side BC. Required the angle 
AMO. 

In the right triangle A OB, 
AB = 150, 
OB = i BD = 100 V2 
.:AO = ^/AB 2 -OB* 
= 60. 
In the right triangle A OM, 
AO 50 



tan O MA = 



= — = 0.6. 
100 



OM 

OMA = 26° 34'. 
Inclination of face of pyramid to 
base, 26° 34'. 
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14. From one edge of a ditch 
36 feet wide the angle of elevation 
of a wall on the opposite edge is 
62° 89' 10". Find the length of a 
ladder that will just reach from the 
point of observation to the top of 
the wall. 

Given b = 36, A = 62° SV 10" ; 
required c. 

c = baecA. 

log 6 = 1.55630 

log sec A = 0.33783 

log c = 1.89413 

c = 78.367. 

Length of ladder, 78.367 feet. 

15. The top of a flagstaff has 
been broken off and touches the 
ground at a distance of 15 feet from 
the foot of the staff. If the length 
of the broken part is 30 feet, find 
the length of the whole staff. 

Given c = 39, 6=15; required 

c + a. 

a = V(c + b) (c - b) 



= V(39+ 15)(39-15) 
= V54 x 24 

= V62 x 9 x 4 
= 36. 
c + a = 39 + 36 = 75. 
Whole length of flagstaff, 75 feet. 

16. From a balloon, which Is 
directly above one town, is observed 
the angle of depression of another 
town, 10° 14' 9". The towns being 
8 miles apart, find the height of the 
balloon. 

Given A = 90° - 10° 14' 9" = 
79° 45' 61", a = 8 ; required b. 
b = a cot A. 



log a = 0.90309 

log cot 4 = 9.25666 

log 6 = 0.15975 

b = 1.4446. 

Height of balloon, 1.4446 miles. 

17. From the top of a mountain 
3 miles high the angle of depression 
of the most distant object which 
is visible on the earth's surface is 
found to be 2° 13' 50". Fi::d the 
diameter of the earth. 




Let A 


be the top of the moun- 


tain, C the object observed, B the 


centre of 


the earth. Then given 


B = 90° - 


--4 = 2° 13 7 50", AD = 3 ; 


required a. 

BC = AB cos B. 




a = (a + 3) cos B. 


.-.a(l- 


- cos B) = 3 cos B. 




3 cos B 

a — 

1 — cos B 


By ri6- 


, _ 3 cos B 



2 sin 2 — 

A 

log} = 0.17609 
log cos B = 9.99967 

cologsin 2 - = 3.42154 
2 

loga = 3.59730 

a = 3956.4. 

2a = 7912.8. 

Diameter of earth, 7912.8 miles. 
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18. A ladder 40 feet long reaches 
a window 33 feet high on one side 
of a street. Being turned over upon 
its foot, it reaches another window 
21 feet high, on the opposite side of 
the street. Find the width of the 
street. 

Width of the one part of the street 
- V40* - 33* 
= VoTl 
= 22.606. 

Width of other part 

= V40 2 -21 :J 
= Vll59 
= 34.044. 
22.605 + 34.044 = 66.649. 

Total width of the street, 50.649 
feet. 

19. The height of a house sub- 
tends a right angle at a window on 
the other side of the street ; and the 
angle of elevation of the top of the 
house from the same point is 60°. 
The street is 30 feet wide. How 
high is the house? 

A 




Given C& = 30, ACC = 60°, 
BCC = 30°; required AB. 



Now 



CAB = 80°. 
.-. ^4C = 2x CC = 60. 

A AC 

cos A— — • 
AB 



,AB = 



AC _ _60_ 
cos 4 ~|V3 



= 40 V3 = 69.282. 
Height of house, 69.282 feet. 

20. A lighthouse 54 feet high is 
situated on a rock. The angle of 
elevation of the top of the light- 
house, as observed from a ship, is 
4° 62', and the angle of elevation of 
the top of the rock is 4° 2'. Find 
the height of the rock and its dis- 
tance from the ship. 

Let h = height of rock. 

a = distance of ship 
h + 54 tan 4° 52' 



Then 



54 

h '' 



h 



tan 4° 2' 
tan 4° 52' 



h tan 4° 2' 
tan 4° 52' - tan 4° 2' 



A = 54 



= 54 



= 54 



tan 4° 2' 
tan 4° 



tan 4° 62' - tan 4° 2' 
cos 4° 52' sin 4° 2' 
sin (i^sF^ 4° 2') 
cos4 52 / sin4 2 / 
sin60 / 



log 54 = 1.73239 

log cos 4° 62' = 9.99843 

log sin 4° 2' = 8.84718 

colog sin 60' = 1.83732 

log h = 2.41632 

h = 260.21. 
Also a = Acot4°2'. 
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log& = 2.41632 
log cot 4° 2' = 11.15174 
loga= 3.56706 
a = 3690.3. 
Height of rock, 260.21 feet; dis- 
tance of ship, 3690.3 feet. 

21. A man in a balloon observes 
the angle of depression of an object 
on the ground, bearing south, to be 
35° 30' ; the balloon drifts 2| miles 
east at the same height, when the 
angle of depression of the same 
object is 23° 14'. Find the height 
of the balloon. 

-A' 




Let A and A' be the first and 
second positions of the balloon, re- 
spectively, C and C the points on 
the ground directly under A and 
A', and B the object observed. * 
Then A = 54° 3(K, 

A' = 66° 46', 
CC = AA' = 2*. 
a — hX&nA, 
a! — h tan A', 
at-a?^ (2*) 2 . 
tftaiAi'- & 2 tanM = (2*) 2 . 
(2«* 



h* = 



h = 



tan 2 ^'-tan 2 ^ 
Vtan 2 -*'- tan 2 .4 



Buttan 2 .4'-tan 2 .4. 
= (tan A' + tan A) (tan A' - tan 4) 
_ sm(A' + A) tin (A' -A) 
cos A' cos A cos A' cos A 
_ sin (A' + 4) sin (A' - ^i) 
"" cos 2 A' cos 2 -4. 

Hence 

2^ cos A' cos ^1 



A = 



Vsin (A' + -4) sin (A' - A) 

log 2* = 0.39794 

log cos .4' = 9.69602 

log cos A = 9.76396 

colog Vsin {A? + ~A) = 0.08408 

colog Vsin (A' - .4) = 0.33636 

log /i = 0.12835 

h = 1.3438. 

Height of balloon, 1.3438 miles. 

22. A man standing south of a 
tower, on the same horizontal plane, 
observes its angle of elevation to be 
64° 16' ; he goes east 100 yards, and 
then finds its angle of elevation is 
60° 8'. Find the height of the tower. 




Let AC be the tower, B and B* 
the first and second positions of the 
observer. 

Then BR = 100. 

a' = b cot ABC. 
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a" = 6 cot ARC. 

a"* -- a* = a 2 . 
ft 2 (cot* ARC - cot* ABC) = lOO 2 . 
100 



o = - 



Vcot* 50° 8' - cot 2 64° 16' 
_ 100 Bin 64° 16' gin 50° 8 / 
Vsin 104° 24' sin 4° 8' 

log 100 = 2.00000 

log sin 64° 16' = 9.90942 

l og sin 50° 8' = 9.88610 

colog Vsin 104° 2? = 0.00693 

colog Vgin 4° 8' = 0.57110 

log b = 2.37266 

6 = 235.81. 

Height of tower, 236.81 yards. 

23. The angle of elevation of a 
tower at a place A south of it is 
30° ; and at a place B, west of A, 
and at a distance a from it, the 
angle of elevation is 18°. Show 
that the height of the tower is 
= » the tangent of 18° 



V2 + 2 V5 

lu, _V5-1 

being — , 

^V 10 + 2 Vd 
With the figure and notation of 
the last example, 

6 = 



But cot* 18°= 



Vcot?18 o --cot?30 o 
IO + 2V5 



6-2V5 

_ (10+2V6)( 6+2V5) 
I «* - (2 Vbf 

\ =5 + 2V5, 

and «**»» = & 

a 
Berne* 6 = 



24. A pole is fixed on the top of 
a mound, and the angles of eleva- 
tion of the top and bottom of the 
pole are 60° and 30°, respectively. 
Prove that the length of the pole is 
twice the height of the mound. 
Let I = length of pole, 

h = height of mound, 
and a = horizontal distance of 

observer. 
Then A = atan30°. 
A + J = ataneo°. 
fc+J_tan_60° 
h "~tan80° 

V5 

25. At a distance a from the foot 
of a tower, the angle of elevation A 
of the top of the tower is the com- 
plement of the angle of elevation of 
a flagstaff on top of it. Show that 
the length of the staff is 2 a cot 2 A. 

1a& h = height of tower, 

and I = length of staff. 

Then h = a tan A. 

h + l = aootA. 

/ = a(cot^l -tan .4) 

cot 2 A - 1 

= a 

cot A 

= 2acot2A. 



V2 + 2VS 



I 26. A line of true level is a line 
every point of which is equally dis- 
tant from the centre of the earth. 
A line drawn tang/eat to a line of 
true level at any point is a line of 
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apparent level. If at any point both 
these lines are drawn, and extended 
one mile, find the distance they are 
then apart 




Given CA = 1 mile, BC = radius 
of the earth = 3966.2 miles ; required 
AA' = AB- CB. 

The required distance is much too 
small to be obtained by the usual 
process of solution. It is most easily 
found as follows : 

A& = A&-BC 2 

=(AB-BC){AB+BC). 



.AB-BC= 



AC* 



AB+BC 
Now, as AB differs very little 
from BCy and both are very large 
in comparison with AC 2 , we may 
assume as a close approximation 
that AB = BC. Then 

AA' = AB-BC 
AC* 



2BC 
1 
= 7912.4 
6280 x 12 



miles 



inches. 



7912.4 
log 6280 = 3.72263 
log 12 = 1.07918 
colog 7912.4 = 6.10169-10 
log^4' = 0.90360 
AA' = 8.0076. 
The required distance is 8.0076 
inches. 



27. In Problem 1, page 90, determine the effect upon the computed 
height of the tower, of an error in either the angle of elevation or the 
measured distance. 

With the notation of Problem 1, suppose that the error in the angle is 
e\ and that in the measured distance is e%. Then the formulas 

a = b tan A, c = b sec A 

become a = (b + d) tan (A + ci), c = (b + e*) sec (A + Ci), 

and the error in the computed value of a is 
(6 + C2)tan(^ + ei)-6tan4 

= b {tan (A + e{) - tan A} + e* tan (4 + «i) 
__ b sin Ci 



cos (4 + Ci)cos4 

or, approximately, for small errors, 

6ci 



+ e* tan (A + ei), 



cos 2 A 
where e\ is measured in radians. 



+ estanul, 
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The error in c is 

b {sec (A + d) — sec A} + es sec (A + ei) 

= MCQS^ r C08(^ + Cl )} +||Mfl(i + ^ 



By [23], = : 



C08(-4 + Ci)C08^. 

2 6 sin (A + } d) sin (j d) 
cos(«4 + €i)cosA 
or, approximately, for small errors, 
be 1 sin A 



+ *sec(4 + ei), 



cos 2 A 



+ e* sec -4 = (&«i tan -4 + ej) sec -4. 



28. To determine the height of 
an inaccessible object situated on 
a horizontal plane, by observing its 
angles of elevation at two points 
in the same line with its base, and 
measuring the distance between 
these two points. 




-B S' 

Let AC be the object, B and & 
the two points of observation. Then 
given the angles & and ABC, and 
the side BR ; required A C. 
sin & 
sin HA& 
sin B* 



AB=BR 



nw 

%\n(ABC-&) 
AC = AB sin ABC 

- Rjr 8m Ra n ABC 
am(ABl^&)' 

29. The angle of elevation of an 
inaccessible tower situated on a 
horizontal plane is 63° 26'; at a 
point 500 feet farther from the base 
of the tower the angle of eleva- 
tion of its top is 32° 14'. Find the 
height of the tower. 



= 600 



From the solution of Example 28, 

a~ n* sin 32° 14' sin 63° 26' 

AC — 500 

sin (63° 26'- 32° 14') 

sin 32° 14' sin 63^26^ 

sin 31° 12' 

log 500 = 2.69897 

log sin 32° 14' = 9.72703 

log sin 63° 26' = 9.96164 

colog sin 31° 12' = 0.28565 

log^iC = 2.66319 

AC = 460.46. 
Height of the tower, 460.46 feet. 

30. A tower is situated on the 
bank of a river. From the oppo- 
site bank the angle of elevation of 
the tower is 60° 13', and from a 
point 40 feet more distant the angle 
of elevation is 60° 10'. Find the 
breadth of the river. 

In the figure for the solution of 
Example 28, 

CB = AB cos ABC 

sin & cos ABC 



= nir 

sin (ABC - W) 

Hence 

^x, , n sin50°19'cos60°13' 

Ci> = 40 • 

sin 9° 54' 
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log 40 = 1.60206 

log sin 60° 19 / = 9.88626 

logcos6Q° 13' = 9.69611 

colog sin 9° 64' = 0.76465 

log CB = 1.94908 

CB = 88.936. 

Breadth of river, 88.936 feet. 

31. A ship sailing north sees two 
lighthouses 8 miles apart, in a line 
due west ; after an hoar's sailing, 
one lighthouse bears S.W., and the 
other S. S. W. Find the ship's rate. 

In the figure for the solution of 
Example 28, let B and & be the 
lighthouses, C the original position 
of the ship, and A its final position. 
Then (M£=22°30 / and 04^=45°; 
hence ABC = 67° 30' and & = 45°. 
. _ Q sin45°sin67°30 / 
sin 22° 30 7 
= 8 sin 46° cot 22° 30'. 
log 8= 0.90309 
log sin 45°= 9.84949 
log cot 22° 30' = 10.38278 
log AC = 1.13636 
AC = 13.657. 
Ship's rate, 13.657 miles per hour. 

32. To determine the height of 
an accessible object situated on an 
inclined plane. 

A 




Let CBR be the inclined plane, 
AC the object, B and & two points 
of observation, AC' the perpendic- 



and CB = BBT 



ular from A on CBR% Then given 
CB, B&, and the angles ABC, R; 
required AC. 
From the solution of Example 28, 

AC = BR Bin R Sin ABC 
8m{ABC-R)' 

sin & cos ABC 

am(ABC-Bi 

Then C'C = CB - CB, 

and AC = ^T& 2 +CC*. 

33. At a distance of 40 feet from 
the foot of a tower on an inclined 
plane the tower subtends an angle 
of 41° 19 7 ; at a point 60 feet farther 
away the^ angle subtended by the 
tower is 23° 45'. Find the height 
of the tower. 

From the solution of Example 32, 
sin23 45 , sin41°19 / 



AC = 60- 



CB = 60 



sin 17° 34' 
sin 23° 45' cos 41° lO' 



sin 17° 34' 

log 60 = 1.77816 

log sin 23° 45' = 9.60503 

log sin 41° 19 7 = 9.81969 

colog sin 17° 34' = 0.52026 

log AC' = 1.72313 

AC = 52.860. 

log 60 = 1.77816 

log sin 23° 45' = 9.60503 

log cos 41° \V = 9.87568 

colog sin 17° 34' = 0.52026 

log C'B= 1.77912 

CB = 60.134. 

CC = 60.134 -40 

= 20.134. 

AC 



tmACC = 



C'C 
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AC = AC csc ACC. 
log AC = 1.72313 
colog CC = 8.69607 - 10 
log tan ^00' = 0.41920 

ACC = 69° 8' 55". 

log AC = 1.72313 

log csc ACC = 0.02941 

log 40=1.76264 

4(7 = 66.664. 

Height of tower, 66.664 feet. 

34. A tower makes an angle of 
113° 12' with the inclined plane on 
which it stands ; and at a distance 
of 89 feet from its base, measured 
down the plane, the angle subtended 
by the tower is 23° 27'. Find the 
height of the tower. 

. In the triangle ACB, given CB = 
89 feet, C = 113° 12', B = 23° 27' ; 
required AC 

A = 180° - (B + C) 

= 43*21'. 

sin B 

sin A 

log 89 = 1.94939 

log sin 23° 27' = 9.59983 

colog sin 43° 21' = 0.16339 

log AC = 1.71261 

AC = 61.696. 

Height of tower, 51. 595 feet. 

35. From the top of a house 42 
feet high the angle of elevation of 
the top of a pole is 14° 13' ; at the 
bottom of the house it is 23° 19'. 
Find the height of the pole. 

Let A be the top of the pole, B 
and R the top and bottom of the 
house, and C the foot of the per- 



4C= ap- 



pendicular from A on BR; re- 
quired B'C 

From the solutions of Examples 
28 and 30, 



CB=BR 



sin ARC cos ABC 



= 42 



sin (ABC- ARC) 
sin 66° 41' cos 76° 47' 



sin 9° 6' 
log 42 = 1.62326 
log sin 66° 41' = 9.96300 
log cos 76° 47' = 9.39021 
colog sin 9° 6' = 0.80091 
log CI* = 1.77737 
CB = 69.892. 
RC=CB+ BR 
= 59.892 + 42 
= 101.892. 
Height of pole, 101.892 feet. 

36. The sides of a triangle are 
17, 21, 28. Prove that the length 
of a line bisecting the greatest side 
and drawn from the opposite angle 
is 13. 

Let a = 28, 6 = 21, c = 17, . 
Then [26] 
17 2 = 28 2 + 212 - 2 x 28 x 21 cos c . 
to prove that 

13 2 = 14 2 + 21 2 - 2 x 14 x 21 cos C. 
Subtract the first equation from 
twice the second, 

2 x 13* - 17 2 = 2 x 14 2 - 28 2 + 21 2 
= 21 2 - 2 x 14 2 
= 7 2 (3 2 -2») = 7 2 . 
2 x 169 - 289 = 49, 
49 = 49. 

37. A privateer 10 miles S. W. of 
a harbor sees a ship sail from it in 
a direction S. 80° £. at a rate of 
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9 miles an hour. In what direction, 
and at what rate, must the privateer 
sail in order to come up with the 
ship in 1£ hours? 

Let A be the harbor, B the 
original position of the privateer, 
and C the point where the vessels 
are to meet. Then A = 126°, 6= 13$, 

a 
c = 10 ; required B and — • 

tan*(JB - C) = ^-£tani(I* + C) 

6 + c 

= —tan 27° 30' 
23.5 

= £ 7 tan 27° 30'. 

log 7 = 0.84510 

colog47 = 8.32790 -10 

log tan 27° 30' = 9.71648 

log tan i (B - C) = 8.88948 

i(JE*-C)= 4° 26'. 

£ - C = 8° 52'. 

J5 + C = 55°. 

.-. B = 31° 56'. 

.sin .4 



a = 6- 



= 13.5 



sini? 

sin 125° 



sin 31° 56' 

log 13.5 = 1.13033 

log sin 125° = 9.91336 

colog sin 31° 66' = 0.27660 

loga = 1.32029 

a = 20.907. 

— = 13.938. 

H 
Privateer's course, 31° 56' E. of 
N.B., or N. 76° 56' E.; rate 13.938 
miles per hour. 

38. A person goes 70 yards up a 
slope of 1 in 3$ from the edge of 



a river, and observes the angle 
of depression of an object on the 
opposite bank to be 2±°. Find 
the breadth of the river. 

Let A and B be the original and 
final positions of the observer, and 
C the object observed. Then given 
c = 70, C = 2i°, A = 180° - 

tan- 1 — ; required 6. 
3$ 

^i = 180 o -tan-iJ 
= 180° -tan-i 0.2857 
= 180° - 15° 56' 40" 
= 164° 3' 20". 

B = 180° - (A + C) 

= 13° 41' 40". 

sinJB 

6 = 0-^—-. 

smC 

log 70 = 1.84510 

log sin 13° 41' 40" = 9.37428 

colog sin 2° 15' = 1.40605 

log b = 2.62543 

- 6 = 422.11. 

Breadth of river, 422.11 yards. 

39. The length of a lake sub- 
tends, at a certain point, an angle 
of 46° 24', and the distances from 
this point to the two extremities of 
the lake are 346 and 290 feet. Find 
the length of the lake. 

Given A =46° 24', 6=346, c=290; 
required a. 

tan*(JB - O = £-=-? tani(5 + C) 
6 + c 

56 
= ^L tan 66° 48'. 
636 

log 56= 1.74819 

colog 636= 7.19654-10 

log tan 66° 48' = 10.36795 __ 

logtani(JB-C)= 9A 



TEACHERS EDITION. 



133 



*(£-C)= 11° 36' 33". 
B-C = 23° 13' 6". 
B + C = 138° 36'. 
,\B= 78° 24' 33". 

a = *^ = 346- 8in46 ° 24/ 



sin £ " sin 78° 24' 33" 

log 346 = 2.53908 

log sin 46° 24' = 9.85984 

colog sin 78° 24' 33" = 0.00895 

log a = 2.40787 

a = 255.78. 

Length of lake, 256.78 feet. 

40. Two ships are a mile apart. 
The angular distance of the first 
ship from a fort on shore, as ob- 
served from the second ship, is 
35° 14' 10"; the angular distance 
of the second ship from the fort, 
observed from the first ship, is 
42° 11' 53". Find the distance in 
feet from each ship to the fort. 

Given B = 36° 14' 10", C = 
42° 11' 53", a = 6280 ; required 6 
and c. 

A = 180 - (B + C) 
= 102° 33' 67". 
sing 
sin A 
log 5280 = 3.72263 
log sin 36° 14' 10" = 9.76114 
colog sin 102° 33' 57" = 0.01053 
log 6 = 3.49430 
6 = 3121.1. 

sin C 
c = o . • 
am A 

log 5280 = 3.72263 

log sin 42° 11' 53" = 9.82717 

colog sin 102° 33' 57" = 0.01053 

logc = 3.66033 



6 = a- 



c = 3633.6. 

Distance of first ship from fort, 
3121.1 feet; of second ship from 
fort, 3633.5 feet. 

41. Along the bank of a river is 
drawn a base line of 500 feet. The 
angular distance of one end of this 
line from an object on the opposite 
side of the river, as observed from 
the other end of the line, is 63° ; 
that of the second extremity from 
the same object, observed at the 
first, is 70° 12'. Find the breadth 
of the river. 

Given 5=53°, C=79°12', a=500;. 
required p, the perpendicular from 
A on a. 

A = 180° - (B + C) 
= 47° 48'. 
sin B 



6 = a = 



sin J. 



p = 6 sin C = a 



sin B sin C 



= 600 



sin .A 
sin53 °sin79°12 / 
sinl?^ 7 



log 500 = 2.69897 

log sin 53° = 9.90236 

log sin 79° 12' = 9.99224 

colog sin 47° 48' = 0.13030 

logp = 2.72386 

p = 529.49. 
Breadth of river, 029.49 feet. 

42. A vertical tower stands on a 
declivity inclined 15° to the horizon. 
A man ascends the declivity 80 feet 
from the base of the tower, and 
finds the angle then subtended by 
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the tower to be 30°. Find the 
height of the tower. 

Let A and B be the top and bot- 
tom of the tower, and C the position 
of observation. Then given a = 80, 
B = 75°, C = 30° ; required c. 
A = 180° -(B + C) = 76°. 

a sin C 

c = — — - 

sin A 

_ 80 sin 30° 

~~ sin 76° 

log 80 = 1.90309 

log sin 30° = 9.69897 

colog sin 75° = 0.01606 

logc= 1.61712 

e = 41.411. 
Height of tower, 41.411 feet. 

43. The angle subtended by a 
tower on an inclined plane is, at 
a certain point, 42° 17' ; 325 feet 
farther down, it is 21° 47'. The 
inclination of the plane is 8° 53'. 
Find the height of the tower. 

A 



AB = BB' 




= BW 



sin BAR 
sin & 



AC = 



sin(JB-^) 
^■Bsin-g 
sin C 



= BB* 



= 325 



sin B sin B* 
sin C sin (£-£') 
sin 42° 17' sin 21° 47' 
sin 98° 53' sin 20° 30' ' 



log 325 = 2.51188 

log sin 42° 17' =9.82788 

log sin 21° 47' = 9.56949 

colog sin 98° 53' = 0.00524 

colog sin 20° 30' = 0.45567 

log AC= 2.37016 

4C = 234.51. 

Height of tower, 234.61 feet. 

44. A cape bears north by east, 
as seen from a ship. The ship sails • 
northwest 30 mHes, and then the 
cape bears east. How far is it from 
the second point of observation ? 

Let A be the cape, B and C the 
first and second positions Gi the 
ship. Then given B = 56° 15', 
C = 45°, a = 30 ; required 6. 
A = 180° - (B + O) = 78° 45'. 
. flsin B _ 30sin 56° 15' 
~ sin J. ~ sin 78° 45' 
log 30 = 1.47712 
log sin 56° 15' = 9.91985 
colog sin 78° 45' = 0.00843 
log 6 = 1.40640 
b = 25.433. 
Distance of cape from second 
point of observation, 25.433 miles. 

45. Two observers, stationed on 
opposite sides of a cloud, observe 
its angles of elevation to be 44° 66' 
and 36° 4'. Their distance from 
each other is 700 feet. What is the 
height of the cloud ? 

Given A = 44° 66', B = 36° 4', 
c = 700 ; required the perpendiculai 
p from C on c. 

C = 180° - {A + B) = 99°. 

BUlB 

b = c— 
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p = b sin A = c 



sin B sin A 



= 700 



sin C 
sin 36° 4' sin 44° 56' 



sin 99° 

log 700 = 2.84610 

log sin 36° 4' = 9.76991 

log sin 44° 56' = 9.84898 

colog sin 99° = 0.00538 

logp = 2.46937" 

p = 294.69. 

Height of cloud, 294.69 feet. 

46. From a point B at the foot 
of a mountain, the angle of eleva- 
tion of the top A is 60°. After 
ascending the mountain one mile, 
at an inclination of 30° to the hori- 
zon, and reaching a point C, the 
angle ACB is found to he 135°. 
Find the height of the mountain in 
feet. 
A 




CD= CBbiuCBD 
= 6280 x i = 2640. 
CB sin CBA 

~~ sin CAB 
AE = AC sin EC A 

_ CB sin CBA sin EC A 
~~ sin CAB ~ 

_ 5280 sin 30° sin 75° 
" sin 15° 

_ 5280 xj cos 15° 

sin 16° 
= 2640 cot 16°. 



log 2640= 3.42160 

log cot 15° = 10.57195 

log AE= 3.99355 

AE = 9852.6. 
AF=AE+ CD 

= 12,492.6. 
Height of the mountain, 12,492.6 
feet. 

47. From a ship two rocks are 
seen in the same right line with the 
ship, hearing N. 15° E. After the 
ship has sailed northwest 5 miles, 
the first rock bears east, and the 
second northeast. Find the dis- 
tance between the rocks. 




Let A and B be the two rocks, 
C and (7 the first and second posi- 
tions of the ship. Then given 
C = 60°, CC'B = 46°, CCA = 90°, 
CC = 5 ; required AB. 

AC = CC sec C = 6 x 2 = 10. 



8inBC'C = 6 8in45° 
sinCJBC" sin 75° " 



BC = CC 



log6 = 0.( 

log sin 46° = 9.84949 

colog sin 75° = 0.01506 

log BC = 0.56352 

BC = 3.( 
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AB = AC-BC 
= 6.3397. 
Distance between rocks, 6.3397 
miles. 

48. From a window on a level 
with the bottom of a steeple the 
angle of elevation of the steeple is 
40°, and from a second window 18 
feet higher the angle of elevation 
is 37° 30'. Find the height of the 
steeple. 

Let A and B be the windows, 
and C the top of the steeple. Then 
given c = 18, A = 50°, B = 127° 30'; 
required height of steeple. 
h = b sin 40°. 

C = 180° - (A + B) = 2° 30'. 

b 



c 8inB = 18 sinl27 °30 / 
sin C~~ sin 2° 30' 



. 1Q sin 127° 30' sin 40° 

n = lo . 

sin 2° 30' 

log 18 = 1.25527 

log sin 127° 30' = 9.89947 

log sin 40° = 9.80807 

colog sin 2° 30 / = 1.36032 

logA = 2.32313 

h = 210.44. 

Height of steeple, 210.44 feet. 

49. To determine the distance 
between two inaccessible objects by 
observing angles at the extremities 
of a line of known length. 




Let A and B be the inaccessible 
objects, C and D the extremities of 
the given line. Then, given CD, 
ACD, BCD, ADC, and BDC; re- 
quired AB. 



AC= CD 



BC=CD 



sin A DC 

sin CAD ' 

sin BDC 



amCBD 
Then, in the triangle CAB, two 
sides and the included angle are 
known, and the third side can be 
computed as usual. 

50. Wishing to determine the 
distance between a church A and a 
tower B, on the opposite side of a 
river, I measure a line CD along the 
river (C being nearly opposite A), 
and observe the angles A CB, 58° 20 7 ; 
4 CD, 95° 20'; ADB, 63° 30'; BDC, 
98° 45'. CD is 600 feet. What is 
the distance required ? 

From the solution of Example 49, 
sin ADC 



AC= CD- 



= 600 



BC=CD 



= 600 



sin CAD 
sin 45° W 
sin 39° 25' " 
sin BDC 
sinCBD 
sin 98° 45 7 



su^ ^ 7 

log 600 = 2.77815 

log sin 45° 16' = 9.85137 

colog sin 39° 26 7 = 0.19726 

log^lC = 2.82678 

AC = 671.09. 

log 600 = 2.77815 

log sin 98° 45' = 9.99492 

colog sin 44° 15' = 0.15627 

log BC = 2.92934 
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BC = 849.84. 

tan i(CAB-CBA) 

RC —AC 

-ta.ni(CAB + CBA) 



BC + AC 
178.75 



tanGO ^ 



1520.93 

log 178. 75= 2.25224 
colog 1520.93 = 6.81789-10 
log tan 60° 50' == 10.25327 
log tani (CAB- CBA) 

= 9.32340 

I {CAB - CBA) = 11° 63' 28" 
i (CAB + CBA) = 60° 50 7 

CAB = 72° 43' 28" 



AB=BC 



sin A CB 



= 849.84 



sin CAB 

sin 58° 2(K 



sin 72° 43' 28" 

log 849.84 = 2.92934 

log sin 58° 20 / = 9.92999 

colog sin 72° 43' 28" = 0.02005 

log .4 2? = 2.87938 

AB = 757.50. 
Required distance, 757.50 feet. 

51. Wishing to find the height of 
a summit A, I measure a horizontal 
base line CD, 440 yards. At C, the 
angle of elevation of A is 37° 18', 
and the horizontal angle between D 
and the summit is 76° 18' ; at D the 
horizontal angle between C and the 
summit is 67° 14'. Find the height. 

Let A / be the point directly under 
A, in the same horizontal plane 
with CD. Then, in the triangle 
A'CD, 



A'C = CD 



sinD 
sin A' 



= 440 8in67°14' 

sin 36° 28' 

^i^^t'Ctan^CJ/ 

= 440^^^3:0^ 
sin 36° 28' 

log 440 = 2.64345 

log sin 67° 14' = 9.90477 

log tan 37° 18' = 9.88184 

colog sin 36° 28' = 0.22595 

log ^' = 2.71601 

AA' = 520.01. 

Height, 620.01 yards. 

52. A balloon is observed from 
two stations 3000 feet apart. At 
the first station the horizontal angle 
of the balloon and the other station 
is 76° 25', and the angle of elevation 
of the balloon is 18°. The horizon- 
tal angle of the first station and the 
balloon, measured at the second 
station, is 64° 30'. Find the height 
of the balloon. 

Let B be the first station, C the 
second, A the position of the balloon, 
and A' the point directly under A, 
in the same horizontal plane as BC. 
Then 

AA' = A'B tun A'BA 

_ sin A'CB 

= BC tan ABA 

sin BA'C 

= 3000 Sin64 ° 3Q/ tanl8° 
sin 40° 6' 

log 3000 = 3.47712 

log sin 64° 30' = 9.95549 

log tan 18° = 9.61178 

colog sin 40° 5' = 0.19118 

\ogAA' = 3.13557 

AA' = 1366.4. 

Height of balloon, 1366.4 feet 
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53. Two forces, one of 410 
pounds, and the other of 320 
pounds, make an angle of 61° 37'. 
Find the intensity and the direction 
of their resultant. 




Let AB and AD represent the 
forces, and AC their resultant. 
Then, in the triangle ABC, given 
c = 410, a = 320, B = 180° - 61° 37' 
= 128° 23' ; required b and A. 

Uui$(C-A) 

= i^tani(C + ,i) 

on 
= -^- tan 26° 48' 30". 

730 

log 90 = 1.96424 
log tan 26° 48' 30" = 9.68448 

colog 730 = 7.13668-10 
tani(C-^l) = 8.77640 
i(C-A)=: 3° 24' 43" 
i(C + 4) = 25°48'30" 
A = 22° 23' 47" 
sin B 



b = a- 



= 320 



sin A 

sin 128° 23' 



sin 22° 23' 47" 
log 320 = 2.60615 
log sin 128° 23' =9.89425 
colog sin 22° 23' 47" = 0.41906 
log b = 2.81846 
b = 668.36. 
Intensity of resultant, 658.36 
pounds ; angle between resultant 
and first force, 22° ^3' 47". 



54. An unknown force, combined 
with one of 128 pounds, produces a 
resultant of 200 pounds, and this 
resultant makes an angle of 18° 24' 
with the known force. Find the 
intensity and direction of the un- 
known force. 

In the figure for the solution of 
Example 63, given, in the triangle 
ABC, c = 128, A = 18° 24', b = 200 ; 
required a and B. 

b — c 
tan £ ( B - C) = tan £ ( B + C) 

72 
= — tan 80° 48'. 
328 

log 72= 1.86733 

log tan 80° 48' =10.79068 

colog 328 = 7.48413 - 10 

log tan * (B - C) = 10. 13204 

|(£-C)= 63° 34' 44" 

j(g+C)= 80° 48' 

B = 134° 22' 44" 

180° - B = 45° 37' 16". 

6 sin 4 „. sin 18° 24' 
d = — : — — = Z\j\) - 



sin 2* " sin 134° 22' 44" 

log 200 = 2.30103 
log sin 18° 24' = 9.49920 
colog sin 134° 22' 44" = 0.14586 
loga = 1.94609 
a = 88.326. 
Intensity of unknown force, 88. 326 
pounds ; angle between known and 
unknown forces, 45° 37' 16". 

55. At two stations, the height 
of a kite subtends the same angle A. 
The angle which the line joining 
one station and the kite subtends 
at the other station is B ; and the 
distance between the two stations 
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is a. Show that the height of the 
kite is i a sin A sec B. 

Let C be the position of the kite, 
D and E the stations, and C the 
point directly under C in the same 
horizontal plane with DE. 

Since the elevation of the kite is 
the same at D and E, the triangle 
CBE is isosceles, and 

CD = CE = laaecB. 
Also CC' = CDsmA 

= i a sin A sec 2?. 

56. Two towers on a horizontal 
plane are 120 feet apart. A person 
standing successively at their bases 
observes that the angle of elevation 
of one is double that of the other; 
but, when he is halfway between 
them, the angles of elevation are 
complementary. Prove that the 
heights of the towers are 90 and 
40 feet. 

Let A and B be the tops of the 
towers, A' and R their bases, and 
C the point halfway between them. 
Then the triangles AA'C and BRC 
are similar, and 





AA' 
RC 


_A'C 

~ br' 


AA 


'xBR 


= RCx A'C 
= 3600. 


Also 


A&A' 


= 2BA'R. 


.-. tan ARA' 


2 tan BA'R 
1 - tan 2 BA'R 




AA' 
120 


BR 
120 
. BR* 



1-- 



1202 



240 BR 

~ 120a -BR*' 

AA'(120*-BR*) = 120x240JB#'. 

5^(1202 - W) = 120 x 240 BR. 

120 s - BR 2 = 8 BR*. 
BR a = 4(P. 
BR = 40. 
AA' = 90. 

Heights of towers, 90 feet and 40 
feet. 

57. To find the distance of an 
inaccessible point C from either of 
two points A and B t having no 
instruments to measure angles. 
Prolong CA to a, and CB to 6, 
and join AB, Ab, and Ba. Measure 
AB y 600; aA, 100; aJB, 660; bB, 
100; and Ab, 660. Compute the 
distances AC and BC. 




In the triangle aAB, 
8 = i(500 + 100 + 660) = 680. 
x480 



tanicL4JB= mi 

\680x20 

log 96= 1.98227 
colog 29 = 8.63760-10 
2 ) 0.61987 
log tan i aAB = 10.26993 

iaAB= 61° 12' 20". 
aAB = 122° 24' 40". 
CAB= 67°36 , 20 // . 
In the triangle bAB, 
8 = i(600 + 650 + 100) = 676. 
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tanidJBLA 



-4 



75 x 475 



/ 676x26 
log 67= 1.75587 
colog 23 = 8.63827-10 
2 ) 0.39414 
logtanibBA = 10.19707 

ibBA= 57° 34' 30". 
bBA = 115° V. 
CBA = 64° 51'. 
In the triangle ABC, 

A = 57° 36' 20", 
B = 64° 51', 
C = 57° 33' 40". 
.sin^L 



BC = AB- 



= 600 



AC = AB 



= 500 



sin C 
sin 57° 35' 20" 
sin 57° 33' 40"' 
sinB 
sin C 
sin 64° 61' 



sin 57° 33' 40" 
log 500 = 2.69897 
log sin 67° 35' 20" = 9.92646 
colog sin 57° 33' 40" = 0.07368 
log BC = 2.69911 
BC = 600.16. 
log 600 =2.69897 
log sin 64° 51' = 9.95674 
colog sin 57° 33' 40" = 0.07368 
log^lC = 2.72939 
AC = 536.28. 
Distances of C from A and B, 
636.28 feet; 500.16 feet. 

58. Two inaccessible points A 
and B are visible from D, but no 
other point can be found whence 
both are visible. Take some point 
O *-*•—— a and j) can t, e 8een> 



and measure CD, 200 feet; ABC, 
89°; ACD, 50° W. Then take 
some point E whence D and B are 
visible, and measure DE, 200 feet ; 
BDE, 64° 30*; BED, 88° SC At 
D measure ADB, 72° 30'. Compute 
the distance AB. 




AD=CD 



= 200 



sin A CD 
sin CMD 
sin 60° 3(K 



sin40°30 / 

log 200 = 2.30103 

log sin 50° 30' = 9.88741 

colog sin 40° 30' = 0.18746 

log AD = 2.37690 

AD = 237.63. 

, sin BED 



BD = DE- 



= 200 



sin DBE 
sin 88° 3V 



sin 37° 

log 200 = 2.30103 

log sin 88° 30' = 9.99985 

colog sin 37° = 0.22054 

log BD = 2.52142 

BD = 332.22. 
Ultl\(DAB-DBA) 
BD-AD^ 



BD+AD 
94.59 



t&nt(DAB + DBA) 



669.86 



tan 63° 45'. 
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log 94.59= 1.97686 

colog 669.85= 7.24424 

log tan 63° 46' = 10.13476 

log tan* (DAB- DBA) = 9.36485 

i (DAB - DBA) = 12° 45' 21" 

i (DAB + DBA) = fi.y 45" 

DAB = 66° S(T 21" 
^ sin ADB 



AB = BD 



= 332.22 



Bin DAB 

sin 72° 3C 



sin W° 30' 21" 

log 332. 22 = 2.52142 

log sin 72° 30 / = 9.97942 

colog sin 06° SV 21" = 0.03758 

log AB = 2.53842 

AB = 345.48. 

Distance AB, 345.48 feet. 

59. To compute the horizontal 
distance between two inaccessible 
points A and B, when no point can 
be found whence both can be seen. 
Take two points C and D, distant 
200 yards, so that A can be seen 
from C, and B from D. From C 
measure CF, 200 yards to F, whence 
A can be seen ; and from D, meas- 
ure DE, 200 yards to E, whence B 
can be seen. Measure AFC, 83° ; 
ACD, 53°30 / ; ACF, 54°31'; BDJE, 
54° SV ; BDC, 166° 26' ; DEB, 
88° 30 7 . 




AC=CF 



sin AFC 
OjolCAF 



= 200 



sin 83° 



sin 42° 29 / 

log 200 = 2.30103 

log sin 83° = 9.99675 

colog sin 42° 29/ = 0.17045 

log 40 = 2.46823 

AC = 298.92. 

sin Z)#E 

= 200?!^?!^. 
sin 37° 

log 200 = 2.30103 

log sin 88° 30' = 9.99985 

colog sin 37° = 0.22054 

log BD = 2.52142 

BD = 332.22. 

t&nj t (ADC-CAD) 
AC — CT) 

= AC + CD t * ni{AI)C + CAD) 



93.92 



tan 63° 15'. 



493.92 

log 98. 92= 1.97276 
colog 493. 92= 7.30684-10 
log tan 63° lu' = 10.29753 

logtani(ADC- CAD) 

= 9.67663. 

i(ADC - CAD) = 20° 40' 8" 
$(ADC + CAD) = 63° 15' 



AD = AC 



ADC = 83° 56' 8" 
sin A CD 



= 293.92 



sin ADC 

sin 63° 30' 



sin 83° 65' 8" 



log 293.92 = 2.46823 

log sin 63° 3(r = 9.90518 

cologsin 83° 66' 8" = 0.00245 

log 42) = 2.37686 

42) = 287.61. 
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-tan 63° 45' 4" 



BDA = BDC - ADC 

= 156° 25' - 83° 55' 8" 
= 72° 29' 62". 
tan T (2XdLB-2)£.d) 

= BD - AD tau i (D4 B + JMfci ) 
JBD + 4D 

_ 94.61 
" 669.83 

log 94.61= 1.97594 
colog 569.83 = 7.24426 - 10 
log tan 53° 45' 4" = 10.13478 
logtani(D^^-DB^) 

= 9.35498 

i (DAB - DBA) = 12° 45' 35" 

I (DAB + DBA) = 53°45 / 4" 

DAB - 66° 30' 39" 

x sin ADB 



AB = BD 



= 332.22 



sin BAD 

sin 72° 29 / 52" 



sin 66° 3(K 39" 

log 332.22 = 2.52142 

log sin 72° 29' 52" = 9.97941 

cologsin 66° 30' 39" = 0.03757 

log 45 = 2.53840 

AB = 345.46. 

Distance AB, 345.46 yards. 

60. A column in the north tem- 
perate zone is east-southeast of an 
observer, and at noon the extremity 
of its shadow is northeast of him. 
The shadow is 80 feet in length, and 
the elevation of the column, at the 
observer's station, is 45°. Find the 
height of the column. 

Let A be the observer's position, 
B the extremity of the shadow, and 
C the base of the column. Then 
given A = 67° 30 / , C = 67° 30', 
a = 80 ; required b. 



b = a 



= 80 



sin B 
sin A 
sin 45° 



sin67°30 / 
log 80 = 1.90309 
log sin 45° = 9.84949 
colog sin 67° 3(K = 0.03438 
log b =1.78696 
b = 61.23. 
Let & be the top of the col- 
umn. Then A ARC is isosceles 
since A = & = 45°. 

Therefore, the height of the 
column is 61.23 feet. 

61. From the top of a hill the 
angles of depression of two objects 
situated in the horizontal plane of 
the base of the hill are 46° and 30°; 
and the horizontal angle between 
the two objects is 30°. Show that 
the height of the hill is equal to the 
distance between the objects. 

Let A be the top of the hill, A' 
the point directly under A in the 
horizontal plane of the base of the 
hill, B and C the objects observed. 
Then 

A'B = A' A. 

A'C = A' A tan 60° = VsA'A. 
BC 2 = AT& + A^C 2 

-2 A'B x A'C cos BA'C 
= A 7 A 2 + SA 7 A 2 

-2A'AxVSA'AxlV3 
= WT -f SA^A 2 - SA 7 ! 2 

= Z^. 

BC = A' A. 

62. Wishing to know the breadth 
of a river from A to JB, I take AC % 
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100 yards in the prolongation of 
BA., and then take CD, 200 yards 
at right angles to AC. The angle 
BJDJL is 37° 18' 30". Find AB. 




log sin A =9.98897 
colog sin C = 0.36263 



.„ AC 100 1 

tan ADC = = — = - . 

CD 200 2 

log tan ADC = 9.69897. 

ADC = 26° 33' 54". 

JBDC = ADB + ADC 

= 63° 62' 24". 

BC = CD tan 5DC 

= 200 tan 63° 62' 24". 

log 200= 2.30103 

log tan 63° 52' 24" = 10.30939 

log BC- 2.61042 

BC = 407.77. 

^B=£C-.4C 

= 307.77. 

AB = 307.77 yards. 

63. The sum of the sides of a 
triangle is 100. The angle at A is 
doable that at B, and the angle at 
B is double that at C. Determine 
the sides. 

B = 2 C. 
A = 2B = 4C. 
A + B+C=7C= 180°. 

.-. C = 25° 42' 51f". 
B= 51°25'42f". 
A = 102° 51' 26$' '. 
a ^ din A 
c ~sin C 



log? = 0.36160 


a 

- = 2.247. 

c 


a = 2.247 c. 


b smB 


c sin C 


log sin 5 = 9.89311 


cologsinC = 0.36263 


log- = 0.26674 
c 


6 

- = 1.802. 

c 


b= 1.802 c. 


a + 6 4- c = (2.247 + 1.802 + l)c 
= 6.049 c. 


100 
/. c = -— - = 19.806 
6.049 


a = 2.247c= 44.604 


b = 1.802 c = 35.690 



a + b + c = 100.000 
The sides are 19.8, 35.7, 44.6. 

64. If sin 2 A + 6 cos* A = 3, 
find A. 

sin 2 4+5 cos 2 A =3. 

sin 2 4 + 5 -6sin 2 A = 3. 

4 sin 2 A =2. 

sin 2 4 = |. 

sin A = ± V|. 

.-. A = ± 46°, ± 136°. 

65. If sin 2 A = m cos -4 — n, 
find cos -A. 

sin 2 -4 = m cos 4 — n . 
1 — cos 2 ^t = m cos -4 — n. 
cos 2 4. -I- m cos A = n + 1. 
4cos 2 A + () + m 2 = m 2 + 4(n + 1). 



144 



PLANE TRIGONOMETRY. 



2 cos i + m 



-±Vm a + 4(n+ 1). 



.-. cob A 



= i[-m±Vro 2 + 4(n+l)]. 

66. Given sin -4. = m sin B, and 
tan A = n tan £ ; find sin A and 

cos£. 

tan A = n tan B. 

sin -4 __ sin B 

cos -4 cosl? 

m sin B n sin £ 



C08.4 



cos B 
m 



cos -4 = — cos B. 
n 

cob 2 A = — cos 2 B. 
n 2 

sin 2 A = ro 2 sin 2 £. 
1 = — cos 2 £ + m 2 sin 2 I*. 



m 2 



cos 2 B + m 2 (l - cos 2 B) = 1. 



cos 2 £ = 



1 -ro 2 (1 -m 2 )n 2 
w 2 ~(l-n 2 )m 2 ' 



cos B 



n 2 

n f l - m 2 
""w \l-n 2 ' 



cos 2 .4 = — cos 2 B = • 

n 2 1 - n 2 



sin 2 4 = l - 



1 - m 2 ro 2 - n 2 



1-n 2 



1-n 2 



. . ^ /m 2 - n 2 

sin 4. = \/ • 

* 1-n 2 



67. If tan 2 A + 4 sin 2 A = 6, 

find 4. 

tan 2 -4 + 4sin 2 4 = 6. 

sin 2 .4. , . . „ . D 

h 4 sm 3 i = 6. 

l-sin 2 4 

sin 2 A + 4 sin 2 .4 - 4 sin* A 

= 6-6sin 2 -4. 



4 sin* 4 - 11 sin 2 4. + 6 = 0. 
(4 sin 2 .4 - 3) (sin 2 A - 2)= 0. 

sin 2 .4. = } or 2. 
sin4=±±V3. 
..A =±60°, ±120°. 

68. If sin A = sin 2 A, find A. 
sin A = sin 2 A = 2 sin A cos -4. 

.-. sin .4(1—2 cos .4) = 0. 

.-. sin .4=0, 

or 1 — 2 cos A = 0. 

.*. cos .4 = £. 

4 = 0°, 180°, ± 60°. 

69. If tan 24 = 3tan4, find 4. 
tan24 = Stan .4. 

2 tan4 



■ = 3tan-4. 



1 -tan 2 A 

2 tan4 = Standi -3tan»4. 

3 tan* 4 - tan A = 0. 

tan4(3tan 2 4 - 1) = 0. 

tan .4 = 0, 

or 3 tan 2 4-1 = 0. 

.-. tan A = ± \- Vs. 
A = 0°, 180°, 30°, 160°, 210°, 330°. 

70. Prove that tan 50° + cot 60° 
= 2 sec 10°. 

tan 60° + cot60° = tan 50° + 

tan60° 

_ tan 2 50° + 1 

~ tan 60° 

__ sec 2 50° 

~ tan 60° 

1 



sin 60° cos 60° 

2 
2 sin 60° cos 60° 



sin 100° 
_ 2 
"cos 10° 
= 2 sec 10°. 
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71. Given a regular polygon of 
n sides, and calling one of them a, 
find expressions for the radii of the 
inscribed and the circumscribed cir- 
cles in terms of n and a. 

If P, IT, D are the sides of a regu- 
lar inscribed pentagon, hexagon, 
and decagon, prove P 2 = H 2 -f- D 2 . 

(i) Angle subtended by each side 

360° 

a at the centre of the circle is 

n 

Hence, if R is the radius of the 
circumscribed circle, and r that of 
the inscribed circle, 



R 

— = tan 

r 



. R = - C8C 

2 

a * 
r = -cot 

it 



180° 

i » 

n 

180° 

n 

180° 



n 
180° 



(ii) Let R = 1 ; then 
P = 2sin 86°. 
J5r = 2sin30°=l. 
D = 2sinl8°. 
To prove P 2 = IT* + 2*, 
or 4 sin* 36° = 1 + 4 sin 2 18°. 

Now sin 36° = cos 64°, 
or sin (2 x 18°) = cos (3 x 18°). 

By [12] and Prob. 19, Ex. XIV, 
2sinl8 cosl8 =4cos 8 18 -3cosl8 . 
2 sin 18° = 4 cos 2 18° - 3 

= 4-4sin 2 18°-8 

= l-4sin 2 18°. 

.-. 4sin 2 18°=l -2sinl8° 

= l-2cos72°. 

1 + 4 sinM8° = 2 - 2 cos 72° 

= 2(1 -cos 72°) 
By [16], =4 sin 2 36°. 



72. Obtain the formula for the 
area of a triangle, given two sides 
6, c and the included angle A. 

Let p be the length of the perpen- 
dicular from B on b. Then 
F=ipb. 
But p = csmA. 

.-. F = i c sin ^ x 6 
= ifcsin.4. 

73. Obtain the formula for the 

area of a triangle, given two ai.gles 

A, B, and the included side c. 

sin .4 
a = c- 



6 = c : 



sinC 

'sinC* 

P = T a&sinC 

, „ sin .4 sin B 

= ic 2 ; — - — 

sin C 

. « sin .4 sin B 

* sin (4 + 3) 

74. Obtain the formula for the 
area of a triangle, given the three 
sides. 

F=lac sin B. 

By [12], 

sin B = 2 sin £ B cos T B. 

By [28], 

• i -d /(a - a) (8 - c) 

sin £ B = iP — • 

Y \ ac 



By [29], 



cos T B 



ac 



.-. sin B = — V«(s-a)(s-6)(8-c). 
a c __ 

.-. P= Vs(«-a)(8-6)(s-c). 

75. If a is the side of an equilateral 

triangle, show that its area is — — . 
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= i a 2 sin 60° 
= ia 2 x*V3 
a 2 V5 



v 76. Two consecutive sides of a 
rectangle are 52.25 chains and 38.24 
chains. Find the area. 
Area = 52.25 x 38.24. 
log 52. 25 = 1.71809 
log 38.24 = 1.58252 
log area = 3.30061 
Area = 1998. 
1998 sq. ch. = 199 A. 8 sq. ch. 

77. Two sides of a parallelogram 
are 59.8 chains and 37.05 chains, 
and the included angle is 72° 10'. 
Find the area. 

Area = 59.8 x 37.05 sin 72° 10'. * 

log 59.8 = 1.77670 

log 37.05 = 1.56879 

log sin 72° 10' = 9.97861 

log area = 3.32410 

Area = 2109.1. 
2109.1 sq. ch. = 210 A. 9.1 sq. ch. 

78. Two sides of a parallelogram 
are 15.36 chains and 11.46 chains, 
and the included angle is 47° 30'. 
Find the area. 

Area = 15.36 x 11.46 sin 47° 30'. 

log 15.36 = 1.18639 

log 11.46 = 1.06918 

log sin 47° 30' = 9.86763 

log area = 2.11320 

Area = 129.78. 

129.78 sq. ch. = 12 A. 9.78 sq. ch. 



79. Two sides of a triangle are 
12.38 chains and 6.78 chains, and 
the included angle is 46° 24'. Find 
the area. 

Area = i x 12.38 x 6.78 sin 46° 24'. 

log 6. 19 = 0.79169 

log 6. 78 = 0.83123 

log sin 46° 24' = 9.85984 

log area = 1.48276 

Area = 30.392. 
30.392 sq. ch. = 3 A. 0.392 sq. ch. 



80. Two sides 
18.37 chains and 
they form a right 
area. 

Area = 

colog 2 = 

log 18.37 = 

log 13.44 = 

log area = 

Area = 
123.45 sq. ch. = 



of a triangle are 
13.44 chains, and 
angle. Find the 

|x 18.37x13.44. 

9.69897 - 10 
1.26411 
1.12840 
2.39251 

123.45. 

12 A. 3.45 sq. ch. 



81. Two angles of a triangle are 
76° 54' and 57° 33' 12", and the in- 
cluded side is 9 chains. Find the 
area. 

From [34], 

_ 9 2 sin 76° 54' sin 57° 33'12" 

rCa "" 2 sin 134° 27' 12" 

log 81 = 1.90849 

log sin 76° 54' = 9.98855 

• log sin 67° 33' 12" = 9.92629 

colog 2 = 9.69897-10 
colog sin 134° 27' 12" = 0.14641 
log area = 1.66871 

Area = 46.634. 
46.634 sq. ch. = 4 A. 6.634 sq. ch. 
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82. Two sides of a triangle are 
19. 74 chains and 17.34 chains. The 
first bears N. 82° 3C W. ; the second, 
S. 24° 16' E. Find the area. 

Included angle = 121° 46'. 
Area = J x 19.74 x 17.34 sin 121° 45'. 
colog2 = 9.69897 -10 
log 19. 74 = 1.29635 
log 17.34 = 1.28906 
log sin 121° 45' = 9.92900 
log area = 2.16297 
Area = 145.64. 
145.54 sq. ch. = 14 A. 6.64 sq. ch. 

83. The three sides of a triangle 
are 49 chains, 50.25 chains, and 
25.69 chains. Find the area. 



Area = V«(« — a )(8 — b) (* — c). 
s = i(49 + 50.25 + 25.69) 
= 62.47. 

s - a = 13.47. 
8 - b = 12.22. 
8 - c = 36.78. 
log 62.47 = 1.79567 
log 13.47 = 1.12937 
log 12.22 = 1.08707 
log 36. 78 = 1.56661 
2 )5.57772 
log area = 2.78886 
Area = 614.97. 
614.97 sq. ch. = 61 A. 4.97 sq. ch. 

84. The three sides of a triangle 
are 10.64 chains, 12.28 chains, and 
9 chains. Find the area. 
8 = 1(10.64 + 12.28 + 9) 
= 16.96. 

s~a = 6.32. 
* - b = 3.68. 
8 - c = 6.96. 



log 15.96 = 1.2 

log 6.32 = 0.72591 

log 3.68 = 0.66686 

log 6.96 = 0.84261 

2 )3.33740 

log area = 1.66870 

Area = 46.633. 

46.633 sq. ch. = 4 A. 6.638 sq. ch. 

85. The sides of a triangular field, 

of which the area is 14 acres, are in 

the ratio of 3, 5, 7. Find the sides. 

Let the sides, measured in chains, 

be 3 x, 6 x, 7 x. 

14 A. =140 sq. ch. 
Then «= |(3x + 6x + 7x) 

= 7.5x. 
8 — a = 4.5 x. 
8-^b =2.5x. 
a — c=0.6x. 
140=V7.5x x 4.6xx 2.5x x Q.5x 



* 2 . 



= - Vl6 x 9 x 6 
4 



15 x 2 



V3. 



4 x 140 112 



16 V3 3 V3 
log 112 = 2.04922 
colog 3 VS = 9.28432 - 10 
2 )1.33354 
logx = 0.66677 
x = 4.6427. 
3x = 13.9281. 
6x = 28.2135. 
7x = 32.4989. 
Sides are 13.93 chains, 23.21 
chains, 32.50 chains. 

86. In the quadrilateral ABCD 
we have AB, 17.22 chains ; AD, 
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7.46 chains; CD, 14.10 chains ; BC, 
6.26 chains ; and the diagonal AC, 
15.04 chains. Find the area. 
In the triangle ABC, 
8 = I (17.22 + 6.26 + 16.04) 
= 18.766. 

s-a= 1.686. 
s - b = 18.606. 
s - c = 3.716. 

log 18.755 = 1.27312 
log 1.535 = 0.18611 
log 13.506 =1.18049 
log 8.715 = .56096 
2 J8. 15968 
log area = 1.57984 

Area = 88.005. 
. In the triangle A CD, 

8 = i(15.04 + 14.10 + 7.45) 
= 18.296. 

8-a= 3.266. 
*-& = 4.196. 
8-c= 10.845. 
log 18.296 =1.26233 
log 3.256 = 0.51255 
log 4.195 = 0.62273 
log 10.846 = 1.08623 
2 )3.43284 
log area = 1.71642 
Area = 62.060. 
Area ABC =88.005 
Area A CD = 52.060 
Area ABCD = 90.066 
90.056 sq. ch. = 9 A. 0.055 sq. ch. 

87. The diagonals of a quadri- 
lateral are a and 6, and they inter- 
sect at an angle D. Show that the 
area of the quadrilateral is %ab sin D. 

Let the parts into which the diago- 
nals are divided by their intersec- 



tion be a h a*, and &i, b 2 , so that 
a = GL\ + a* and 6 = b\ + b* Then 
the areas of the four triangles into 
which the diagonals divide the quad- 
rilateral are 

\ a\b\ sin D, \ aj&i sin D, 
i aib% sin D, £ o^ sin 2>. 
The area of the quadrilateral is 
therefore 

iM&i + WsinD + iM^ + OaJsinD 
= i(ai + 02)(&i + 6a)sinD 
= i ad sin D. 

88. The diagonals of a quadri- 
lateral are 34 and 56, intersecting 
at an angle of 67°. Find the area. 

Area = frx84x66xsin 67°. 

log 17 = 1.23045 

log 56 = 1.74819 

log sin 67° = 9.96403 

log area = 2.94267 

Area = 876.84. 

89. The diagonals of a quadri- 
lateral are 75 and 49, intersecting 
at an angle of 42°. Find the area. 

colog 2 = 9.69897 -10 

log 76 = 1.87506 

log 49= 1.69020 

log sin 42° = 9.82551 

log area = 3.08974 

Area = 1229.5. 

90. Show that the area of a regu- 
lar polygon of n sides, of which one 

. no* 180° 

is a, is — cot 

4 n 

Lines joining the vertices to the 

centre divide the polygon into n 

equal isosceles triangles, the bases 

of which are a, and the vertical 



TEACHERS 7 EDITION. 



149 



. 860° 

angles . 

n 

triangle is 



The altitude of each 



. a 180° 
h = - cot : 



and the area of each is 

. . a* ^180° 

J. ah = — cot 

4 n 

Hence, the area of the polygon is 

no* A 180° 

cot . 

4 n 

91. One side of a regular penta- 
gon is 25. Find the area. 

6 x 25* A 180° 

Area = cot 

4 5 

= 781.26 cot 36°. 

log 781.25= 2.89279 

log cot 36°= 10.13874 

log area = 3.03153 

Area = 1075.8. 

92. One side of a regular hexagon 
is 32. Find the area. 

6 x 82* , 180° 

Area = — - — cot 

4 6 

= 1536 cot 30°. 

log 1686= 8.18639 

log cot 30°= 10.23856 

log area = 3.42495 

Area = 2660.4. 

93. One side of a regular decagon 
is 46. Find the area. 

10 x 46* 180° 

Area = — cot 

4 10 

= 5290 cot 18°. 

log 6290= 3.72846 

log cot 18° = 10.48822 

log area = 4.21168 

Area = 16,281. 



94. Find the area of a circle 
whose circumference is 74 feet. 
2 itr = 74. 
37 



Area = itr 2 = 



37* 



log 37 2 = 8.13640 
colog % = 9.50285 - 10 
log area = 2.63925 

Area = 435.76. 

Area = 435.76 sq. ft. 

95. Find the area of a circle 
whose radius is 125 feet. 

Area = * x 125 s . 
log 125* = 4.19382 

log n = 0.49715 
log area = 4.69097 

Area = 49,088. 

Area = 49,088 sq. ft. 

96. In a circle with a diameter 
of 125 feet find the area of a sector 
with an arc of 22°. 

Area of sector : area of circle 
= 22 : 360. 

.-. area of sector = -f^ n ^f*)* 

11 x 125* 

= n. 

720 

log 11 = 1.04189 

log 125* = 4.19382 

colog 720 = 7.14267 -10 

log 7t = 0.49715 

log area = 2.87603 

Area = 749.95. 

Area = 749.95 sq. ft. 

97. In a circle with a radius of 
44 feet find the area of sector with 
an arc of 25°. 
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Area = jfr ar44* 
^ 1210* 
9 

log 1210 = 3.08279 
log n = 0.49715 
colog 9 = 9.04576 - 10 
log area = 2.62570 

Area = 422.38. 
Area = 422.38 sq, ft. 

98. In a circle with a diameter of 
50 feet find the area of a segment 
with an arc of 280°. 

Area of segment = area of sector 
with same arc + area of triangle 
with two sides equal to radius, and 
included angle of 80°. 
Area of sector = f \ $ it 25 s 
_ 4375ar 
~ 9 




log 4375 
log n 
colog 9 
log area = 3.18389 



3.64098 
0.49715 
9.04576 - 10 



Area of sector : 
Area of triangle = 



: 1527.2. 
i x25 2 sin80° 
812. 5 sin 80°. 



log 312. 6 = 2.49485 

log sin 80° = 9.99335 

log area = 2.48820 



Area of triangle : 
Area of segment : 



307.76. 
; 1834.95 sq. ft. 



99. Find the area of a segment 
(less than a semicircle) of which the 
chord is 20, and the distance of the 
chord from the middle point of 
the smaller arc is 2. 



tan AED = - 1 / = 5. 
log tan AED = 10.69897. 
AED = 78° 41' 24". 
ACD = 180° - 2 AED 
= 22° 37' 12". 
AC = AD esc ACD 
= 10csc22°37'12". 

log 10 = 1.00000 

logcsc22°37 / 12" = 0.41497 

log^lC= 1.41497 

^10 = 26. 
ACB = 45° 14 r 24" 
= 45.24°. 
Area of sector CAB 

ACB 



360° 
45.24 



nAV 



TtW> 



log 377 

log* 

log 262 

colog 3000 

log area = 2.42631 



360 

= ^%*26». 

= 2.57634 
= 0.49715 
= 2.82994 
= 6.52288-10 



Area of sector : 
Area of triangle i 



= 266.88. 
CAB 
= ADxCD 
= 10(26-2) 
= 240. 
Area of segment = 26.88. 



teachers' edition. 



151 



100. If r is the radius of a circle, 

the area of a regular circumscribed 

180° 

polygon of n sides is nr* tan 

n 

The area of a regular inscribed 

polygon is - r 2 sin • 

2 n 

Lines drawn from the vertices to 

the centre divide the polygon into 

n equal isosceles triangles, the bases 

of which are the sides of the poly- 

360° 

gon and the vertical angles 

n 

In the circumscribed polygon, 

180° 

each side = 2 r tan , and the 

n 

altitude of each triangle is r. 
Hence, the area of each triangle is 



r 2 tan 



180° 



and the area of the 
180° 



polygon nt 2 tan 
In the inscribed polygon, each 



side = 2rsin 



180° 



, and the altitude 



of each triangle is r cos 



180° 



Hence, 



the area of each triangle is 

. . 180° 180° r 2 . 360° 

r^ sin cos = — sin 1 

n n 2 n 

and the area of the polygon is 

nr* . 360° 

— - sin . 

2 n 

101. If a is a side of a regular 

polygon of n sides, the area of the 

ita? 180° 

inscribed circle is — cot 2 

4 n 

The area of the circumscribed 

circle is — esc 2 — . 
4 n 

If r is the radius of the inscribed 



circle, 



a = 2rtan 



180° 



a 180° 

.-. r = - cot 

2 n 

. no? A _ 180° 

XT* = COt 2 

4 n 

If B is the radius of the circum- 
scribed circle, 

oi> , 180° 

a = 2Bsin 

n 

j, a 180° 

.\ 2« = - esc 

2 n 

~ *a 2 180° 

jrR 2 = — esc 2 

4 n 

102. The area of a regular poly- 
gon inscribed in a circle is to that 
of the circumscribed regular* polygon 
of the same number of sides as 3 to 4. 
Find the number of sides. 

-r^sin :nr* tan = 3:4. 



o * • 860 ^ o ** 180° 

2 nr* sin = 3 nr* tan 

n n 

. 360° 0+ 180° 

2 sin = 3 tan 

n n 



A . 180° 180° _ 

4 sin cos = 3 

n n 



sin 



180° 



180° 
cos 

4 cos 2 = 3. 

n 

180 ° , /s 
cos = i v3. 



180° 



= 30°. 
= 6. 



103. The area of a regular poly- 
gon inscribed in a circle is the geo- 
metric mean between the areas of 
an inscribed and a circumscribed 
regular polygon of half the number 
of sides. 
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log 207 = 2.81697 

log cot 64° 41' 16" = 9.67488 

logdiff. lat. = 1.99080 

Diff. lat. = 97.904' 

= 1°37' 64". 
13° 17' - 1° 37' 64" = 11° 39' 6". 

Distance, 228.98 miles; latitude 
reached, 11° 39' 6" S. 

112. A ship sails on a course 
between S. and E. 244 miles, leav- 
ing latitude 2° 62' S., and reaching 
latitude 5° 8' S. Find the course 
and the departure. 

Diff. lat. = 2° 16' = 186 miles. 
Dist. = 244 miles. 
186 



cos course = - 



244 



Depart. = V244* - 186 2 
= V(244 + 136) (244 - 136) 
= V380x 108. 

log 136 = 2.13364 
colog 244 = 7.61261 - 10 
log cos course = 9. 74616 

Course = 66° 7' 32". 
log 880 = 2.57978 
log 108 = 2.03342 
2 )4.61320 
log depart. = 2.30660 
Depart. = 202.68. 
Course, S. 66° 7' 32" E. ; depart 
ure, 202.68 miles. 

113. A ship sails from latitude 
32° 18' N., on a course between N. 
and W. , a distance of 344 miles, and 
a departure of 103 miles. Find the 
course, and the latitude reached. 
Dist. = 344 miles. 
Depart. =103 miles. 



103 

sin course = 

344 



Diff. lat. = V344 2 -10# 
= V(344 + 103 ) (344 - 103) 
= V447 x 241. 

log 103 = 2.01284 
colog 844 = 7.46344-1 
log sin course = 9.47628 

Course = 17° 25' 22". 

log 447 = 2.66031 

log 241 = .2.38202 

2 )6.08233 

logdiff. lat. =2.51616 

Diff. lat. = 328.22' 

= 5° 28' 13". 
32° 18' + 5° 28' 13" = 37° 46' 13". 

Course, N. 17° 25' 22" W. ; lati- 
tude reached, 37° 46' 13" N. 

114. A ship sails on a course be- 
tween S. and E. , making a difference 
of latitude 136 miles, and a depart- 
ure 203 miles. Find the distance, 
and the course. 

Diff. lat. = 136 miles. 
Depart. = 203 miles. 
203 
136* 

log 203= 2.30760 
colog 186 = 7.86646 - 10 
log tan course = 10. 17396 

Course = 56° W 49". 
Dist. = 203 esc 66° \(Y 49". 
log 203 = 2.30760 
log esc 66° 10' 49" = 0.08051 
log (yst. = 2.88801 
Dist. = 244.36. 
Course, S. 66° W 49" E. ; dis- 
tance, 244.36 miles. 



tan course = - 



TEACHEBS' EDITION. 



155 



115. A ship sails due north 15 
statute miles an hour for one day. 
What is the distance in a straight 
line from the point left to the point 
reached ? (Take earth's radius, 
3962.8 statute miles.) 

Distance sailed in one day 

= 24 x 15 miles = 360 miles 

oat\ 

x360° 



2 *r x 3962.8 
64800° 



3962.8 n 

log 64800 = 4.81158 
colog 3962.8 = 6.40200 - 10 
colog ic = 9.50285 - 10 
logdist. =0.71643 
Distance sailed = 5.2051° 

= 5° 12 7 18". 
Chord of arc sailed 

= 2 x 3962.8 sin 2° 36' 9" 
= 7925.6 sin 2° 86' 9". 
log 7925.6 = 3.89903 
log sin 2° 36' 9" = 8.65712 
log chord =2.65616 
Chord = 359.87. 
Required distance, 359.87 miles. 

116. Given the . departure be- 
tween any two meridians at any 
latitude ; find the difference of lon- 
gitude of any point on one meridian 
from any point on the other. 
P 




In rt. A ODA, ZAOD=90°-\tX. 
Hence, 

DA 

= sin (90° - lat.) = cos lat. 

OA K ' 

The A DAB and OEQ are similar. 
Therefore, 
DA _AB DA AB 

oe ~ eq' or OA" EQ 

AB 

Substituting, cos lat. = 

EQ 
Therefore, 



EQ = 



AB 



= AB x sec lat. 



cos lat 
That is, 
Din*, long. = depart, x sec lat. 

117. A ship in latitude 42° 16' 
N., longitude 72° 16' W., sails due 
east a distance of 149 miles. What 
is the position of the point reached ? 

Diff. long. = 149 sec 42° 16'. 

log 149 = 2.17319 
log sec 42° 16' = 0.13076 
log. diff. long. = 2.30396 

Diff. long. = 201.36' = 3°21 / 21 // . 
Longitude of position reached, 
68° 54' 39" W. 

118. A ship in latitude 44° 49' S., 
longitude 119° 42 / £., sails due west 
until it reaches longitude 117° 16' E. 
Find the distance made. 

Diff. long. = 2° 26' = 146'. 
Depart. = 146 cos 44° 49'. 

log 146 = 2.16485 

log cos 44° 49' = 9. 85087 

log depart. =2.01522 

Depart. = 103.67. 
Distance made, 103.67 miles. 
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119. A ship leaves latitude 31° 14' 
N., longitude 42° W W., and sails 
E.N.E. 326 miles. Find the posi- 
tion reached. 

Course = 67° 8C. 
Diff. lat. =326 cos 67° 3(r\ 

log 326 = 2.61188 

log cos 67° 30' = 9.68284 

log diff. lat. =2.09472 

Diff. lat. = 124.37' = 2° 4' 22". 
MidUat. = 32°16'11". 
Depart. = 325 sin 67° 30 7 . 
Difl. long. 

= 326 sin 67° SO 7 sec 32° 16' 11". 

log 326 = 2.51188 

log sin 67° 30^ 9.96662 

logsec32°16 , ll" = 0.07286 

log. difl. long. = 2.56036 

Difl. long. = 855. 11' = 5° 65' 7". 

Latitude of position reached, 33° 

18' 22" N. ; longitude, 36° 23' 63" W. 

120. Find the bearing and dis- 
tance of Cape Cod from Havana. 
(Cape Cod, 42° 2' N., 70° 3' W.; 
Havana, 23° 7 N., 82° 22' W.) 

Diff. long. = 12° 19 7 = 739'. 

Difl. lat. = 18° 63' = 1133'. 

Mid. lat. =32° 35' 30". 

Depart. = diff. long, x cos mid. lat. 

= 739 cos 32° 36' 30". 

depart. 

tan course = — - 

diff. lat. 

739 cos 32 ° 35' 80" 

1133 

log 789 = 2.86864 
log cos 32° 35' 30" = 9. 92569 

colog 1183 = 6.94577 - 10 
log tan course = 9.74000 



Course = 28° 47' 26". 
Dist. = diff. lat. x sec course 
= 1133 sec 28° 47' 26". 

log 1133 = 3.05428 

log sec 28° 47' 26" = 0.05730 

log dist. =8.11153 

Dist. = 1292.8. 
Bearing, N. 28° 47' 26" E. ; dis- 
tance, 1292.8 miles. 

121. Leaving latitude 49° 67' N., 
longitude 16° 16' W., a ship sails 
between S. and W. till the depart- 
ure is 194 miles, and the latitude is 
47° 18' N. Find the course, di* 
tance, and longitude reached. 
Diff. lat. = 2° 30" = 159 miles. 
Mid. lat. = 48° 37' 30". 
Depart. = 194 miles. 
Diff. long. = 194 sec 48° 37' 30". 
log 194 = 2.28780 
log sec 48° 37' 80" = 0.17981 
log diff. long. =2.46761 
Diff. long. =293.50' 

= 4° 63' 30". 
194 
169* 

log 194= 2.28780 
colog 159 = 7.79860 - 10 
log tan course = 10.08640 
Course = 60° S9 7 44". 
Dist. = 159 sec 50° W 44". 
log 169 = 2.20140 
log sec 60° S9 7 44" = 0.19799 
log dist. = 2.39939 
Dist. = 250.84. 
Course, S. 60° 39' 44" W.; dis- 
tance, 250.84 miles; longitude 
reached, 20° 9' 30" W. 



tan course = ■ 
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122. Leaving latitude 42° SO' N., 
longitude 58° 51' W., a ship sails 
S.E. by S. 300 miles. Find the 
position reached. 

Course = 88° 45'. 

Diff. lat. = 800 cos 83° 46'. 

log 800 = 2.47712 

log cos 83? 45' = 9.91985 

logdiff. lat. =2.39697 

Diff. lat. = 249.44' 

= 4° 9/ 26". 
Mid. lat. = 40° 26' 17" . 
Depart. = 800 sin 83° 45'. 
Diff. long. 

= 800 sin 83° 46' sec 40° 26' 17". 

log 300 = 2.47712 

log sin 38° 45' = 9.74474 

log sec 40° 26' 17" = 0.11845 

logdiff. long. = 2.34081 

Din*, long. = 218.98' 

= 3° 88' 56". 
Latitude of position reached, 38° 
2(K 34" N. ; longitude, 55° 12* 4" W. 

123. Leaving latitude 49° 57' N. . 
longitude 30° W., a ship sails S. 
39° W., and reaches latitude 47° 44' 
N. Find the distance, and longitude 
reached. 

Course = 39°. 
Diff. lat. = 2° 13' = 133 miles. 
Mid. lat. = 48° 50 7 80". 
Dist. = 133 sec 39°. 
log 138 = 2.12385 
log sec 39° = 0.10950 
log dist. =2.23335 
Dist. = 171.14. 
Depart. = 133 tan 39°. 
Diff. long. 

= 133 tan 89° sec 48° SO 7 30". 



cos course = - 



log 138 = 2.12885 

log tan 39° = 9.90887 

log sec 48° W 30" = 0.18168 

logdiff. long. = 2.21390 

Diff. long. = 168.64' 

= 2° 48' 38". 
Distance, 171.14 miles; longitude 
reached, 32° 48' 38" W. 

124. Leaving latitude 87° N., 
longitude 32° 16' W., a ship sails 
between N. and W. 300 miles, and 
reaches latitude 41° N. Find the 
course, and longitude reached. 

Diff. lat. = 4° = 240 miles. 
Mid. lat. = 39°. 
Dist. = 300. 

240 
800* 

log 240 = 2.38021 
colog 300 = 7.52288 - 10 
log cos course = 9.90309 

Course = 3 6° 52' 12". 
Depart. = V300* - 2 40* 
= V00 x 540 
= 18\ 
Diff. long. = 180 sec 89°. 

log 180 = 2.25527 

log sec 39° = 0.10950 

logdiff. long. =2.36477 

Diff. long. = 231.62' 

= 3° 61' 37". 
Course, N. 36° 52" 12" W. ; longi- 
tude reached, 36° 7' 37" W. 

125. Leaving latitude 50° 10' S., 
longitude 30° £., a ship sails E.S.E., 
making a departure of 160 miles. 
Find the distance, and position 
reached. 



158 



PLANE TRIGONOMETRY. 



Course = 67° 30'. 
Depart. = 160 miles. 

Dist. = 160csc67°30'. 
Diff. lat. = 160 cot 67° 30'. 

log 160 = 2.20412 

log esc 67° 30' = 0.03438 

log dist. =2.23860 

Dist. = 178.18. 

log 160 = 2.20412 

log cot 67° 30' = 9.61722 

log diff. lat. = 1.82134 

Diff. lat. =66.273' 

= 1° 6' 16". 
Lat. reached = 51° 16' 16". 

Mid. lat. = 50° 43' 8". 
Diff. long. = 160 sec 60° 48' 8". 

log 160 = 2.20412 

log sec 60° 43' 8" = 0.19851 

log diff. long. =2.40263 

Diff. long. = 252.71' 

= 4°12 / 43". 
Distance, 173.18 miles; latitude 
of position reached, 61° 16' 16" S. ; 
longitude, 34° 12' 43" E. 

126. Leaving latitude 49° 30' N., 
longitude 25° W., a ship sails be- 
tween S. and E. 215 miles, making 
a departure of 167 miles. Find the 
course, and position reached. 
167 



sin course = 



216 



log 167 = 2.22272 
colog 215 = 7.66756 - 10 
log sin course = 9.89028 

Course = 50° 57' 48". 
Diff. lat. = V 2152 - 1 67 2 
= V48 x 382. 



log 48 = 1.68124 

log 382 = .2.68206 

2 )4.26330 

log diff. lat. =2.13166 

Diff. lat. = 186.41' 

= 2° 15' 25". 
Mid. lat. = 48° 22' 18". 
Diff. long. = 167 sec 48° 22' 18". 

log 167 = 2.22272 

log sec 48° 22' 18" = 0.17764 

log diff. long. =2.40036 

Diff. long. = 261.39 / 

= 4° 11' 23". 

Course, S. 50° 57' 48" E. ; latitude 
of position reached, 47° 14' 35" N. ; 
longitude, 20° 48' 37" W. 

127. Leaving latitude 43° S. , lon- 
gitude 21° W., a ship sails 273 miles, 
and reaches latitude 40° 17' S. What 
are the two courses and longitudes 
which will satisfy the data ? 

The two courses make equal angles 
with the meridian on opposite sides. 

Diff. lat. = 2° 43' = 163 miles. 
Dist. = 273 miles. 

163 



cos course = 



273 



log 163 = 2.21219 
colog 273 = 7.56384- 
log cos course = 9.77603 

Course = 63° 2(T 21' 



10 



Depart. = V2733 - 163 * 
= VllO x 436. 
Mid. lat. = 41° 38' 30". 
Diff. long. 

= VllO x 436 sec 41° 38' 30". 
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log vTlO = 1.02069 
log V486 = 1.31975 
log sec 41° 38' 30" = 0.12650 
log diff. long. = 2.46694 
Diff. long. = 293.05' 
= 4° 53' 3". 
(i) Course, N. 58° 2V 21" E.; 
longitude of position reached, 
16° 6' 57' W. 

(ii) Course, N. 53° 20 7 21" W.; 
longitude of position reached, 
25° 53' 3" W. 

128. Leaving latitude 17° N., 
longitude 119° E., a ship sails 219 
miles, making a departure of 162 
miles. What four sets of answers 
do we get ? 

The four courses all make the 
same angle with the meridian. 
162 
219* 

log 162 = 2.20952 
colog 219 = 7.65956 - 10 
log sin course = 9.86908 

Course = 47° 42' 33". 



sin course = - 



Diff. lat. = V219 2 - 16 2^ 

= V67 x 381. 

log 57 = 1.75587 

log 381 =2.58092 

2 )4.33679 

log diff. lat. =2.16840 

Diff. lat. = 147.37' 

= 2° 27' 22". 
(i) Mid. lat. = 18° 13' 41". 

Diff. long. = 162 sec 18° 13' 41". 

log 162 = 2.20952 

log sec 18° 13' 41" = 0.02236 

log diff. long. = 2.23188 



Diff. long. = 170.56' 

= 2° 50' 34". 
(ii) Mid. lat. = 16° 46' 19". 

Diff. long. = 162 sec 15° 46' 19". 

log 162 = 2.20962 

log sec 16° 46' 19" = 0.01667 

log diff. long. =2.22619 

Diff. long. = 168.34' 

= 2° 48' 20". 
(i) Course, N. 47° 42' 33" E. ; lati- 
tude of position reached, 19° 27' 22" 
N., longitude, 121° 50' 34" E. 

Course, N. 47° 42' 33" W. ; latitude 
of position reached, 19° 27' 22" N., 
longitude, 116° 9' 26" E. 

(ii) Course, S. 47° 42' 33" E. ; lati- 
tude of position reached, 14° 32' 38" 
N., longitude, 121° 48' 20" E. 

Course, S. 47° 42' 33" W. ; latitude 
of position reached, 14° 32' 38" N., 
longitude, 116° 11' 40" E. 

129. A ship in latitude 30° sails 
due east 360 statute miles. What 
is the shortest distance from the 
point left to the point reached ? 

Solve the same problem for lati- 
tudes 45°, 60°. 

By Prob. 116, Ex. XXIII, radius 
of parallel 

= 3962.8 cos lat. 
Arc sailed, in degrees, 

860 x 360 
~ 2 ;rx 3962.8 cos lat." 
log 3602 = 5.1126O 
colog2w = 9.20182 -10 
colog 3962.8 = 6.40200 - 10 
0.71642 
Arc sailed, in degrees, 

= 6.205 sec lat 
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Arc sailed, in minutes, 

= 312.3 sec lat. 
Chord of arc 

= 2 rad. of parallel sin (i arc) 
= 2 x 3962.8 cos lat. 

sin (156.15' sec lat.) 
= 7925.6 cos lat. 

sin (156.15' sec lat.). 

(i) lat. = 30°. 

log 166.16 = 2.19864 

log sec 30° = 0.06247 

log *arc = 2.25601 

iarc = 180.3(K 

= 3° / 18". 

log 7925.6 = 8.89903 

log cos 30° =9.93753 

log sin 3° / 1 8" = 8.71952 

log chord = 2.66608 

Chord = 369.82. 

(il) lat. = 46°. 

log 156.15 = 2.19864 

log sec 45° = 0.15051 

log i arc = 2.34405 

*arc = 220.82' 

= 3° 40' 49". 

log 7925.6 = 3.89903 

log cos 46° = 9.84949 

logsin 3° 40' 49" = 8.80746 

log chord = 2.5*598 

Chord = 359.73. 

(iii) lat. = 60°. 

sec lat. = 2. 
|arc = 312.30' 
= 5° 12' 18". 
log 7925.6 = 3.89903 
log sin 6° 12' 18" = 8.95770 
log cos 60° = 9.69897 
log chord = 2.56570 
Chord = 359.50. 



Shortest distance, in lat. 30°, 
359.82 miles; in lat. 45°, 359.73 
miles; in lat. 60°, 359.50 miles; 
in general 7925.6 cos lat. x sin 
(166.16' sec lat.). 



130. Leaving latitude 37° 16' *S., 
longitude 18° 42' W., a ship sails 
N.E. 104 miles, then N.N.W. 60 
miles, then W. by S. 216 miles. 
Find the position reached, and its 
bearing and distance from the point 
left. 

First course = 46°. 

Diff. lat. = 104 cos 46°. 
Depart = 104 sin 46°. 


log 104 = 

log cos 45° = 

log diff. lat. = 


2.01703 
9.84949 
1.86662 


Diff. lat. = 
Depart. = 


78.64 N. 
73.64 E. 


Second course = 
Diff. lat. = 
Depart. = 


22° 30'. 

60 cos 22° 3C. 

60 sin 22° 30 7 . 


log 60 = 

log. cos 22° 30' = 

log diff. lat. = 


1.77815 
9.96562 
1.74377 


Diff. lat. = 


56.434 N. 


log 60 = 

logsin22 o 30' = 

log depart. = 


= 1.77816 
: 9.58284 
= 1.36099 


Depart. = 


= 22.961 W. 


Third course = 

Diff. lat. = 

Depart. = 


= 78° 46'. 

= 216 cos 78° 46'. 

= 216 sin 78° 46'. 


log 216 = 

log cos 78° 45' = 

log diff. lat. = 


= 2.33446 
= 9.29024 
= 1.62469 


Diff. lat. = 


= 42.14 S. 
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log 216 = 2.33445 

log Bin 78° 45 / = 9.99157 

log depart. =2.32602 

Depart. = 211.85 W. 

Total diff. lat. = 86.834' N. 

= 1° 26' 60" N. 

Lat. reached = 86° 49 / . 10" S. 

Mid. lat. = 36° 32' 35". 

Total depart. = 161.271 W. 

Diff. long. = 161.271 sec 36° 32' 35". 

log 161.271 = 2.20755 

log sec 36° 32 / 35" = 0.09506 

log diff. long. = 2.30261 

Diff. long. =200. 73' 

= 8° 20' 44". 

Long, reached = 22° 2' 44" W. 

161.271 
tan coarse = — — -—- • 
86.834 

log 161.271= 2.20756 

colog 86.834 = 8.06131 - 10 

log tan course = 10.26886. 

Course = 61° 42'. 

Dist. = 86.834 sec 61° 42'. 

log 86.834 = 1.93869 

log sec 61° 42' = 0.82414 

log dist. =2.26283 

Dist. = 183.16. 

Course, N. 61° 42' W. ; distance, 

183. 16 miles ; latitude reached, 36° 

49' 10" S. ; longitude, 22° 2 / 44" W. 

131. A ship leaves Cape Cod 

(Example 120), and sails S.E. by S. 

114 miles, N. by E. 94 miles, W.N. W. 

42 miles. Solve as in Example 130. 

First course = 33° 46'. 

Diff. lat. =114 cos 33° 46'. 
Depart. = 114 sin 33° 45'. 
log 114 = 2.05690 
log cos 88° 45' = 9.91985 
log diff. lat. = 1.97675 



Diff. lat. = 94.787 S. 

log 114 = 2.05690 

log sin 38° 45' = 9.74474 

log depart. = 1.80164 

Depart. = 63.334 E. 

Second course = 11° 15'. 

Diff. lat. = 94 cos 11° 15'. 
Depart. =94 sin 11° 16'. 
log 94 = 1.97313 
log cos 11° 15' = 9.99157 
log diff. lat. = 1.96470 
Diff. lat. = 92.194 N. 
log 94 = 1.97313 
log sin 11° 15' = 9.29024 
log depart. = 1.26337 
Depart. = 18.339 E. 
Third course = 67° 30'. 

Diff. lat. =42 cos 67° 80'. 
Depart = 42 sin 67° 30'. 
log 42 = 1.62326 
log cos 67° 30' = 9.58284 
log diff. lat. = 1.20609 
Diff. lat. = 16.073 N. 
log 42 = 1.62326 
log Bin 67° 80' = 9.96562 
log depart. =1.68887 
Depart. = 38.804 W. 
Total diff. lat. = 13.48' N. 

= 18' 29" N. 
Lat. of C. Cod = 42° 2'. 
Lat. reached = 42° 16' 21)" N. 

Mid. lat. ^= 42° 8' 44". 
Total depart. = 42.869 E. 

Diff. long. = 42.869sec42°8'44". 
log 42. 869 = 1.63214 
log sec 42° 8' 44" = 0.12992 
log diff. long. = 1.76206 
Diff. long. = 57.817' E. 
= 67' 49" B, 
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Long, of Cape Cod = 70° 3' W. 

Long, reached = 69° 6' 11" W. 

42.869 
tan course = ----- . 
13.48 

log 42.869= 1.63214 

colog 13.48 = 8.87081 - 10 

log tan course = 10.60245 

Course = 72° 32' 40". 

Dist. = 13.48 sec 72° 32' 40". 

log 13.48 = 1.12969 

log sec 72° 82' 40" = 0.52293 

log dist. = 1.65262 

Dist. = 44.939. 

Course N. 72° 32' 40" E. ; distance, 

44.989 miles ; latitude reached, 42° 

15' 29" N.; longitude, 69° 5' 11" W. 

132. A ship leaves Cape of Good 
Hope (latitude 34° 22' S., longitude 
18° 30' E.) and sails N.W. 126 
miles, N. by E. 84 miles, W.S.W. 
217 miles. Solve as in Example 1 30. 
First course = 45°. 

Diff. lat. = 126 cos 45°. 
Depart. = 126 sin 45°. 
log 126 = 2.10037 
log cos 45° = 9.84949 
logdiff. lat. = 1.94986 
Diff. lat. = 89.096 N. 
Depart. = 89.096 W. 
Second course = 11° 15'. 

Diff. lat. =84 cos 11° 15'. 
Depart. = 84 sin 11° 16'. 
log 84 = 1.92428 
log cos IF 15' = 9,99157 
logdiff. lau = 1.91586 
Diff. lat. = 82.386 N. 
log 84= 1.92428 
log sin 11° 15' = 9.29024 
log depart = 1.21462 



Depart. = 16.388 E. 
Third course = 67° 30 7 . 

Diff. lat. = 217 cos 67°30'. 
Depart. =217 sin 67° 3C. 

log 217 = 2.33646 

log cos 67° 30 / = 9. 58284 

logdiff. lat. = 1.91930 

Diff. lat. = 83.042 S. 



log 217 = 

log sin 67° 30' = 

log depart. = 

Depart. = 

Total diff. lat. = 

Lat. reached = 

Mid. lat. = 

Total depart. = 

Diff. long. =273.198 

log 273. 198 = 

log sec 33° 37' 47" = 

log diff. long. = 

Diff. long. = 

Long, reached = 
tan course = 



2.33646 
9.96562 
2.30208 

200.49 W. 
88.440' N. 

1° 28' 20" N. 
32° 53' 34" S. 
33° 37' 47". 
273.198 W. 
sec 33° 37' 47". 

2.43648 
0.07954 
2.51602 

328.11' 
5° 28' 7". 
13° 1' 53" E. 
273.198 ' 



88.44 



log 273.198= 2.43648 
colog 88.44 = 8.05335 - 10 
log tan course = 10.48983 

Course = 72° 3' 43". 
Dist. =88.44 sec 72° 8' 43". 

log 88.44 = 1.94665 

log sec 72° 8' 43" = 0.51147 

log dist. =2.45812 

Dist. = 287.16. 
Course, N. 72° 3' 43" W. ; distance, 
287.16 miles; latitude reached, 32° 
63' 34" S., longitude, 18° 1' 53" E. 
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Exercise XXIV. Page 107. 

1. Prove that Bin x + cos * = Vs* cos (x — t it). 

By [9], cos(x — i *r) = cob x cos \it + sin x sin \it 

= \ V2 cos x + } V2 sin x 
= £ V2 (cos x + sin x). 
.-. sinx + cobx = V2cos(x — i*r). 

2. Prove that Bin x - cos x = — V2 cos (x + I it). 

By [5], cos (x + J it) = cosx cos J nr — sin x sin J * 

= J V2 cos x — J V2 sin x 
= J V2 (cos x — sin x). 
.*. sin x — cos x = — V2 cos (x + i ?r). 

3. Prove that sinx + VScosx = 2sin(x + i*). 

By [4], sin(x + J?r) = sinxcos Jir + cosxsin Jjt 

= J sin x + J V§ cos x 
= J(sinx+ VScosx). 
.-. sinx + V3co8X = 2sin(x + i*r). 

4. Prove that sin (x + \it) + sin (z-$it) = sin x. 

By [4], sin (x + i nr) = sin x cos i ;r + cos x sin i *r 

= isin x + J V3 cos x. 
By [8], sin (x - \ it) = T sin x — J VS cos x. 

.-. sin (x + i it) + sin (x - i nr) = sin x. 

5. Prove that cos(x + i it) + cos (x - | ar) = V8 cosx. 
By [6], co8(x + £nr) = jVScosx- isinx. 
By [9], cos(x- \n) = J V3cosx + isinx. 

.\ cos(x + \ it) + cos(x - \ it) = V8 cosx. 

6. Prove that tanx + secx = tan(£x + lit). 

sinx , 1 

tanx + secx= 

cos z cos x 

_ sin x + 1 

cosx 

1 - cos(x + inr) 



By [16] and [12], 



sin (x + i it) 

28in a i(x + jnr) 
" 2 sin ± (x + £ * ) cos i (x + i *) 
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cos(ix4-i*r) 
= tan(ix + i*r). 



7. Prove that tan x 4- sec x= 1 



sec x - tan x 
By Prob. 2, Ex. V, sec*x = 1 4- tan*x. 

sec 2 x-tan 2 x = 1. 
(secx + tan x) (sec x - tan x) = 1. 

1 



, sec x 4- tan x = 



sec x - tan x 



8. Proyethat 1 -^^^ 00 ^- 1 . 

1 + tan x cot x + 1 

cotx — 1 _ tanx 1 — tan x 

cotx + l"~ 1 1 ""l + tanx' 
tanx 

9, Prove that - 1 ■ = 2 esc x. 

1 + cos x sin x 

Btox 1 4- cos x __ sin*x + (1 + cos x)* 

1 + cos x sin x ~" sin x (1 + cos x) 

_ sin a x 4- cos a x + 2 cos x + 1 

sin x (1 + cos x) 
_ 1 -f- 2 cos x + 1 ' 
sin x (1 4- cos x) 

= 2 ^ +COSX) 

sin x (1 4- cos x) 

2 

sinx 

= 2 esc x. 

10. Prove that tan x 4- cot x = 2 esc 2 x. 

♦•« ~ . ™+ « sin « , cos x 
tan x 4- cot x = 1 

cos x sin x 
__ sin 2 x 4- cos 2 x 
sin x cos x 
1 
sin x cos x 
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By [12], 



2 gin x cos x 
2 
~~sin2x 
= 2csc2x. 



11. Prove that cot x - tan x = 2 cot 2x. 

cosx sin x cos*x — sin 2 x 2cos2x « ^ 

cot x — tan x = - = — : = . ^ = 2 cot 2 x. 

sin x cosx sin x cosx sin2x 

12. Prove that 1 + tan x tan 2x = sec 2 x. 

sin xsin 2x 



1 + tanxtan2x = 1 + 
= 1 + 



C08XCOS2X 

2 sin 3 x cosx 



cos x (1 — 2 8in 8 x) 
- 1 2sin a x 
l-2sin*x 

1 



l-2sin*x 
1 



C082X 

= sec2x. 



13. Prove that sec 2x = 



sec 9 x 

1 



1 cos 2 x sec 8 x 



cos2x 2cos 1 x — 1 1 2-sec a x 

CG6*X 



14. Prove that 2 sec 2x = sec (x + 46°) sec (x- 46°). 

2 



5sec2x = - 



COS2X 

2 



cos 2 x — sin 2 x 



(cos x — sin x) (cos x + sin x) 

By Probs. 1 and 2, Ex. XXIV, = -J — 

J 2 cos (x + 46°) cos (x - 45°) 

= sec (x + 46°) sec (x - 46°). 



166 



PLANE TRIGONOMETRY. 



15. Prove that tan 2a + sec 2x = C08X + sinx . 

cos x — sin x 

tan2x + sec2x = ?* n -^ + 



cos2x cos2x 
__ sin2x + 1 

cos2x 
__ 1 —cos (2 x + 90°) 
"" sin(2x + 90°)^ 
By [16] and [12], = 2 sin 2 (x + 45°) 

2 sin (x + 45°) cos (x + 45°) 
__ sin (x + 45°) 
~cos(x + 46°) 
By [4] and [6], = sin x cos 45° + cos x sin 45° 

cos x cos 45° — sin x sin 46° 
= } ^2 sinx + }V2 cosx 

i V2cosx- J V2sinx 
cos x + sin x 



16. Prove that sin 2 x = 



cos x — sin x 
2tanx 



1 + tan 2 x 
2 tan x 2 tan x 



1 + tan 2 x sec 2 x 



= 2tanxcos 2 x = 2sinxcosx=8iii2x. 



17. Prove that 2 sin x + sin 2x = 1^^L % 

1 — cosx 

2 sin x + sin 2x = 2 sin x + 2 sin x cosx 

= 2sinx(l + cosx). 

But 1 _ cos 2 x = sin 2 x. 

i , 8in 2 x 

.*. 1 + cobx = . 

1 — C08 X 

. \ 2 sin x + sin 2 x = 2 sin x sml>x 
1 — cosx 
_ 2sin»x 

1 — COS X 

M. Prove that gin Ss = ,ht ' 2 ' ~ dn8x . 

sinx 

By [20], 8in2x + sinx = 28in|xcosJx. 

By [21], 8in2x-sinx = 2co8fxsinJx. 
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.-. 8in'2x — sin*x = 2 sin $ x cos J x x 2 sin \x cob \x 

By [12] , = sin 3 x sin x. 

. . sin 2 2x — sin*x 
.\ sin 3 x = ■ 



19. Prove that tan 3x = 



sinx 
tan x — tan'x 
1-3 tan*x 
tan3x = tan(2x + x) 

tan 2 x + tan x 



By [6], 

J l-tan2xtanx 

2tanx , A 

+ tanx 



■a r^-i l-tan a x 

By [14], 



20. Prove that 
By [24], 



2 tan x A 

1 --tanx 

1 -tan 2 x 

__ 3 tan x — tan'x 

"" 1-3 tan 2 x 

tan 2 x + tan x sin 3 x 



tan 2 x — tan x sin x 

sin ,4 + sin B _ tan T (4 + B ) 

BinA-ainB~ t&ni(A -2*)' 

~ .^. ,,. .. sin 4 tan* (4 + B) + tan T (4 - E) 

By composition and division, = - — • 

sin B tan \ (A + B) - tan * {A - B) 

.-^o* . . D 8in3x tan 2 x + tan x 

Put 3x for 4, xfor B, = 

sin x tan 2 x — tan x 

21. Prove that sin (x + y) + cos (x - y) = 2 sin (x + i nr) sin (y + i *). 
By [4], sin (x + y) = sin x cos y + cos x sin y. 

By [9], cos (x — y) = cos x cos y + sin x sin y. 

.*. sin (x + y) + cos (x — y) = (sin x + cos x) cos y + (cos x + sin x) sin y 

= (sin x + cos x) (sin y + cos y). 
But sinx + cosx = V2 ( T V2 sin x + i V2 cos x) 

= V2sin(x + i7r). 
Similarly, sin y + cos y = V2 sin (y + i nr). 
.*. sin (x + y) + cos (x - y) = 2 sin (x + i *r)sin (y + £ jr). 

22. Prove thatsin(x + y) — cos(x — y) = — 2sin(x — i^)sin(y — i?r). 
By [4], sin (x + y) = sin x cos y + cos x sin y. 

By [9], cos (x — y) = cos x cos y + sin x sin y. 

.\ Bin (x + y) — cos (x — y) = (sin x — cos x) cos y + (cos x — sin x) sin y 
= (sin x — cosx) (cos y — sin y) 
= — 2 sin (x — i nr) sin (y — J ar). 
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23. Proye that tan x + tan y - "^fr + *) . 

cos x cob y 

. , . sinx siny 

tanx + tany = 1 - 

coax cosy 

_ sin x cos y -f cos x sin y 

cos x cos y 



24. Proye that tan (x + y) = 



cosxcosy 
sin2x + sin2y 



cos 2 x + cos 2 y 

By [20], sin2x + sin2y = 28in(x + y)cos(x-y). 

By [22], cos2x + cos2y = 2 cos(x + y)cos(x - y). 

sin 2 x + sin 2 y __ 2 sin (x + y ) cos (x — y) 

"cos2x + co82y 2 cos (x + y) cos (x — y) 

= tan(x + y). 

25. Proye that ^* + °osy = tan[j(x + y) + 45°] . 

sin x — cos y tan [ T (x — y) — 46°] 

sin x + cosy = sinx + sin(y + 90°) 
By [20], =2sini(x + y + 90°)coB T (x-y-90 o ). 

By [21], sinx -cosy = 2cosi(x + y + 90°)sin T (x -y -90°). 
sin x -f cos y __ tan i (x + y + 90°) 
"sinx — cosy tan^(x — y — 90°) 
^ tan[ T (x + y) + 45°] 
tan[ T (x-y)-45°]' 

26. Proye that sin 2 x + sin 4 x = 2 sin 8x cos x. 
By [20], sin2x + sin4x = 2sin8xcosx. 

27. Prove that 

sin 4x = 4 sin x cosx — 8 sin*x cos x = 8 cos 8 x sinx — 4 cos x sinx. 
By [12], sin4x = 2sin2xcos2x 

By [12] and [13], = 4 sin x cos x (1 - 2 sin*x) 

= 4 sin x cos x — 8 sin 8 x cos x. 
Again, sin 4 x = 4 sin x cos x (2 cos*x — 1) 

= 8 cos 8 x sin x — 4 sin x cos x. 

28. Prove that cos 4x = l -8cos a x + 8cos 4 x = 1 -8sin*x + 8sin 4 fc 
By [13], cos4x = 2cos 9 2x - 1 

By [13], = 2 (2 cos»x - 1)* - 1 
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= 8 C08*X - 8 COS 2 X + 2-1 

= 1 -8cos 2 x + 8cos*x. 
Again, coe4x= 1 — 2 sin 3 2 x 

By [12], = 1 - 2 (4 sin 2 x cos^x) 

= 1-8 sin 2 x (1 - sin 2 x) 

= 1 -8sin a x + 8sin*x. 

29. Prove that cos2x + cob 4 a; = 2 cos 3 x cos x. 
B y [22]» cos2x + cos4x = 2co*3xcosx. 

30. Proye that sin 8x — sin x = 2 cos 2x Bin x. 

By [21], sin3x- sinx = 2 cos 2 x sin x. 

31. Proye that sin'x sin 8 x + cos'x cos 8 x = cos*2 x. 

sin 3 x sin 8 x = sin x sin 2 x sin 3 x 

= sinx(l — cos 3 x) sin 3 x 
= sinxsin 8x — sinxco6 3 X8in8x. 
cos*xcos8x = cosxcos 3 xcos3x 

= cos x (1 — sin 2 x) cos 3 x 
= cos x cos 3 x — cos x sin 3 x cos 3 x. 
.*. sin'x sin 8 x + cos s x cos 3 x 

= sin x sin 3x + cos x cos 3x 

— sin x cos 2 x sin 3 x — cos x sin 3 x cos 8 x 
By [9], =cos(3x-x) 

— sin x cos x (cos x sin 3 x -h sin x cos 3x) 
By [4], = cos2x - sin x cos x sin (3 x + x) 

By [12], = cos2x — T sin2xsin4x 

By [12], = cos2x-8in 2 2xcos2x 

= cos2x(l -sin 2 2x) 
By [18], = cos»2x. 

32. Prove that cos*x — sin*x = cos 2 x. 

oos*x — sin 4 x = (cos 2 x + sin 2 x) (cos 2 x — sin 2 x) 
= 1 x cos2x 
= cos2x. 

33. Prove that cos*x -f sin 4 x = 1 - i sin 2 2 x. 

cos*x + 8in 4 x = (cos 3 x + sin 2 x) 2 - 2 sin 3 x cos 3 x 
= 1 — 2 sin 2 x cos 2 x 
= 1 - T sin 3 2x. 
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34. Prove that cosfix - sin 6 x = (1 — sin 2 x cos 2 x) cos 2 x. 

coefix - sin 6 x = (cos 2 x - sin 2 x) (cos*x + cos 2 x sin 2 x + sin*x) 
B y [13], = cos 2 x [(cos 2 x + sin*x) a - cos 2 x sin 2 x] 

= cos 2 x (1 - cos 2 x sin 2 x). 

35. Prove that cos'x + sin 6 x = 1-3 sin 2 x cos 2 x. 

cos«x + sin 6 x = (cos 2 x + sin 2 x) (co^x - cos 2 xsin 2 x + sin*x) 
= cos*x — cos 2 x 8in 2 x + sin 4 x 
= (cos 2 x + sin 2 x) a - 3 cos 2 x sin 2 x 
= 1 — 3co8 2 xsin 2 x. 

36. Proye that sin3a! + 8in6a; = cot x. 

cos3x — cosSx 

By [20], sin3x + sin5x = 2sin4xcosx. 

By [23], cos3x - cos6x = 2sin4xsinx. 

sin3x + sin6x cosx 



cos 3 x — cos 5 x sin x 



= cot x. 



0fT t> 41 . sin 3x + sin 6x 

37. Prove that — = 2 cos 2 x. 

sinx + sin3x 

By [20], sin 3x + sin 6x = 2 sin 4x cos x. 

By [20], sin x + sin 3 x = 2 sin 2x cosx. 

sin 3x + sin 5x sin 4x 

sinx + sin 3x "~sin2x 

__ 2 sin 2 x cos 2 x 

sin2x 

= 2 cos 2 x. 



By [12], 



38. Prove that esc x — 2 cot 2 x cos x = 2 sin x. 

esc x — 2 cot 2x cos x = esc x — 2 C0S X cos x 

sin2x 

2 cos 2x cosx 

2 sin x cos x 

cos2x 



By [12], = cscx- 



By [13], 



sin x sin x 

1 — cos 2 x 
" sinx 

2 sin 2 x 



sinx 
= 2 8inx. 
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39. Proye that (gin 2x - sin 2 y) tan (x + y) = 2 (sin 2 x - sin 2 y). 
By [21], sin2x - sin 2y = 2 cos(x + y)sin(x - y). 

. (sin2x — sin2y)tan(x + y) = 2sin(x + y)sin(x — y). 
By [20], sinx + siny = 2sini(x + y)co8i(x-y). 

By [20], sinx - siny = 2 cos i(x + y)sin$(x - y). 

.-. sin 2 x — sin 2 y = 4 sin T (x + y) cos i(x + y) sin T (x — y) cos i(x — y) 
By [12], = sin (x + y) sin (x - y). 

/. 2 (sin 2 x - sin 2 y) = 2 sin (x + y) sin (x - y) 

= (sin 2x — sin &y) tan (x + y). 

86C X C8C X 

40. Prove that (1 + cot x + tan x) (sin x — cos x) = - 



csc 2 x sec 2 x 

cos 2 x si n 2 x 
(1 + cot x + tan x) (sinx— cos x) = sinx- cosx+cosx : 1 sinx 

__ 8in 2 x cos 2 x 
~" cosx ~~ sinx 
_ secx cscx 
~" csc*x sec 2 x 

41. Proye that sin x + sin 8x + sin 6x = • 

sinx 

B y [2^]» sinx + sin5x = 2sin8xcos2x. 

.*. sinx + sin 8 x + 8in5x = sinSx + 2sin8xcos2x 

= sin8x(l + 2cos2x). 
By [21], sinSx — sinx = 2 cos 2x sinx. 

sin3x , _ 

1=2 cos 2 x. 

sinx . n 

- , ft n sniSx 

1 + 2cos2x = — : 

sinx 

\ sinx + sin 3x + sin6x = sin3x — 

sinx 

sin 2 8x 



sinx 



** -r^. A «_ ,8 cos x + cos 8 x 

42. Prove that - = cot 8 x. 

8 sin x — sin 8 X 

8 cos x + cos 3x = 2 cos x -f (cos x + cos 8x) 
By [22], =2cosx + 2cosxco8 2x 

= 2 cos x (1 + cos 2x) 
By [17], =4cos«x. 

8 sin x — sin 3x = 2 sin x — (sin 8x — sin x) 
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By [21], 


= 2 sin x — 2 sin x cos 2s 




= 2sinx(l -cob2x) 


By [16], 


= 4 sin 8 x. 




Scosx + coaSx 4C06 8 X 




"Ssinx — sinSx 4sin 8 x 




= cot 8 x. 



43. Prove that sin 3 x = 4 sin x sin (00° -f x)sm(60°-x). 
By [4], sin(0O + x) = i Vs cosx + isinx. 

By [8], sin(60°-x) = iV3co8X-iBinx. 

.-. sin (60° + x) sin (60° - x) = * cos 2 x - * sin 2 x 

^ 3(l-sin*x)-Bin»s 

4 
= 3-4ain»x 
4 
4 sin x sin (60° +x) sin (60°- x) = sinx(3 - 4sin*x) 

= 8 sin x — 4 sin 8 x 
By Prob. 18, Ex. XIV, = sin 3x. 

44. Prove that sin 4 x = 2 sin x cos 8 x + sin 2 x. 

By [21], sin4x — sin2x = 2 cos 8 x sin x. 

.*. 8in4x = 2cos3x8inx + sin2x. 

45. Prove that sin x + sin (x — } it) + sin (\ it — x) = 0. 

By [20], 8in(x - \n) + sin (J it - x) = 2sin(- \ jr)cos(x-J*) 

= — 2 sin \ it sin x 
= — sin x. 
.-. sin x + sin (x — \ it) + sin (J «r — x) = 0. 

46. Prove that cos x sin (y — z) + cos y sin (z — x) + cos z sin (x - y)= 0. 
By [8], cos x sin (y — z) = cos x sin y cos z — cos x cos y sin 2. 

cos y sin (z — x) = cos y sin 2 cos x — cos y cos z sin x. 

cos z sin (x — y) = cos z sin x cos y — cos z cos x sin y. 

.\ cos x sin (y — z) + cos y sin (z — x) + cos z sin (x — y) = 0. 

47. Prove that 

cos(x + y)siny — cos(x + z)sinz = sin (x + y) cob y — sin(x + z)cos* 

By [4] and [6], 

sin (x + y) cos y — cos (x + y) sin y = sin x (cos 2 y + sin a y) = sin x. 

sin (x + z)cos z — cos(x + z)sin z = sin x(cos 8 z + sin a z) = sins. 
.-. sin (x + y)cos y — cos(x + y) sin y = sin (x + z)cos z — cos(x + zjsfo* 
.\ cob(x + y)sin y - cos(x + z) sin z = sin(x + y)cosy — sin (x + *)cos2. 
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48. Prove that 

cob (x + y + z) + cos(x + y - z) + cos(x - y + z) + cos(y + z - x) 

= 4 cos x cos y cos z. 

By [22], cos[(x + y) + 2] + cos[(x + y) - 2] = 2 cos(x + y)cosz. 
cob [z + (x - y)] + cos [z — (x - y)] = 2 cos z cos (x - y). 
.-. cos(x + y + z) + cos(x + y - z) + cob (x - y + z) + cos(y + z - x) 

= 2 cos(x + y)co8 z + 2 cos (x — y)cos z 

= 2 cos z [cos (x + y) + cos(x — y)] 

= 2 cob z (2 cos x cos y) 

= 4 cos x cosy cos z. 

49. Prove that sin(x + y)cos(x — y) + sin(y + z)cos(y — z) 

+ sin (z + x) cos (z — x) = sin 2 x + sin 2 y + sin 2 z 

By [20], sin(x + y)cos(x-y) = T (sin2x + sin2y). 

sin (y + *)cos(y — z) = T (sin 2y + sin 2z). 
sin(z + x)cos(z — x) = T (sin2z + sin2x). 
.*. sin(x + y)cos(x — y) + sin (y + z)cos(y — z) + sin (z + x)cos(z — x) 

= sin 2x + sin 2 y + sin 2 z. 

./> tw *v A sin 76° + sin 15° ^ flno 

50. Prove that . „ * . .„ =tanQ0°. 

sin 76° - sin 15° 

By [20], sin 76° + sin 15° = 2 sin 45° cos 80°. 

By [21], sin 75° - sin 16° = 2 cos 45° sin 80°. 

# sin 75° + sin 15° 2 sin 45° cos 80° 
'"■ sin 75° - sin 16° " 2 cos 45° sin 80° 

= tan 46° cot 80° 
= tan 60°. 

51. Prove that cos 20° + cos 100° + cos 140° = 0. 

By [22], cos20° + cos 100° = 2 cos 60° cos 40° 

= cos 40°. 
Also, cos 140*= cos (180° -40°) 

= -cos40°. 
.-. cos 20° + cos 100° + cos 140° = 0. 

52. Prove that cos 86° + sin 86° = V2 cos 0°. 

By Prob. 1, Ex. XXIV, cos 86° + sin 36° = V5 cos (86° - i it) 

= V2cos(-0°) 
sV^cosfl . 
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53. Prove that tan 11° 15' + 2 tan 22° SCK + 4 tan 45° = cot 11° 16'. 
By Prob. 11, Ex. XXIV, 

cot 11° 16' - tan 11° 16' = 2 cot 22° SO 7 . 
2 cot 22° 3C - 2 tan 22° 30' = 4 cot 45°. 
.-. cot 11° 15' - tan 11° 16' - 2 tan 22° 30 / = 4 cot 45° = 4 tan 45°. 
/. tan 11° 16' + 2 tan 22° 30 7 + 4 tan 46° = cot 11° 16'. 

54. If A, B, C are the angles of a plane triangle, prove that 

sin 2 A + sin 2 B + sin 2 C = 4 sin A sin B sin C. 
A + B + C = 180°. 
By [20], sin24 + sin2£ = 2sin(J. + B)co*(A - B) 

= 2sinCcos(4 - B). 
By [12], sin 2 C = 2 sin C cos C. 

V. sin 24 + sin 2 JB + sin 2 C = 2 sin Ccos(4 - 5) + 2 sin (7 cos C 
= 2 sin C [cos (A - B) - cos (A + J5)] 
By [28], = 2 sin C [- 2 sin A sin (- J5)] 

= 4sinCsin4sin.B. 

55. U A, B, C are the angles of a plane triangle, prove that 

cos 2 A + cos22* + cos2 C = — 1 — 4cos4 cos 2* cos C. 
By [22], cos24 + cos 2 B = 2 cos (A + B) cos ( A - B) 

= -2coaCcoB(A - B). 
.-. cos 2 A + cos 2 5 + cos 2 C = - 2 cos C cos (4 - B) + cos 2 C 
By [18], =-2cosCcos(A - B) + 2cos 2 C-l 

= 2 cos C [cos C - cos(A - 5)] - 1 

= 2 cos C[- cob(4 -f i)-cos (A-B)]-l 
By [22], = 2 cos C(- 2 cos A cos B) - 1 

= — 4 cos J. cos B cos C — 1. 

56. If A, By C are the angles of a plane triangle, prove that 

o a q d o ri 

sin 3 A + sin 3 B 4- sin 3 C = — 4 cos — cos — cos 

2 2 2 

By [20], sin3A + sin3JB = 28in}(A + £)cosi(4--JB) 
= 2sin}(180° - C)cos}(4 - B) 
= -2cos}Ccosf(J. - J5). 

By [12], sin8C = 2sin}Cco8}C 

= 2sin}(180° - A - £)cos| C 

= -2C08§(4 + B)C08f C. 

•. sinSA + sinSB + sinS C = - 2 cos | C [cos f (4 - J?) + cos}(il + 5)] 
= - 2 cos f C(2 cos|A cos J B) 
= — 4 cos } A cos } 5 cos J C. 
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57. If A, B, C &re the angles of a plane triangle, prove that 
cos 3 A + cos 2 B + cos 2 C = 1 - 2 cos A cosBcos C. 

t» ri/n ^ a * + COS 2-4. 

By [16], cos 2 -4. = - 



cos a B = 
cos«C = 



2 

l + cos2B 
2 

1 + cos 2 C 



* a , or> , o^r 3 + C082.A + COS 2 B + COS 2 C 

cos 2 .4 + cos 2 B + cos 2 C = - . 

2 
By Prob. 56, Ex. XXIV, 

cos 2 A + cos 2 B + cos 2 C = — 1 — 4 cos A cos 2? cos C. 

8 — 1—4 cos A cos B cos C 



.-.cos 3 -4 + cos 2 B + cos 2 C = 



2 
= 1 — 2 cos A cos B cos C 



58. If 4 + B + C = 90°, prove that 

tan .4 tan £ + tanBtanC + tan C tan A = 1. 

tan .4 tanB + tanB tan C + tan CtanA 

= tan .4 tan B + (tan .4 + tanB) tan C 
* a * t» , tatkA + tanB 



tan A + tan 2? 



1 — tan A tan B 
= tan -4 tanB + 1 - tan -4 tanB 
= 1. 

59. If A + B + C = 90°, prove that ' 

sin 2 -4 +sin 2 B + sin 2 C = 1 - 2 sin A sin B sin C 

sin C = cos (-4 + B) 
By [5], = cos .4 cos B - sin A sin B. 

sin C + sin -4 sin B = cos -4 cos B. 
sin 2 C + 2 sin -4 sin Bsin C + sin 2 A sin 2 B 
= cos 2 -4 cos 2 B. 
sin 2 C + 2 sin ^1 sin B sin C = cos 2 4 cos'B - sin 2 A sin 2 B 

= (1 - sin 2 ^) (1 - sin 2 B) - sin 2 4 sin«B 
= 1 -sin 2 .4 -sin 2 B. 
.-. sinM + sin 2 B + sin 2 C = l-2sin.A sin Bsin C. 
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60. H4 + £+C=90°, prove that 

sin 2 A + sin 2 B + sin 2 C = 4 cos A cos Bcos C. 

By [20], sin2^1 + sin25 = 2sin(jl + E)cos(4 - B) 
= 2 cos C cos (4 - JB). 

By [12], sin 2 C = 2 sin C cos C. 

.-. sin 2 .4 + sin 2 .2* + sin 2 C = 2 cos C cos (J. - B) + 2sin(7cosC 
= 2 cos C [cos (4 - B) + sin C] 
= 2cos C[cob(A - E) + cos(-4 + 5)] 

By [22], = 4 cos A cos B cos C. 



61. Prove that sin (sin- 1 x + sin^y) = x Vl — y a + y Vl — x a . 
By [4] , sin (sin- l x + sin 1 -y) = sin (sin- * x) cos (sin- 2 y) 

+ cos (sin— x x) sin (sin - 1 y) 

= X Vl _y» + y Vl - X a . 

62. Prove that tan (tan- l x + tan- l y) = : 



-xy 



t» r/M * /* i . * i \ tan (tan- J x) + tan (tan- 1 y) x + y 

By [6]. tan(tan- 1 x + tan- 1 y)= - — * ^- = . 

L J v ' l-tan(tan-ix)tan(tan-iy) 1-xy 



2x 
63. Prove that 2 tan~ x x = tan- 1 



l-x a 

« r^-. * /«* iv 2 tan (tan- 1 *) 2x 

By [14], tan(2 tan- 1 *) = \- -'— = -. 

JL J v ' 1 -tan^tan-ix) 1-x 2 

.\ 2tan -1 x = tan -1 . 

1 —x* 

64. Prove that 2 sin- 1 x = sin- l (2 x Vl - x a ). 

By [12] , sin (2 sin- 1 x) = 2 sin (sin— x x) cos (sin— 1 x) = 2 x "> 

.-.2 sin- » x = sin- J (2 x Vl - x 2 ). 

65. Prove that 2 cos- 1 x = cos-^ J (2 x a — 1). 

By [13], cos(2 cos-'x) = 2 cos^cos-ix) - 1 = 2x a - 1. 

.-. 2 cos-ix = cos- 1 (2x 2 - 1). 

g jp /p8 

66. Prove that 3 tan- l x = tan- 1 . 

1 -3x 2 

tan (3 tan- 1 !) = tan (tan _1 x + 2 tan- J x) 
B _ tanftan-^)^- ta n (2 tan- 1 x) 

y L J ' ~~ l^~tan (tan- *x) tan (2 tan-ix) 

__ x + tan (2 tan- 1 x) 
""l-xtan(2tan- 1 x) 
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x + 



By Prob. 68, Ex. XXTV, = ■ 



1-x 
.\ 3tan- 1 x = tan- 1 



1-x 2 _ 3x-x» 
l-8x*' 



67. Prove that 



Let sin- 
Then 



sin— 1 -v/- = tan— 1 \j- 
\y \1 

V- = sin n. 
V 

\y — x 
<\/- = cosn. 



y-x 



y-x 



= tann. 






68. Prove that 



\x - * \y - z 

t 

\x — z 



Let 

sin 



Then 



\x-_z 



sinn. 



cosn. 



tann. 
n = tan -1 



\y-« 

.-. an- 1 -*/ "~ = tan- 1 \/ 

\x — z \y - 



- v a 



69. Prove that 
sin-ix = sec— x - 



Vl^x 2 



2s 
1-x 2 
3x-x» 
l-8x 2 ' 



Let sin— 1 x = n. 

Then x = sin n. 

Vl — x 2 = cosn. 

1 



•Vl-x a 

n = see- 



rs seen. 

!-l- 



. sin- 1 x = sec— 1 



1 



VT~z* 



70. Prove that 
2sec- 1 x = tan- 1 



2 Vx 2 - 1 

2-x 2 

Let 2 sec— l x = n. 

Then x = secin. 

1 

- = cos in. 

By [18], 

2(- j — 1 =cosn. 

2-x 2 

= cos n. 

x 2 

x» 



2-x 2 
By Prob. 2, Ex. V, 

f-J^V-lrrtarfn. 
\2-x 2 / 

4x 2 -4 



(2 - x 2 ) 2 " 



■ = tan 2 n. 



tann = 



2 Vx 2 - 1 
2-x 2 



n = tan— 1 



2 Vx 2 - 1 
2-x 2 



!sec~ 1 x = tan- 1 



2 Vx 2 - 1 
2-x 2 
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71. Prove that tan- 1 \ + tan- * \ = 46°. 

By [6], tan (tan- 1 J + tan- 1 \) = * + * = 1. 

.% tan- 1 J + tan- 1 J = tan-* 1 = 46°. 

72. Prove that tan- 1 \ + tan- 1 i = tan- 1 f 

By [6], tan (tan- 1 \ + tan- 1 \) = * 1" * = f 

.-. tan- 1 } + tan- 1 i = tan- 1 f 

73. Prove that sin- 1 £ + sin- 1 |f = sin- 1 f f 
By [4], sin (sin- 1 J + sin- 1 \\) 

= sin (sin- 1 $) cos (sin- 1 \\) + cos (sin- 1 J) sin (sin- 1 }}) 

.-. sin- 1 1 + sin- 1 ^-j = sin- 1 ff . 

1 4 

74. Prove that sin- 1 —— + sin- J -— = 46°. 

V82 Vil 

By [4], sin (sin- 1 -— + sin- 1 - ) = — = x -— = + — — x -j= 
\ V82 V41/ V82 Vil V82 v41 

4lV2 4lV2 V2 
... sin-i _L_ + gin-i _i_ - gin- 1 * V§ = 46°. 
V82 Vil 

75. Prove that sec- 1 J + sec- 1 }! = 76° 46'. 

sec- i J -f sec- 1 }f = cos- 1 f + cos -1 }}. 
By [5], 008(008-4 + cos- 1 !}) = | x H - t * A = if- 

.-. cos -1 J + cos- 1 \\ = cos— 1 J|. 
sec- 1 } + sec- 1 \\ = sec- 1 f$ = 75° 46'. 

76. Prove that tan- 1 (2 + V§) - tan- 1 (2 - V§) = sec- 1 2. 
Let tan- 1 (2 + Vs) - tan- 1 (2 - VS) = n. 

« r^-, . (2 + V3) - (2 - Vs) 
By [10], tan n = ±-Z '—^ J. 

l + (2 + Vs)(2- Vs) 

2 

.-. n = 60°. 
sec n = 2. 
\ tan- 1 (2 + V5) - tan- 1 (2 - V§) = sec- 1 2. 
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77. Prove that tan-» \ + tan-i J + tan-i } + tan-i J = 46°. 

Let tan-^ + tan-i^n, 

and tan- 1 ^ + tan- 1 J = ». 

By [6], tan» = r i±i^ = f 

n + t> = tan-i 1 = 46°. 
tan-* J + tan-ij + tan-*} + tan-i J = 46°. 

78. Prove that tan- 1 - + tan-* — -stan- 1 

l-2x + 4x* l+2x + 4x a 2x* 

By T61, tanftan- 1 + tan- 1 ^ 

jr LJ , wiu^ii l-2x + 4x* l + 2x + 4xV 



1 -2x + 4x* * l + 2x 


+ 4x2 


1 


1 




(1- 

1 + 25 


2x + 4x*)(l + 2 
e + 4x 2 4- 1 -2a 


!x + 4x a ) 
: + 4x« 



(1 - 2x + 4x«) (1 + 2x + 4x«) - 1 
__ 2 + 8x« 
~"4x»+16x* 
_ 1 
~2x a ' 

.•. tan -1 K tan -1 = tan -1 • 

l-2x + 4x* l + 2x + 4x a 2x* 

79. Given co8X = { ; find sin Jx and cos Jx. 

By [16], ginix = ±Y^i = ±Vi=±|V6. 

By [17], co fl ji = ±^l±l = ±Vl= ± iV^. 

80. Given tanx = J; find tan \z. 

u„ rm * 2tan|x 

By [14], tan x = - 

L J l-tan«Jx 

_2tan_lx_ 

*~~l-tan«Jx* 
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1 -tan 2 £x = 4tan Jx. 
tan*ix + 4tan Jx = 1. 

tan 2 Jx + 4 tan £x + 4 = 6. 

tan£x + 2=±V6. 
.-.tanix = ±V6-2. 

81. Given sin x + cos x = V£ ; find cos 2x. 

sin x + cos x = Vj. 
sin 2 x + 2 sin x cos x + cos 2 x = \. 
1 + 2 sin x cos x = \. 

2 sin x cos x = — J. 

By [12], sin2x = ~l : 

cos2x = ±Vl -(-i) a 

82. Given tan 2 x = ^ ; find sin x. 

tan2x = V- 
By Prob. 19, Ex. XIV, sec 2 2x = 1 + tan 2 2x 

=w- 

cos 2 2x = 1J %. 
cos2x = ±^. 
By [13], l-2sin 2 x = ±A- 

sin a x = ,&or|f 
.-. sinx = ±f or ±f 

83. Given cos 3 x = § $ ; find tan x. 

By Prob. 19, Ex. XIV, cos 3x = 4 cos 8 x - 3 cos x. 
4 cos 8 x — 3 cos x = \ f . 
108 cos 8 x - 81 cos x = 23. 
108 cos 8 x - 81 cos x - 23 = 0. 
(3cosx + 1) (36cos 2 x - 12 cos x - 23) = 0. 
(i) 3cosx + l=0. 

cos x = — \. 
(ii) 86cos 2 x-12cosx-23 = 0. 

So^os^x - 12 cosx + 1 = 24. 

6 cosx- 1=±2 V5. 

cosx= 1{1 ±2V5). 
sinx = db^l — cos^x 



=-± Vl - (-j) 2 or ± Vl - [j (l ± 2 V6) a 
= ±V| or ±V^(H T 4V6) 
= ±fV2or ±J(V3=F2V2). 
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sinx 

tanx = 

cosx 



i(l±2V6) 
±(V3^2V^) 



= ^ 2 V2 or 



1±2V6 
-t* v A or — — - , or — — — 

(l + 2 V5) (l - 2 V5) (i _ 2 Ve) (l + 2 V5) 



» or ■ 



-23 



.tanx = ±2V2, ±^(9V3 + 8V2), or ± ^ (9 V§ _ 8 >/2). 

V5-1 



84. Given 2 csc x — cot x = V5; 
find sin J x. 

2 esc x — cot x = V3. 

2 _ cosx _ ^ 
sin x sin x 

2 — cosx = VSsinx. 
4 — 4 cos x + cosPx = 3 sin 2 x 

= 8-8cos 2 x. 
4cos 2 x — 4 cosx + 1 = 0. 
2C08X — 1=0. 

cos x = J. 

By [16], smix = ±^-=^. 

.-.sin \z = ±\. 

85. Find sin 18° and cos 36°. 
(i) 64° = 90° - 36°. 

3 x 18° = 90° - 2 x 18°. 
cos (3 x 18°) = sin (2 x 18°). 

By Prob. 19, Ex. XIV, and [12], 
4co6«18 -3cosl8 

= 2 sin 18° cos 18°. 
4cos 2 18°-3 = 2sinl8 . 
4-4sin 2 18°-3 = 2sinl8°. 
4 sin 2 18° + 2 sin 18° = 1. 
16sin 2 18 + () + l = 6. 

4sinl8°+l=± Vs. 
4 sin 18° = ± V5-1. 



. sin 18° = ■ 



W 



cos36°=l-2sin 2 18 

Vs + i 



86. Find the value of 
a sec x + 6csc x, when tan x = 

6» 



sfft 



tanx = - 



L i 



By Prob. 2, Ex. V, 

sec*x = 1 + ~-= 
a* 

_ a* + 6* 

" a* 

, a* 

COt X = — r • 

By Prob. 3, Ex. V, 



C8C a X = 



6* 
_ (a* + b*)* 

_ (a* + 6*)* 
""ft* 
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asecx + fccscx 

= a* (a* + &*)* + 6* (a* + 6*)* 
= (a* + b*) (a* + M)* 
= (a* + &*)*. 



87. Find the value of sin 3x, 
when sin 2 x = Vl — m a . 



sin2x=Vl -m a . 
cos a 2x = ro a . 
cos2x = ± m. 
1 -2sin a x = ±m. ' 
2sin 2 x = l ±ro. 



sinx 






By Prob. 18, Ex. XIV, 
sin 3 x = 3 sin x — 4 sin 3 x 

=( i^)» (1T2m , 



88. Find the value of sin x, when 
tan 2 x + 3cot 2 x = 4. 

tan 2 x + 3 cot 2 x = 4. 

tan 2 x + — — = 4. 
tan 2 x 

tan 4 x-4tan a x + 3 = 0. 

(tan 2 x - l)(tan 2 x - 3) = a 

.-. tan 2 x = 1 or 3. 

cot 2 x = 1 or J. 

csc 2 x = 2 or J. 

sin 2 x = \ or \ L 

.\sinx = ±Jv2 

or ± \ Vs. 



89. Find the value of 
csc 2 x — sec 2 x 
csc a x + sec a x 



> when tan x = Vj, 



tanx=V}. 
sec a x = 1 + | = f 
cot x = V7. 
^ csc a x =1 + 7 = 8. 
csc a x — sec a x 8 — \ 



csc a x + sec 2 x 8 + \ 



= f 



90. Find the value of cos x, when 
6 tan x + sec x = 6. 

5 tan x + sec x = 5. 

6 sin x 1 
cosx cosx - 

5 sinx + 1 = 5 cosx. 
6 sin x = Scosz-l. 
26(l-cos 2 x) 

= 26 cos 2 x — 10 cosx + 1. 
60cos 2 x-10cosx-24 = 0. 
25cos 2 x - 6 cosx — 12 = 0. 
(6cosx - 4)(5cosx + 3)= 0. 

6 cos x = 4 or - 3. 
.-. cos x = i or - f 



91. Find the value of sec x, when 

a 
tan x = • 



V2a + 1 



tanx: 



sec a x = 1 + 



V2a + 1 
a 2 



secx = ± 



2a+l 
a 2 + 2a + l 
2a + l 
a + 1 
V2a+1 
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92 SimplifT (C0S * + C0S y) * + (BUl Z + 8in y) * 

cos a i(x-y) 
By [22] and [20], 

(cob x + cob y) 2 -f (sin x + sin y) a 
coB a i(x-y) 
__ [2 cosj(x + y)cos }(x - y)] a + [2 sin j(x + y)cos \(x - y)] a 

cos a } (x — y) 
= 4cos*i(x + y) + 4 sin a i(x + y) 
= 4. 

93. Simplify 8111 ^^ 2 ^- 28111 ^ 4 ^^ 81111 . 

cob(x -f 2y) — 2cos(x + V) + cosx 

sin (x + 2 y) - 2 sin (x -f y) + sin x 
cos (x + 2 y) — 2 cos (x + y) + cosx 

_ [ain (x + 2 y) + sin x] - 2 sin (x + y) 
[cos(x + 2y) + coax] — 2cos(x + y) 
By [20] and [22], = 2Bin(x + y)coBy - 2sin(x + y) 
2cos(x + y)cosy — 2cos(x + y) 
__ sin (x + y) (cob y — 1) 
cos(x + y)(cosy — 1) 
= sinjx_+ y) 
coB(x + y) 
= tan (x + y). 

94. Simplify »* (*-*) + 2 sinx + sin(x + z) 

sin (y — z) + 2 sin y + sin (y + z) 
Bin (x — z) + 2 sin x + sin (x + z) 
sin (y — z) + 2 sin y + sin (y + z) 

_ [sin (x + z) + sin (x — z)] + 2 sin x 
[sin (y + z) + sin (y — z)] + 2 sin y 

t, roA , 2 sin x cos z + 2 sin x 

JJy l*U], = 

2 sin y cos z + 2 sin y 

_ sin x (cos z + 1) 

sin y (cos z + 1) 
_sinx 

siny 

ac o- ,.. cob6x — cob4x 

95. Simplify . 

sin6x + sin4x 

By [23] and [20], 

cos6x — cob4x — 2 sin 6 x sin x — sinx 

= = = — tan x. 

8in6x + sin4x 2 sin 6 x cosx cosx 
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96. Simplify tan-* (2 x + 1) + tan-* (2 z - 1). 
tan[tan-i(2x + 1) + tan-!(2x - 1)] 
2x + l + 2x-l 



By [6], 



l-(2x+l)(2x-l) 

4x 
2-4x a 

2x 



1 -2x a 



.-. tan-i(2x + 1) + tan-i(2x - 1) = tan-* — — 



l-2x a 



97. Simplify- — L— + 1— - + 1— - + 



— + 



1 + sin 2 x 1 + cos a x 1 + sec a x 1 + cac a x 
1.1 



1 + sin^x 1 + coaPx 1 + 8ec*x 1 + csc a x 

"" VI + sin a x 1 + csc 2 x/ \1 + cos a x l+sec 2 z/ 

( 1 sin a x \ / 1 co8 2 x \ 

l+sin 2 x l + sin 2 x/ Vl + cos a x 1 +cos a 2/ 

_ 1 + sin 2 x 1 + cos a x 

1 -f 8in 2 x 1 + cos a x 
= 1 + 1 
= 2. 

98. Simplify 2 sec 2 x — sec 4 x — 2 csc a x + csc*x. 

2 sec 2 x — sec 4 x — 2 csc 2 x + csc 4 x 

= 1 — 2 csc a x + csc*x — 1 + 2 sec a x — sec*x 
= (csc 2 x - l) a - (sec a x - l) a 
= cot 2 x — tan a x. 

99. Solve sin x = 2 sin (J- it + x). 

sin x = 2 sin (i tf + x) 
By [4], = 2sin J *r cos x + 2 cos | * sin x 

= V5 cos x + sin x. 
VS cos x = 0. 
cos x = 0. 
.\x = \n or J ar. 

100. Solve sin 2 x = 2 cos x. 

sin2x = 2 coax. 
2 sin x cos x = 2 cos x. 
2 cos x (sin x — 1) = 0. 
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(i) 2 cob x = 0. 

cos x = 0. 
.\ x = 90° or 270°. 
(ii) sin x - 1 = 0. 

sinx = 1. 
.-. x = 90°. 
.-. x = 90° or 270°. 

101. Solve cos 2 at = 2 sin as. 

cos2x = 2sinx. 

1 — 2sin a x = 2sinx. 

2 sin*x + 2 sin x = 1. 

4 sin 8 x + 4 sin x + 1 = 3. 

2sinx + 1 =±V8. 

2 sin x = - 1 ± V§. 

-1±V§ 
sin x = - 



2 

- 1 ± 1.7320 
2 
= 0.3660 or -1.8660. 
.-. x = 21° 28' or 168° 82 / . 

102. Solve sin x + cob x = 1. 

sin x + cos x = 1. 

sin 9 x + 2 sin x cob x + cos 2 x = 1. 

2 Bin x cob x = 0. 

(i) sinx = 0. 

.-. x = 0° or 180°. 

(ii) cosx = 0. 

.-. x = 90° or 270°. 

.-. x = 0°, 90°, 180°, or 270°. 
But the values x = 180° and x = 270° do not satisfy the given equation. 

... x = 0° or 90°. 

10a Solve smx + cos2x = 4sin 2 x. 

sin x + cob 2 x = 4 sin a x* 
tin x + 1 - 2 sin s x = 4 sin*x. 
6sin a x-Binx-l = 0. 
(2§inx-4)(8§inx + l) = 0. 
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(i) 2sinx-l=0. 

2 sin x = 1. 
sin x = J. 

.-. x = 30° or 160°. 

(ii) 8sinx + l=0. 

3 sin x = — 1. 
sin x = — J. 

.-. x = 109° 28' or 340° 32'. 

.\ x = 30°, 160°, 100° 28', or 340° 22'. 

104. Solve 4 cos2x + 8 coax = 1. 

4cos2x + 8cosx = 1. 

8cos 2 x-4 + 8cosx=l. 

8 cos 9 x + 8 cosx - 6 = 0. 

(cosx + 1) (8 cosx - 6) = 0. 

(i) cosx + 1=0. 

cos x = — 1. 
.\ x = 180°. 
(ii) 8cosx-6 = 0. 

8 cos x = 6. 
cosx = f = 0.6250. 
.-. x = 61° IV or 308° 41'. 
.*. x = 61° 19', 180°, or 308° 41'. 

105. Solve sinx + 8in2x = sin8x. 

sin x + sin 2 x = sin Sx. 
By [12] and Prob. 18, Ex. XIV, 

sin x + 2 sin x cos x = 3 sin x — 4 sin'x. 

4 sin 8 x — 2 sin x + 2 sinx cosx = 0. 

sinx(2sin 2 x - 1 + cosx) = 0. 

sinx(l -2cos*x + cosx) = 0. 

sinx(l — cosx)(l + 2cosx) = 0. 

(i) sin x = 0. 

.-. x = 0° or 180°. 
(ii) l-cosx = 0. 

cos x = 1. 
.-. x = 0°. 

(iii) l + 2cosx = 0. 

2 cos x = — 1. 
cos x = — J. 
.-. x = 120° or 240°. 
.-. x = 0°, 120% 180°, or 240°. 
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106. Solvesin2x = 3 8iii a x-cos 2 aj. 

sin 2x = 3 sin a x — cos a x. 
By [12], 2 sin x cos x = 3 sin a x - cos 2 x. 

3 sin a x - 2 sin z cos x — cos a x = 0. 
(3 sin x + cos x) (sin x — cos x) = 0. 
(i) 3sinx + cosx = 0. 

8tanx + l = 0. 
tan x = — J. 
/. x = tan- 1 (- i) = 161° 34' or 341° 34'. 
(ii) sin x — cos x = 0. 

sin x = cos x. 



.-. x = 46° or 226°. 

.-. x = 46°, 161° 34', 226°, or 341° 34'. 



107. Solve cot = i tan 0. 



cot = J tan 0. 

1 tan* 
tan0~ 3 
tan 2 * = 3. 
tan = ± VS. 

.-. = 00°, 120°, 240°, or 300°. 

106. Solve 2 sin = cos 0. 

2 sin = cos 0. 
4sin a = cos 2 0. 
4sin 2 = 1 -sin a 0. 
6sin a = l. 
8in a = J. 

sin = ± J Vb = ± 0.4472. 
.-. = 26° 34', 153° 26', 206° 34', or 333° 26'. 
But the values = 163° 26' and = 333° 26' do not satisfy the given 

equation ' ... = 26° 34' or 206° 34'. 

109. Solve2sin a x + 6sinx = 3. 

2sin 2 x + 6sinx = S. 

2sin a x + 6sinx-3 = 0. 

(sinx + 3)(2sinx- 1) = 0. 

(i) sinx + 3 = 0. 

sin x = — 3. 

... x is impossible. 
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(ii) 2sinx-l = 0. 

2 sinx = 1. 
sin x = i. 
.\x = 30°orl60°. 

110. Solve tan x sec x = V§. 

tan x sec x = Vi. 
tan a xsec a x = 2. 
By Prob. 2, Ex. V, 

tan a x(l + tan a x) = 2. 
tan 2 x + tan 4 x.= 2. 
tan*x + tan a x -2 = 0. 
(tan a x- l)(tan a x + 2) = 0. • 

(i) tan a x-l=0. 

tan a x = l. 
tan x = ± 1. 
.-. x = 46°, 136°, 226°, or 816°. 

(ii) tan a x + 2 = 0. 

tan 2 x = -2. 
tan x = ± V^2. 
.-. x is impossible. 
.-. x = 46°, 136°, 226°, or 315°. 
But the values x = 226° and x = 316° do not satisfy the given equation. 
.-. x = 46° or 136°. 

111. Solve sin x = cos 2 x. 

sinx = cos2x. 
By [13], sin x = cos a x - sin a x. 

sin x = 1 — sin a x — sin 2 x. 
2 sin a x + sin x — 1 = 0. 
(sin x + 1) (2 sin x - 1) = 0. 

(i) sinx + 1=0. 

sin x = — 1. 
.-. x = 270°. 

(ii) 2sinx-l = 0. 

2 sin x = 1. 
sin x = ±. 
.-. x = 30° or 160°. 
.• x = 30°, 150°, or 270°. 
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112. 8olvetanxtan2x = 2. 



By [14], tanx 



tan x tan 2 x = 2. 
2 tanx 



1 -tan 2 x 

2tan 2 x = 2 -2tan*x. 
4tan 2 x = 2. 
tan 8 x = i. 

tanx = ±Vi = ±i>/2 = ± 0.7071. 
.-. x = 36° 16', 144° 44', 216° 10', or 324° 44'. 



113. Solve sec x = 4 esc x. 

sec x = 4 esc x. 

1 _ 4 
cos x sin x 
sin x = 4 cos x. 
sin 2 x = 10cos a x. 
1 — cos 2 x = 16 cos 2 x. 
17cos 2 x = 1. 

cosx = ± tV Vl7 = ± 0.2426. 
.-. X = 75° 68', 104° y, 265° 68', or 284° 2'. 
But the values x = 104° 2' and x = 284° 2' do not satisfy the given 
equation. 

.\ x = 76° 68' or 256° 58'. 



114. Solve cos + cos 2 = 0. 

cos0 + cos20 = O. 

By [13], cos + cos 2 * - sin 2 * = 0. 

coB0 + cofl*0-l + 008*0 = 0. 

2cos a + cos*- 1 = 0. 

(<5O80+1)(2COS0-1) = O. 

(i) cos0 + l = O. 

cos = — 1. 
.-. = 180°. 

(ii) 2coe0-l = O. 

2 cos = 1. 
cos = T . 
/. = 60° or 300°. 
.-. = 60°, 180°, or 800°. 
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115. Solvecot T * + csc* = 2. 

cot T * + csc* = 2. 

By[ l9], ± Jl±£2if + 1 =2 . 
\ 1 — cos * sin * 



■4£ 



COB* . 1 



cos* sin* 
1 + cos * _ 4_ 1 



1 — cos sin sin 2 

1 + 2 cos * + cos 8 * 4 1 

1-cos 3 * ~ sin* sin 3 *' 

1 + 2C08* + C08 3 * _ 4 1 



sin 3 * sin sin 3 

™ A ^ 1 + cos * 1 

Extract square root, — = 2 • 

sin * sin * 

1 + cos* = 2 sin 0-1. 

2 + cos * = 2 sin*. 



2 + cos = 2 Vl -cos 3 *. 
4 + 4cos 6 + cos 3 * = 4-4 cos 3 *. 

5C08 2 * + 4C08* = 0. 

cos 0(6 cos + 4) = 0. 

.\cos* = or - 0.8. 
Also 2 + Vl -sin 3 * = 2 sin *. 

1 -sin 3 * = 4sin 2 *-8sin* + 4. 
6sin 3 *-8sin* + 8 = 0. 
(sin * - 1) (6sin * - 3) = 0. 

.*. sin = 1 or 0.6. 
But cos * = or - 0.8. 

.-. * = 90° or 143° 8'. 

116. Solve cot x tan 2 x = 3. 

cot x tan 2 x = 3. 

By [14], J_x^M_ = 3 . 

L J tan* 1- tan's 

2 .1 



l-tan 3 x 

2 = 3-3tan«x. 
3tan 3 x = l. 

tan 3 s = *. 

tana = ±V* = ±*V3. 
.-. x = 30°, 150°, 210°, or 330°. 
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117. Solve sin x sec 2x = 1. 

sinxsec2x = 1. 
sinx 



cos2x 
sin x = cos 2 x. 
Bv C 1S ]> sin x = cos 2 x — sin* x. 

sinx = 1 — 2sin a x. 
2 sin a x + sin x — 1 = 0. 
(sinx + 1)(2 sinx - 1) = 0. 

(i) sinx + 1=0. 

sin x = — 1. 
.-. x = 270°. 

(ii) 2sinx-l=0. 

2 sinx = 1. 
sinx = T . 
.-. x = 30° or 160°. 
.-. x = 30°, 160°, or 270°. 

118. Solve sin a x + sin 2x = 1. 

sin a x + sin2x = 1. 

By [12], sin a x + 2 sin x cos x = 1. 

sin 8 x -f 2 sin x Vl — sin 2 x = 1. 

2 sin x Vl — sin a x = 1 — sin 2 x. 
4 sin 2 x — 4 sin*x = 1 — 2 sin 2 x + sin*x. 
5sin*x-6sin 2 x + l =0. 
(sin a x - 1) (6 sin a x - 1) = 0. 

(i) sin*x-l = 0. 

sin 2 x=l. 
ginx = ± 1. 
.-. x = 90° ot 270°. 

(ii) 6sin 2 x-l = 0. 

6sin a x = 1. 

sin 2 x = |. 

sinx = ±Vi=±jV6 = ± 0.4472. 
.-. x = 26° 34', 163° 26', 206° 34', or 333° 26'. 
.-. x = 26° 34', 90°, 163° 26', 206° 34', 270°, or 333° 26'. 
But the values x = 163° 26' and x = 833° 20' do not satisfy the given 
equation. 

.-. x = 26° 34', 90°, 206° 34', or 270°. 
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119. Solve cos x sin 2 x csc x = 1. 

cosxsin2xc8CX = 1. 

By[12],cosx(2sinxcosx) x - — = 1. 
smx 

2cos a x = 1. 

cos a x = ±. 

.-. x = 46°, 186°, 226°, or 315°. 

120. 8olvecotxtan2x = sec2x. 

cot x tan 2 x = sec2x. 

r% ri^n jnoi 1 2tanx 1 

By [14] and [13], x 



tan x 1 — tan a x cos*x — sin a x 
2 ^ 1 
1 — tan a x cos*x — Bin* x 
sin a x 



2 cos a x — 2 sin a x = 1 - 
!-2mn a x-2sin a x=l- 
1 — 4sin a x = — 



cos a x 

sin a x 
l-sin*x" 
ein s x 



l-mn«x 

1 — 6 sin a x + 4 sin* x = — sin a x. 

1-4 sin a x + 4 sin*x = 0. 

Extract root, 1 — 2sin a x = 0. 

2sin a x= 1. 

sin a x = f 

ginx = ±Vi = ±^V2. 
.\ x = 46°, 136°, 226°, or 315°. 

121. Solve sin 2 x = cos 4 x. 

sin 2 x = cos 4 x. 
By [13], sin 2 x = cos 2 2 x - sin a 2 x. 

sin 2 x = 1 — sin a 2 x — sin a 2 x. 
2 sin a 2 x + sin2x-l=0. 
(sin 2 x + 1) (2 sin 2 x - 1 ) = 0. 

(i) sin2x + l = 0. 

sin 2 x = - 1. 
.•.2x = 270°or630°. 
.-. x = 136° or 816°. 
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(ii) 2rin2x-l = 0. 

2 sin 2 x = 1. 

sin2x = f 

.-. 2 x = 30°, 150°, 390°, or 510°. 
.-. * = 16°, 76°, 196°, or 265°. 
.-. x = 16°, 76°, 136°, 196°, or 266°. 

122. Solve Bin 2 z cot z — sin*z = £. 

sin 2 z cot * — sin* z = J. 
By [12], 

2 sin z cos z x - 8in 8 z = 4. 

sinz 

2co8*z — sin 3 z = T . 

2-2sni 8 z-sm 3 z = T . 

8sin*z = |. 

sin«z = T . 

sinz= ± V* = ±±V2. 
.-. z = 46°, 136°, 226°, or 815°. 

123. Solve tan x + tan 2 x = tan 3 x. 

tan x + tan 2 x = tan 3 x. 
By [14], and Prob. 19, Ex. XXIV, 





2tanx 3 tan x- tan 8 x 

tanx-4- = « 

l-tan 2 x l-3tan a x 


tanx(l + -- 


2 3-tan a x\ 
-tan*x l-3tan a x/ 


(i) 


tanx = 0. 




/. x = 0° or 180°. 


n\\ i _l 


2 3 - tan* x __ A 



l-tan a x l-3tan a x 
1 -4tan a x + 3tan<x + 2 - 6tan 2 x - 8 + 4tan 2 x - tan*x + =0. 
2tan 4 x -6tan a x = 0. 
tan a x(tan a x-3) = 0. 

tan a x = 0or3. 
tan x = 0. 

.-. x = 0° or 180°. 
tanx= ± Vs. 
.-. x = 60°, 120°, 240°, or 300°. 
.-. x = 0°, 60°, 120°, 180°, 240°, or 300°. 
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124. Solve cot x - tan x = sin x+ cos x. 

z 
y, 

= 8U1X + COSX. 



cot x - tan x = sin x 4- cosx. 
cosx sinx 
sin x cos x 
cos 2 x — sin 2 x 



= Bin x + cos x. 

8U1XC08X 

co8 a x — sin 2 x = sinx cosx (sinx + cosx). 
(sin x + cos x) (cos x — sin x - sin x cos x) = 0. 

(i) sin x + cos x = 0. 

sin x = — cos x. 
.-. x = 136° or 315°. 
(ii) cos x — sin x — sin x cos x = 0. 

cosx — sinx = sinx cosx. 
Square, cotfx + sin 2 x - 2 sinx cosx = sin 2 xcos 2 x. 

1 — 2 sinx cosx = sin 2 x cos 8 x. 
sin 2 x cos 2 x + 2 sin x cos x = 1. 
sin 2 x cos 2 x + 2 sinx cosx + 1 = 2. 
Extract the root, sin x cos x + 1 = ± V2. 

sin x cos x = — 1 ± V2. 
2 sin x cos x = — 2 ± 2 V2. 
By [12], sin2x= -2±2 V2. 

sin 2 x = 0.8284 or - 4.8284. 
.% 2 x = 65° 66', 124° 4', 416° 66', or 484° 4'. 
.\ x = 27° 68', 62° 2', 207° 68', or 242° 2 / . 
.-. x = 27° 68', 62° 2', 136°, 207° 68', 242° 2', or 316°. 
Bnt the values x = 62° 2' and x = 207° 68' do not satisfy the given 
equation. 

.-. x = 27° 68", 135°, 242° 2 / , or 316°. 

125. Solve tan 2 x = sin 2 x. 

tan 2 x = sin 2x. 
By [12], tan«x = 2 sin x cos x. 

tan 2 x = 2tanxcos 2 x. 
2tanx 



tan 2 x = 
By Prob. 2, Ex. V, tan 2 x = 



sec 2 x 
2tanx 



l-|-tan 2 x 
tan 2 x + tan*x = 2 tanx. 
tan x (tan 8 x + tanx - 2) = 0. 
tan x(tan x - 1) (tan 2 x -f tanx -f 2) = 0. 
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(i) tanx = 0. 

.-. x = 0°or 180°. 
(ii) tanx- 1=0. 

tan x = 1. 
.-.x = 46° or 226°. 
(iii) tan*x + tanx + 2 = 0. 

4tan«x + () + l = -7. 

2tanx + 1= ± VT?. 

tanx = *(-l± V^7). 
.-. x is impossible. 

/. x = 0°, 46°, 180°, or 226°. 

126. Solve tanx + cot x = tan 2 x. 

tan x + cot x = tan 2 x. 
1 2tanx 



By [14], tanx + 



tan x 1 — tan a x 
tan*x + l _ 2tanx 

tan x "" 1 - tan 2 x 
1 -tan*x = 2tan 3 x. 
tan*x + 2 tan*x = 1. 
tan*x + 2 tan a x + 1 = 2. 

tan*x + 1 = ± V2. 
tan 8 x = -l ± V2. 
tan«x = 0.4142 or - 2.4142. 
tan x = ± 0.6486. 
.-. x = 32° 46', 147° 14', 212° 46', or 327° 14' 



1 — tanx _ 

= cos2x. 

1 -f tanx 






1 — tanx 
1 + tanx 


cos2x. 




cos x — sin x 
cos x + sin x 


cos 3 x - 


sin*x. 


cos x — sin x _ 


fcosx - 


■sinx) 



127. Solve 



By [18], 



cos x -f sin x 

cos x — sin x = (cos x — sin x) (cos x + sin x)*. 
(coax - sin x) [1 — (cosx -f sin x) 2 ] = 0. 
(i) cos x — sin x = 0. 

cos x = sin x. 
.-. x = 46° or 225°. 
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(ii) l-(cosx + sinx)* = 0. 

1 — (cos*x + sin's + 2 sinx cosx) = 0. 

1 -(1 + 2sinxcosx) = 0. 

2 sin x cos x = 0. 

sin x cos x = 0. 

.-. x = 0°, 90°, 180°, or 270°. 

.-. x = 0°, 46°, 90°, 180°, 226°, or 270°. 

128. Solve sin x + sin 2x = 1 — cos 2x. 

sin x + sin 2 x = 1 — cos 2x. 
By [12], sinx + 2 8inxcosx= 1 — cos2x. 
By [16], sin x + 2 sin x cos x = 2 sin'x. 

sin x (1 + 2 cos x — 2 sin x) = 0. 
(i) sinx = 0. 

.-. x = 0° or 180°. 

(ii) 1 + 2co8X-2sinx = 0. 

sinx — cosx = J. 

sin'x + co8*x - 2 sin x cos x = J. 

1 — 2 sinx cosx = £. 

2 sin x cos x = }. 

By [12], sin2x = f =0.76. 

.-. 2x = 48° 36', 131° 24', 408° 86', or 491° 24'. 
.-. x = 24° 18', 66° 42', 204° 18', or 246° 42'. 
.-. x = 0°, 24° 18', 66° 42', 180°, 204° 18', or 246° 42 / . 
Bat the values x = 24° 18' and x = 245° 42 / do not satisfy the given 
equation. 

.-. x = 0°, 66° 42 / , 180°, or 204° 18'. 

129. Solve sec 2x + 1 = 2 cos x. 

sec2x + 1 = 2cosx. 

— - + 1 = 2 COSX. 

cos2x 

1 + cos 2 x = 2 cos x cos 2 x. 
By [18], 1 + co8 8 x - sin 2 x = 2 cos x (cos*x - sin'x). 

1 + COS a X - 1 + C08 2 X = 2 cos x(cos'x — 1 -f cos'x). 
2 cos'x = 2 cos x (2 cos*x - 1). 
cos x (2 cWx - C08 X - 1) = 0. 
COS X (COS X - 1) (2 COS X + 1) = 0. 
(i) CO8X = 0. 

.-. x = 90° or 270°. 
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(ii) coax- 1 = 0. 

COSX = 1. 

.-. x = 0°. 
(iii) 2cosx + l = 0. 

cos x = — J. 
.\ x = 120° or 240°. 
.-. x = 0°, 90°, 120°, 240° or 270°. 

130. Solve tan 2x + tan 3x = 0. 

tan2x + tan8x = 0. 

tan 2x = - tan 8x = tan (- 8x). 
/. 2x = - 8x or 180° - 8x. 
(i) 5x = O o + n80O°. 

.\ x = 0°, 72°, 144°, 216°, or 288°. 
(ii) 6x = 180° + n360°. 

.-. x = 36°, 108°, 180°, 262°, or 824°. 
.-. x = 0°, 36°, 72°, 108°, 144°, 180°, 216°, 262°, 288°, or 324°. 

131. Solvetan(i* + x) + tan(ijr-x) = 4. 

tan (i it + x) + tan (i n - x) = 4. 

« ra-i jriAi l + tanx , l-tanx . 
By [6] and [10], - — — - + = 4. 

1 — tan x 1 + tan x 

1 + 2 tan x + tan 8 x + 1 - 2 tan x + tan 2 x = 4 - 4 tan* x. 

6 tan a x = 2. 

tan*x = \. 

tan x = ± VJ = ± T Vs. 

.-. x = 80°, 160°, 210°, or 880°. 

132. Solve Vl + sin x - Vl - sin x = 2 cosx. 



Vl + sin x - Vl-sinx = 2 cosx. 
Square, 

1 + sin x — 2 Vl - sin* x + 1 - sin x = 4 cos 2 x. 

2-2 Vl - sin 2 x = 4 cos 2 x. 

1 — Vco8 2 x = 2 cos 2 x. 

1 — C08X = 2C08 2 X. 

2cos a x + cosx- 1 = 0. 
(cosx + 1) (2 cosx - 1) = 0. 

(I) COBX+1 = 0. 

COSX= — 1. 

.\*=180°. 
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(U) 2COSX-It=0. 

COSX = +. 

.-. x = 60° or 800°. 
.-. x = 60°, 180°, or 300°. 
But the values x = 180° and x = 300° do not satisfy the given equation. 
.-. x = 60°. 



133. Solve tanxtan8x = -|. 

tan x tan 3 x = — }. 

By Prob. 19, Ex. XXIV, 

3 tan x — tan s x 

tan x = — I. 

l-3tan a x * 

8 tan a x — tan 4 x __ 

l-3tan a x ""-*' 

16 tan a x - 6 tan 4 x = - 2 + 6 tan a x. 

6 tan*x - 9 tan a x -2 = 0. 

(tan a x - 2) (6 tan a x + 1) = 0. 

(i) tan a x -2 = 0. 

tan 2 x = 2. 



tan x = ± V2 = ± 1.4142. 
.-. x = 64° 44', 125° 16', 234°44 , 1 or 305° 16'. 



(ii) 6tan a x + l = 0. 

6tan 2 x = - 1. 



tan a x = - £. 
tan x = ± V-f 

.*. x is impossible. 

.-. x = 54° 44', 126° 16', 234° 44', or306°16'. 




134. Solve sin (46° + x) + cos (46° - x) = 1. 

sinf45° -f x) + cos(46° - x) = 1. 

Now 46° + x = 90° - (45° - x). 

A cob (45° - x) + cos (46° - x) = 1. 

2cos(45°-x) = l. 

cos(45°-x) = f 

46° - x = 60° or 300°. 
.-. x = - 16° or - 256°. 
.-. x = 105° or 346°. 
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135. Solve tan x + see x = a. 

tan x + sec x = a. 

sec x = a — tan x. 
sec a x = a 3 - 2 a tan x + tan*x. 
By Prob. 2, Ex. V, 1 + tan a x = a a - 2atanx + tan 9 *. 
2 a tan x = a 8 — 1. 

a a -l 

tanx = — 

2a 

/.« = tan- 1 — 

2a 

136. Solve cos 2 x = a (1 - eos x). 

cos 2 x = a (1 — cos x). 
By [13], cos* x - sin 3 x = a (1 - cos x). 

co^x - 1 + cotfx = a- a cosx. 

2cos 2 x + acosx = a + 1. 
16 cos 2 x + ( ) + a* = a a + 8 a + 8. 



4 cosx + a = ± Va 2 + 8a + 8. 



-a±Va a + 8a + 8 
cos x = : • 



x = cos- 1 ■ 



i ( ; 



137. Solve(l -tanx)cos2x = a(l + tanx). 

(1 - tan x) cos 2x = a (1 + tan x). 
1 + tanx 



cos 2 x = a - 



tanx 



a (cos x -|- sin x) 

cos2x = — * ; -• 

cos x — sin x 

.. «, . • « ( cos * + sin x) 

By [13], cotfx - sin a x = -^ : '- . 

* L -" cosx — smx 

(cos x — sin x) a (cos x + sin x) — a (cos x + sin x) = 0. 

(cos x + sin x) [(cos x — sin x) a — a] = 0. 

(i) cosx + sin x = 0. 

sin x = — cos x. 
.-. x = 136° or 316°. 

(ii) (cos x — sin x) a — a = 0. 

cos'x + sin a x — 2 sinx cos x = a. 

1 — 2sinxcosx = a. 
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2sinxco8X = l — a. 
gin2x = 1 — a. 
.-. 2x = sin-i(l-a). 
.•.« = isin-i(l-a). 
.-. x = 136°, 316°, or i«n-i(l - «)• 

138. Solve sin 6 x + cofi* 2 = ^1 sin* 2 x. 

sin«x-f cos fl x = 1 ' J 8in 2 2x. 
(sin 2 x + cos 2 x)(sin*x - sin 2 x co^x + cos*x) = ^ sin 2 2 x. 
sin*x — sin 2 x cos 2 x + cos*x = ^ sin 3 2x. 
(sin 4 x + 2 sin 2 x coflPx + cob*x) — 8 sin 8 x cos 2 x = J sin 2 x corfx. 
(sin 2 x + cos 2 x) 2 = y sin 2 x cos 2 x. 
1 = y sin 2 x cos 2 . 
168in 2 xcos 2 x = 3. 
4gin 3 xcos 2 x = J. 

8in 2 2x = ±iV§. 
.-. 2x = 60°, 120°, 240°, 300°, 420°, 480°, 600°, or 660°. 
/. x = 30°, 00°, 120°, 160°, 210°, 240°, 300°, or 380°. 

139. Solve cos 3 x + 8 cos>x = 0. 

cos3x + 8cos»x = 0. 
By Prob. 19, Ex. XIV, 

4 cob*x — 3 cosx -I- 8 cos^x = 0. 

12 cos*x — 3 cosx = 0. 

cosx (4 cos^x — 1) = 0. 

(i) cosx = 0. 

.-. x = 00° or 270°. 
(li) 4cos 2 x-l = 0. 

4 cos 2 x = 1. 
cos 2 x = J. 

C08X = ± J. 

.-. x = 60°, 120°, 240°, or 300°. 

.-. x = 60°, 90°, 120°, 240°, 270°, or 300°. 

140. Solve sec (x + 120°) + sec (x - 120°) = 2 cosx. 

sec(x + 120°) + sec(x - 120°) = 2 cosx. 

1 1 

= 2 cosx. 



cos(x + 120°) cos(x - 120°) 

cos(x - 120°) + cos(x + 12(y 

cos (x + 120°) cos (x - 120°) 



cos(x - 120°) + cos(x + 120°) ft 

- = 2 cosx. 
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-« r««- 2 COS X COS 120° 

By [22], = 2 cos*. 

y L J ' coa(x + 120°)cos(x - 120°) 
By [5] and [9], 

2 cos* cos 120° 

= 2cosx. 



(cos * cos 120° - sin * sin 120°) (cos * cos 120° + sin x sin 120°) 

2 cos x cos 120° 



= 2 COSX. 



cos a x cos 8 120° - sin a x sin 2 120° 
Now sin 120° = J Vg and cos 120° = - J. 

— C08X 

.\ — = 2 cosx. 

J cos a x — J sin 2 x 

— cosx = i cosx (cos*x — 3 sin 2 x). 
— 2 cosx = cosx (4 cos a x — 8). 
cos x (4 cos 2 x - 1) = 0. 
(i) cosx = 0. 

.-. x = 90° or 270°. 
(ii) 4cos a x-l = 0. 

4cos a x = l. 
C08 3 X= }. 
cosx = ± J. 
.-. x = 60°, 120°, 240°, or 800°. 
.-. x = 60°, 90°, 120°, 240°, 270°, or 800°, 

141. Solve esc x = cot x + V5. 

esc x = cot x + "^^3. 
csc 2 x = cot a x + 2 V8 cot x + 3. 
By Prob. 8, Ex. V, 1 + eot 2 x = cot a x + 2 V3 cot x + 3. 
2 V§cotx = -2. 

cot x = = — i >/§. 

Vs 

.-. x = 120° or 300°. 
But the value x = 300° does not satisfy the given equation. 
.-. x = 120°. 

142. Solve4cos2x + 6sinx = 6. 

4cos2x + 0sinx = 5. 

By [13], 4 (1 - 2 sin a x) + 6 sin x = 6. 

4 - 8 sin 2 x + 6 sin x = 6. 

8sin a x-6sinx+l=0. 

(2 sin x - 1) (4 sin x - 1) = 0. 
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(i) 2sinx-l = 0. 

2sinx = 1. 
sinx = ^. 
.-. x = 30° or 160* 
(ii) 4sinx-l = 0. 

4sinx = l. 
sin x = ± = 0.26. 
.-. x = 14° 29* or 166° 31'. 
.-. x = 14° 29% 30°, 160°, or 165° 31'. 

143. Solve cos x — cos 2 x = 1. 

cos x — cos 2 x = 1. 

By [13], cos x - cos^x + sin a x = 1. 

cosx - co^x + 1 — COSPX = 1. 

2 cos*x — cos x = 0. 

• cosx (2 cosx- 1) = 0. 

(i) cos x = 0. 

.-. x = 90° or 270°. 
(li) 2cosx-l=0. 

2cosx = 1. 

COSX = ±. 

.-. x = 00° or 800* 

.\ x = 60°, 90°, 270°, or 800°. 

144. Solve sin 4x — sin 2x = sin x. 

sin4x — sin2x = sinx. 
By [21], 2cos8xsinx = sinx. 

sinx(2cos3x-l) = 0. 
(i) sinx = 0. 

.-. x = 0° or 180°. 
(ii) 2cos3x-l = 0. 

2cos3x=l. 
cos3x = i. 
.\ 8 x = 00° + n 300° or 300° + n 360°. 
.\ x = 20°, 140°, or 260° ; or 100°, 220°, or 840°. 
.-. x = 0°, 20°, 100°, 140°, 180°, 220°, 260°, or 840°. 

145. Solve2sin a x + sin a 2x = 2. 

*2sin a x + sin a 2x = 2. 

By [12], 2 sin a x + 4 sin a x co^x = 2. 

sin a x + 2 sin*x(l - sin a x) = 1. 
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sin a x + 2 sin*x - 2 sin*x = 1. 

2 sin*x - 3 sin 2 * +1 = 0. 

(sin*x - 1) (2 sin 2 x - 1) = 0. 

(i) sin*x -1 = 0. 

sin a x = 1. 
sin x = ± 1. 
.-. x = 0°, 90°, 180°, or 270°. 

(ii) 2 stfn 2 x -1=0. 

2sin 2 x = 1. 

sin 2 x = ^. 

sin x = ± V* = ± i V2 . 
.-. x = 46°, 135°, 225°, or 316°. 
/. x = 0°, 46°, 90°, 136°, 180°, 226°, 270°, or 316°. 
But the values x = 0° and x = 180° do not satisfy the given equation. 
.-. x = 46°, 90°, 136°, 226°, 270°, or 316°. 

146. Solve cos 5 x + cos 3x + cos x = 0. 

cos 6 x + cos 3 x + cos x = 0. 

By [22], 2cos4xcosx + cosx = 0. 

coax(2cos4x + 1) = 0. 

(i) cos x = 0. 

.-. x = 90° or 270°. 

(ii) 2cos4x + l = 0. 

2 cos 4 x = — 1. 
cos 4 x = — ^. 
.-. 4x = 120° + n360° or 240° + n360°: 
.-. x = 30°, 120°, 210°, or 300° ; or 60°, 160°, 240°, or 330°. 
.-. x = 30°, 60°, 90°, 120°, 160°, 210°, 240°, 270°, 300°, or 330°. 

147. Solve secx — cotx = cscx — tan x. 

sec x — cot x = esc x — tan x. 
1 cos x _ 1 sin x 

cosx sinx ~~sinx cosx' 

sin x — co8*x = cos x — sin a x. 
(sin x - cos x) + (sin a x - cos 2 x) = 0. 
(sinx — cosx) (1 + sinx + cosx) = 0. 

(i) sinx — coax = 0. 

sin x = cos x. 
/. x = 45° or 225 Q . 
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(ii) 1 + sinx-f cosx = 0. 

sin x -f cos x = — 1. 
sin a x + 2 sin x cos x + cos a x = 1. 
1 + 2 sin x cos x = 1. 

2 sin x cos x = 0. 
By [12], sin2x = 0. 

.-. 2x = 0°, 180°, 360°, or 540°. 
.-. x = 0°, 00°, 180°, or 270°. 
.-. x = 0°, 46°, 90°, 180°, 226°, or 270*. 

148. Solve tan 9 x + cot a x = ^ . 

tan a x + cot a x = y. 

tan a x 8 

3 tan*x + 8 = 10 tan a x. 
8 tan*x - 10 tan a x + 3 = 0. 

(tan a x - 3) (3 tan a x - 1) = 0. 

(i) tan a x-8 = 0. 

tan a x = 3. 

tan x = ± V5. 

.-. x = 60°, 120°, 240°, or 300°. 

(ii) 8tan a x-l=0. 

3tan a x = l. 

tan a x = i. 

tanx = ±V$ = ±$ Vs. 
.'. x = 30°, 160°, 210°, or 330°. 
.-. x = 30°, 60°, 120°, 160°, 210°, 240°, 300°, or 330°. 

149. Solve sin 4 x - cos 3 x = sin 2 x. 

sin 4x — cos 3x = sin 2x. 

sin 4 x - sin 2 x - cos 3 x = 0. 

By [21], 2 cos 3 x sin x - cos 3 x = 0. 

cos3x(2sinx - 1) = 0. 

(i) cos3x = 0. 

. •. 3 x = 90° + n 360° or 270° + n 
.-. x = 80°, 160°, or 270° ; or 90°, 210°, or 330°. 
(ii) 2sinx-l=0. 

2sinx = l. 
sin x = $. 
.-. x = 30° or 160°. 
.-. x = 30°, 00°, 160°, 210°, 270°, or 380°. 
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150. Solve sin x + cos x = sec x. 

sin x + cos x = sec x. 

1 

sin x + cos x = • 

cosx 

sin x cos x + cos 2 x = 1. 

sin x cos x + (cos 2 x - 1) = 0. 

sin x cos x — sin 2 x = 0. 

sin x (cos x — sin x) = 0. 

(i) sin x = 0. 

.-. x = 0° or 180°. 

(ii) cos x — sin x = 0. 

cos x = sin x. 
.-. x = 46° or 225°. 
.-. x = 0°, 46°, 180°, or 226°. 

151. Solve 2 cos x cos 3 x + 1 = 0. 

2 cos x cos 3 x + 1 = 0. 
By Prob. 19, Ex. XIV, 

2 cos x (4 co8 8 x — 3 cos x) 4- 1 = 0. 

8 cos*x - 6 cos*x + 1 = 0. 

(4 cos^x - 1) (2 cos 2 x - 1) = 0. 

(i) 4 cos a x -1 = 0. 

4 cos 2 x = 1. 

COS 2 X = J. 

cos x = ± J- 
.-. x = 60°, 120°, 240°, or 300°. 

(ii) 2 cos a x -1 = 0. 

2cos 2 x = 1. 

cos 2 x = J. 

cosx = ±Vi=± £\/2. 
.-. x = 45°, 135°, 226°, or 815°. 
.-. x = 45°, 60°, 120°, 135°, 226°, 240°, 300°, or 316°. 

152. Solvecos3x-2cos2x + cosx=0. 

cos 3x — 2 cos 2 x + cosx = 0. 

(cos3x + cosx) -2cos2x = 0. 

By [22], 2cos2xcosx- 2cos2x = 0. 

cos 2 x (cosx — 1) = 0. 

(i) cos2x = 0. 

... 2x = 90°, 270°, 460°, or 080°. 
...» = 45°, 186°, 226°, or 815°. 
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(ii) cosx-l=0. 

cos a; = 1. 
.-. x = 0°. 
.-. x = 0°, 46°, 136°, 226°, or 315°. 

Solve tan 2x tanx = 1. 

tan 2 x tan x — 1. 

tan 2x = 

tanx 

tan2x = cotx. 

.-. 2x = 90° - x or 270° - x. 

3x = 90° + n360° or 270° + n36C 

.-. x = 30°, 150°, or 270° ; or 90°, 210°, or 330°. 

.-. x = 30°, 90°, 160°, 210°, 270°, or 330°. 



154. Solve sin (x + 12°) + sia(x - 8°) = sin 20°. 

sin (x + 12°) -f sin (x - 8°) = sin 20°. 
By [20], 2 sin (x + 2°) cos 10° = sin 20°. 

2 sin (x + 2°) cos 10° = 2 sin 10° cos 10°. 
2 sin (x + 2°) = 2 sin 10°. 
sin (x + 2°) = sin 10°. 
.-. x + 2° = 10° or 170°. 
.-. x = 8° or 168°. 

155. Solve tan (60° + x) tan (60° - x) = - 2. 

tan(0O° + x)tan(60° - x) = -2. 

By [6] and [10], 

tan 60° -f tan x tan 60° - tan x 

x _ o 



l-tan60°tanx 1 + tan 60° tanx 
tan 2 60°- tan 2 x 



1 -tan 2 60°tan 2 x 
3-tan 2 x 



= -2. 
= -2. 



l-3tan 2 x 
3 - tan 2 x = - 2 + 6 tan«x. 
7 tan 2 x = 5. 
tan 2 x=$ = 0.71428571. 
tan x = ± 0.8461. 
. z = 40° 12', 139° 48', 220° 12', or 319° 48'. 
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156. Solve sin (x + 120°) + sin (x + 60°) = f. 

sin (x + 120°) + sin (x + 60°) = f 

By [20], 2 sin (x + 90°) cos 30° = }. 

2 cos x cos 30° = J. 

2cosx(iV8) = J. 



_3^ 
. x = 30° or 830°. 



cosx = -^- = iV3. 
2V3 



157. Solve sin (x + 30°) sin (x- 30°) = i- 

sin(x + 30°) sin (x - 30°) = *. 
By [23], - T (cos2x-cos60°)= T . 
cos2x~cos60° = ~l. 
cos2x-i = — 1. 
cos 2 x = — T . 
.\ 2 x = 120°, 240°, 480°, or 600°. 
.-. x = 60°, 120°, 240°, or 300°. 



158. Solve sin*x-f cos* x = |. 

sin 4 x-f cos*x = }. 
sin*x + 2 sin 2 x cos 2 x + cos*x = 2 sin 2 x cos'x + f 
(sin 2 x -f cos 2 x) 2 = 2 sin 2 x cos 2 x -f f . 
l = 2sin 2 xcos 2 x + t- 
2sin 2 xcos 2 x= }. 
4sin 2 xcos 2 x = f. 
By [12], sin 2 2x=f. 

sin2x = i J V3. 
.-. 2x = 60°, 120°, 240°, 300°, 420°, 480°, 600°, or 660°. 
.-. x = 30°, 60°, 120°, 160°, 210°, 240°, 300°, or 330°. 



159. Solve sin* x-cos*x = A- 

sin*x — cos*x = ^ y . 
(sin 2 x + cos 2 x) (sin 2 x — cos 2 x) = ft. 
sin 2 x - cos 2 x = ft. 
cos 2 x-sin 2 x = -^. 

By [13], cos2x = -A-* 

.-. 2x = 106° 16', 263° 44', 466° 16', or 613° 44'. 
.-. x = 63° 8', 126° 62', 233° 8', or 306° 52'. 
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160. Solve tan (x + 30°) = 2 cos x. 

tan (x + 30°) = 2 cos x. 

Let x + 30° = y. 

Then x = y - 80°. 

Substitute, tan y = 2 cos (y - 30°). 

By [9], tany = 2 cos y cos 30° + 2 Bin y sin 30°. 

sin y rz 

- = V3 cos y + sin y. 

cosy " 

sin y = V§ cos 2 y + sin y cos y. 

sin y (1 — cos y) = V3 cos 2 y. 

sin 3 y (1 — cos y) 2 = 3 cos 4 y. 

(1 — cos a y) (1—2 cosy + cos a y) = 3 cos 4 y. 

1 — 2 cos y + 2 cos 8 y — cos*y = 3 cos*y. 

4 cos*y — 2 cos 8 y 4- 2 cos y — 1 = 0. 

(2 cosy - 1) (2 cos*y + 1) = 0. 

(i) 2cosy-l=0. 

2 cos y = 1. 
cosy = \. 
.-. y = 00° or 300°. 
.-.x = 30° or 270°. 

(ii) 2cos«y + l = 0. 

2 cos 8 y — — 1. 
cos 8 y =- J. 

cos y = — Vj. 
The two other roots of equation (ii) are complex, 
cosy = -0.7937. 
.-. y = 127° 28' or 232° 82'. 
.-. x = 97° 28' or 202° 32'. 
.-. x = 80°, 97° 28', 202° 82', or 270°. 
But the values x = 97° 28', x = 202° 32', and x = 270° do not satisfy 
the given equation. 

.-. x = 30°. 

161. Solve sec x = 2 tan x + \. 

sec x = 2 tan x + J. 
sec 2 x = 4 tan a x + tanx + A» 
By Prob. 2, Ex. V, 1 + tan 2 x = 4 tan 2 x + tanx + £. 
3tan 2 x + tanx-}$ = 0. 
48tan a x + 16 tanx -15 = 0. 
(4tanx + 3)(12tanx- 6) = 0. 
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(i) 4tanx + 3 = 0. 

4tanx = -3. 
tanx = -} = -0.76. 
.-. x = 148° 8' or 328° 8'. 
(Ji) 12tanx-6 = 0. 

12tanx = 6. 

tanx = A = 0.4167. 
12 

.-. x = 22° 37' or 202° 37'. 

.: x = 22° 37', 143° 8', 202° 37', or 323° 8'. 

But the values x = 202° 37' and x = 323° 8' do not satisfy the given 

equation. 

.-. x = 22° 37' or 143° 8'. 

162. Solvesinllxsin4x + sin6xsin2x = 0. 

sin 11 xsin4x + sin 6xsin 2 x = 0. 

By[23], sinllxsin4x = -i(cosl5x-co87x), 

and sin5xsin2x = -i(cos7x-cos3x). 

... _ ^(cos 16 x - cos 7 x) - i(cos 7 x - cos3x) = 0. 

cos 16 x - cos 7 x + cos 7 x - cos 3 x == 0. 

cos 16 x — cos 3 x = 0. 

By [23], - 2 sin i(16x + 8x)sin ±(15x - 3x) = 0. 

— sin 9 x sin 6 x = 0. 

sin 9 x sin 6 x = 0. 

By Prob. 18, Ex. XIV, sin 9 x = 3 sin 3 x - 4 sin«8 x, 

. „ ll - cos 3 x 
and by [16], sin6x = ± */ 

(ll — cos3x\ 
± \ 2 / 

(8in3x)(3~48in23x)(±^^ :L Y ? ^) = 0. 

(i) sin3x = 0. 

.-. 3 x = 0°, 180°, 360°, 640°, 720°, or 900°. 
.-. x = 0°, 60°, 120°, 180°, 240°, or 300°. 
(ii) 3-4sin*3x = 0. 

4sin 2 3x = 3. 
2 sin 3 x = ± Vs. 
sin 3 x = ± i V3. 
/. 3x = 60°, 120°, 240°, 300°, 420°, 480°, 600°, 660°, 780°, 840°, 960°, 
or 1020°. 
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.-.X = 20°, 40°, 80°, 100°, 140°, 100°, 200°, 220°, 200°, 280°, 32(P, 
or 340°. 



m ■ ±yf- 



— cos3x _ 
= 0. 



1 - cos 3 x _ 
2 " 
l-cos3x = 0. 
cos3x= 1. 
.-. 3x = 0°, 860°, or 720°. 
.-. x = 0°, 120°, or 240°. 
.-. x = 0°, 20°, 40°, 60°, 80°, 100°, 120°, 140°, 160°, 180°, 200°, 220°, 
240°, 260°, 280°, 300°, 320°, or 840°. 

163. Solve cosx + cos 3x + cos 5x + cos7x = 0. 

cos x + cos 3x + cos 6x + cos 7 x = 0. 

(cos7x + cos5x) + (cos3x + cosx) = 0. 

By [22], 2cos6xcosx + 2cos2xcosx = 0. 

cosx(cos6x + cos2x) = 0. 

By [22], cosx x 2cos4xcos2x = 0. 

cosx cos 2x cos 4x = 0. 

(i) cosx = 0. 

/. x = 90° or 270°. 

(ii) cos2x = 0. 

.-. 2 x = 90°, 270°, 460°, or 630°. 
.-. x = 45°, 135°, 226°, or 816°. 

(Hi) cos4x = 0. 

.-. 4x = 90°, 270°, 450°, 630°, 810°, 990°, 1170°, or 1360°. 

.-. x = 22i°, 67*°, 112*°, 157*°, 202*°, 247f>, 292*°, or 387*°. 

.-. x = 22*°, 46°, 67i°, 90°, 112f>, 136°, 167*°, 202*°, 226°, 247*°, 270°, 
292*°, 315°, or 337*°. 



164. Solve sin (x + 12°) cos (x - 12°) = cos 83° sin 67°. 

sin (x + 12°) cos (x - 12°) = cos 33° sin 67°. 
By [20] , i (sin 2 x + sin 24°) = * (sin 90° + sin 24°). 

sin 2x + sin 24 = sin 90° + sin 24°. 
sin2x = sin90°. 
.-. 2x = 90° + n360°. 
.-. x = 45° or 226°. 



teachers' edition. 211 

165. Solve sin -i x + sin -» i x = 120°. 

sin-ix + siu-iix = 120°. 
sin(8in-ix + sin- 1 is) = sin 120° = cos 30° = *V8. 
By [4], sin(sin- 1 x)co8(8in- 1 ix)+cos(sin- 1 x)sin(sin- 1 ix)=i'v^3. 
xVl~ix« + ixVl -x a = iV§. 
x V4-x a -fx Vl _x a = VS. 

x V4-x* = V3 - x Vl - x». 
x* (4 - x a ) = 3 - 2 V3 x Vl-x a + x* (1 - x») . 
4x a -x* = 3-2V3x Vl -x* + x« - x*. 
3x a -3 = -2V3xVl-x a . 
Square, x* - 18 x a + = 12 x a - 12 x*. 

21x*-30x a + 9 = 0. 
7x*-10x 2 + 3=0. 
(x a -l)(7x a -3)=0. 

(i) x a - 1 = 0. 

X* = 1. 

.-. x = ± 1. 

(ii) 7x»-3 = 0. 

7 x a = 3. 

x« = f 
.-. x = ± V$ = ± } V2I. 
.-. x = ± 1 or ± f V21. 



166. Solvetan- 1 x + tan- 1 2x = tan- 1 3 V§. 

tan- 1 x + tan- 1 2 x = tan- 1 3 VS. 
tan (tan-ix + tan- 1 2 x) = 3 V3. 



_»»_ = , Vfc 
l-2x« 

= V5. 



l-2x 2 

x = V3-2V5x«. 
2V3x a + x- V3 = 0. 
a* + jV5x-i = 0. 
(x-iV3)(x + iV3) = 0. 

...x = iV3or-iV3. 
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167. Solve sin- 1 * -f 2 cos^x = } it. 

«in- 1 x + 2cos~ 1 x = }jf. 
Now sin- 1 x4- cos- 1 « = Jjt. 

Subtract, cos^x — \it. 

.-. x = jV§. 

168. Solve sin- 1 * + 3 cos- 1 * = 210°. 

sin- 1 * + 3 cos- 1 * = 210°. 
But sin- 1 * + cos- 1 * = 90°. 

Subtract, 2 cos- x * = 120°. 

cos- 1 * = 60°. 
.-.* = i. 

169. Solve tan- 1 * + 2 cot" 1 * = 136°. 

tan- 1 * + 2 cot- *x = 135°. 
But tan- * * -f cot- * x = 90°. 

Subtract, cot- i * = 46°. 

.-. * = 1. 

170. Solve tan-if* + 1) + tan- 1 (* - 1) = tan-^x. 

tan- 1 (* + lj + tan-^x -l) = tan- 1 2*. 
tan [tan- 1 (* + 1) + tan- 1 (* - 1)] = 2*. 
By [6], x + l + x-1 

' LJ ' l-(*+l)(*-l) 

2x 

■ = 2*. 



2-*a 

* = 2 * — *». 
** - * = 0. 
*(*a-l) = 0. 

/. * = or ± 1. 



171. Solve tan- 1 — ?— + tan- 1 = - jr. 

x + 1 * - 1 4 

.x + 2 , , ,*-2 3 

tan- 1 h tan- 1 = - n. 

x + 1 x — 1 4 

tan ftan- * ?-±-? + tan- i ^—^\ = tan J * = - 1. 
L x + 1 *-lJ * 



* + 2 *-! 



« r«i x+lx— 1 

By [6], - — = - 1. 

x + 1 X x - 1 
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(x - 1) (x + 2) + (x + 1) (x - 2) = 
(x + l)(x-.l)-(x + 2)(x-2) 

2x8-4 _ 
3 "" 
2x 2 -4=-3. 
2x a =l. 
x 2 = *. 
.%x = ±iV2. 



172. Solve tan-i -^- = 60°. 
1 -x a 

1 -x 2 
By [14], • 2tan-ix = 60°. 

tan-ix = 30°or210°. 

.-. x = tan 30° or tan 210°. 
.-. x = i Vs. 



173. Solve cos 2 sec -f sec 0+1=0. 

By [13], 



cos 2 sec -f sec + 1 


= 0. 


cos^ — sin 2 , 

- H sec + 1 : 

COS0 


= 0. 


cos 2 — sin 2 1 
cos cos 


= 0. 


2cos a 0-l , 1 , , 

_ 1 _ -|- 1 ; 

COS0 COS0 


= 0. 


2CO8 2 0-1 + 1 + COS0: 


= 0. 


2CO8 2 + COS0: 


= 0. 


COS 0(2 COS 0+ 1): 


= 0.- 


CO8 


= 0. 


.'. 0: 


= 90° or 270°. 



(i) 



(ii) 2cos0 + l=O. 

2 cos = - 1. 
cos = — J. 
.-. = 120° or 240°. 
.-. = 90°, 120°, 240°, or 270°. 
But the values = 90° and = 270° do not satisfy the given equation. 

.\ = 120° or 240°. 



( 
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174. Solve 8inxcos2xtanxcot2xsecxcsc2x = 1. 

sin x cos 2 x tan x cot 2 x sec x csc 2 x = 1. 

By [13], cos 2 x = cos a x - sin a x. 

•n ri*n *« cotfx — 1 

By [16], cot2x = — — — 

2 cotx 

COS 2 X 



sin a x cos 3 x — sin* x 



cosx 2 sin x cos x 

sin x 



By [8] and [18], csc2x = . 1 * 



sin 2 x 2 sin x cos x 
Substitute, 

\co8x/\ 2sinxcosx / \cobx/\2 sin x coax/ 



(cos*x - sin a x) a _ 
4 cos 4 x 
(2cos a x -l) a « 



• 



4cos 4 x 

2 C08 a X — 1 



= ±1. 



2cos 2 x 
.-. 2 cos a x - 1 = ± 2 cos a x. 
4cos a x = 1. 

C08 2 X = J. 
cos X = ± J. 
.-. x = 60°, 120°, 240°, or 300°. 

175. Solve sinix(cos2x - 2)(1 - tan a x) = 0. 
sin ix(cos 2x - 2) (1 - tan 2 x) = 0. 
(i) sinix = 0. 

.•.ix = 0°orl80°. 
.-. x = 0°. 
(ii) cos2x-2 = 0. 

cos 2 x = 2. 
.*. x is impossible, 
(iii) 1 - tan 2 x = 0. 

tan 2 x == 1. 
tan x = ± 1. 

. x = 45°, 136°, 225°, or 315°. 
. x = 0°, 46°, 135°, 226°, or 316°. 



•%/% 
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176. Solve sin 3x = cos 2x - 1. 

sin3x = cos2x — 1. 
By Prob. 18, Ex XIV, and [13], 

3 sin x - 4 sin*x = 1-2 sin a x - 1. 
4 sin«x - 2 sin a x — 3 sinx = 0. 
sin x(4 sin a x - 2 sinx - 3) = 0. 
(0 sinx = 0. 

.-. x = 0° or 180°. 
(ii) 4sin a x - 2sinx -3 = 0. 

10sin a x - 8 sinx + 1 = 13. 

4 sinx- 1 = ± Vl3. 
4 sin z = 1 ± Vl8. 
sinx = i(l±Vl3). 
sin x = 1.1614 or - 0.6514. 
.-. x = 220° 39/ or 310° 21'. 
/. x = 0°, 180°, 220° 39^ or 319° 21'. 

177. Solve tanx + tan2x = 0. 

tan x + tan 2 x = 0. 

By [14], tanx+ 2tan * = . 

1 — tan a x 

tan x — tan«x + 2 tan x = 0. 

tanx(tan a x-8) = 0. 

(0 tanx = 0. 

.-. x = 0° or 180°. 

(") tan a x -8 = 0. 

tan a x = 3. 

tanx = ± V§. 

.-. x = 60°, 120°, 240°, or 300°. 

.-. x = 0°, 60°, 120°, 180°, 240°, or 300°. 

178. Solve sin 20 = cos30. 

sin20 = cos30. 
By [12], and Prob. 19, Ex. XIV, 

2sin0co80 = 4co«»0-3cos0. 
4cos«0-3cos0-28in0co80 = O. 
cos*(4 coa*0 - 3 - 2 sin I) = 0. 

W CO8* = 0. 

.-. = 90° or 270°. 
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(if) 4co8*0-3-2sin0 = O. 

4-4sin*0-3-2sin* = O 

4sin a + 2Bin0 = l. 

16sin a * + 8Bin0 + 1 = 6. 

4sin0 + l = ±^^5. 
4sin0 = -l±V6. 
sin0 = J(-l±V6) 
= H-1±2.! 
= 0.3090 or - 0.8090. 
/. $ = 18° or 162° ; or 234° or 306°. 
.-. 6 = 18°, 90°, 162°, 234°, 270°, or 306°. 

179. Solve (8-4cos*x)sin2x = 0. 
(8 - 4 cos 2 x) sin 2 x = 0. 

(i) 3-4cos 2 x = 0. 

4 cos^x = 3. 
2cosx=±V3. 
cosx = ±iV3. 
.-. x = 30°, 160°, 210°, or 330°. 

(ii) sin2x = 0. 

.-. 2x = 0°, 180°, 360°, or 640° 
.-. x = 0°, 90°, 180°, or 270°. 
.-. x = 0°, 30°, 90°, 160°, 180°, 210°, 270°, or 330°. 



180. Solve sin x + sin 2x + sin 3x = 0. 

sin x + sin 2x + sin 3x = 0. 

(sin 3 x + sin x) + sin 2 x = 0. 

By [20], 2sin2xcosx + sin2x = 0. 

sin2x(2cosx+ 1) = 0. 

(i) sin2x = 0. 

.-. 2 x = 0°, 180°, 360°, or 540°. 
.-. x = 0°, 90°, 180°, or 270°. 

(ii) 2cosx + l = 0. 

2cosx = — 1. 
cos x = — i. 
.-. x = 60°, 120°, 240°, or 300°. 
.-. x = 0°, 00°, 90°, 120°, 180°, 240°, 270°, or 800°. 
But the values x = 60° and x = 800° do not satisfy the given equation. 
,-. x = 0°, 90°, 120°, 180°, 240°, or 270°. 
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181. Solvesin* + 2sin20 + 3sin30 = 0. 

sin + 2 sin 2 + 3 sin 3 3 = 0. 
By [13], and Prob. 18, Ex. XIV, 

sin + 4 sin cos + 9 sin — 12 sin*0 = 0. 

10 sin + 4 sin cos - 12 sin 8 = 0. 

sin 0(6 + 2 cos - 6 sin 2 0) = 0. 

(i) sin = 0. 

.-. = 0° or 180°. 

(ii) 6 + 2 cos - 6 sin 2 = 0. 

5 + 2 cos 0-6 + 6 cos 2 = 0. 

6cos 2 + 2cos0 = 1. 

36 cos 2 + 12 cos + 1,= 7. 

6 cos + 1 = ± V7. 
6 cos = - 1 ± V7. 
cos0 = J(-1±V7) 

= j (_ 1 + 2.64676) 
= 0.2743 or - 0.6076. 
.-. = 74° 6' or 285° 65' ; or 127° 26' or 232° 35'. 
.-. = 0°, 74° 5', 127° 26', 180°, 232° 35', or 286° 65'. 

182. Solve Fin 2 x cos 2 x — cos a x — sin 2 x + 1 = 0. 

sin a x cos 2 x — cosPx — sin 2 x + 1=0. 

sin a xcos 2 x - (cos 3 x + sin 2 x) +1=0. 

sin a xcos 2 x- 1 + 1 = 0. 

sin 2 x cos 2 x = 0. 

sin x cos x = 0. 

2 sin x cos x = 0. 

sin 2 x = 0. 

.-. 2x = 0°, 180°, 360°, or 640°. 

.-. x = 0°, 90°, 180°, or 270°. 

183. Solve sin x + sin 3x = cos x — cos 3x. 

sin x + sin 3 x = cos x — cos 3 x. 
By Probs. 18 and 19, Ex. XIV, 

sin x + 3 sin x — 4 sin 8 x = cos x — 4 cos 3 x + 3 cos x. 
4 sin*x — 4 cos 8 x — 4 sin x + 4 cosx = 0. 
(8in 8 x — cos*x) — (sin x — cos x) = 0. 
(sin z — cos x) (sin 2 x + sin x cos x + cos^x) — (sin x — cos x) = 0. 
(sin x — cos x) (1 + sin z cos x) — (sin z — cos z) = 0. 
(sin x — cos x) (1 + sin z cos x — 1) = 0. 
(sin x - cos x) (sin x cos x) = 0. 
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(0 






sin x - cos x = 0, 

sin x = cos x. 
.-. x = 46° or 226°. 


(«) 






sin x = 0. 
/. x = 0° or 180°. 


m 


Solve 
Vi- 


(1 

tan 


CO8X = 0. 

.-. x = 90° or 270°. 

.-. x = 0°, 46°, 90°, 180°, 226°, or 270°. 


184. 

(1- 


- Vl — tan 2 x) cos 2 x vers 8 x = 0. 
2 x) cos 2 x vers 3 x = 0. 


W 


1- Vl-tan 2 x=D. 

1 = Vl - tan 2 x. 
1 = 1- tan 2 x. 
tan 2 x = 0. 
tan x = 0. 
.-. x = 0° or 180°. 



(ii) cos2x = 0. 

.-. 2x = 90°, 270°, 450°, or 680°. 
.-. x = 45°, 136°, 226°, or 816°. 

(iii) vers8x = 0. 

1 — cos 3 x = 0. 
cos3x = l. 
.\3x = 0°, 300°, or 720°. 
.-. x = 0°, 120°, or 240°. 
.-. x = 0°, 46°, 120°, 136°, 180°, 226°, 240°, or 316°. 

185. Solve tan (0 + 45°) = 8 tan 0. 

tan (0 + 45°) = 8 tan $. 

_ rA . tan + tan 46° OA _ 

By [6], - ■ — = 8 tan $. 

J L J I~tan0tan46° 

tan0+ 1 

^ = 8 tan 0. 
1 -tan* 

tan* + l = 8tan0-8tan 2 *. 

8tan 2 0-7tan0 = -1. 

266tan 2 *-() + 49 = 17. 

16tan0-7 = ± Vl7. 

16tan* = 7± Vl7. 
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tan* = ^(7± Vl7) 
= A(7± 4.1231) 
= 0.6962 or 0.1798. 

.\ * = 34° 48' or 214° 48' ; or 10° 12' or 190° 12'. 

.-. * = 10° 12', 34° 48', 190° 12', or 214° 48'. 

186. Solve sin (x - 30°) = \ Vs sin x. 

sin(x - 30°) = i Visinx. 
By [8], sin x cos 30° - cosxsin30°= i V3 sinx. 
i V3 sin x — i cos x = \ V3 sin x. 
— i cos x = 0. 
cos x = 0. 
.-. x = 90° or 270°. 

187. Solve tan (0 + 46°) tan = 2. 

tan (0 + 46°) tan = 2. 

_ „_ tan + tan 45° 4 . 

By [6], — - x tan = 2. 

' - 1- tan* tan 46° 

(tan* + l)tan* 

1 - tan "" 

tan 2 * -f tan*_ 

1 -tan* "" 

tan 2 * + tan* = 2-2tan*. 
tan 2 * + 3 tan* = 2. 
4tan 2 * + () + 9 = 17. 

2 tan * -f 3 = ± Vl7. 

2 tan * = - 3 ± Vl7. 
tan* = i(-3±Vl7) 
= i(- 3 ±4.1231) 
= 0.6616 or -3.5616. 
.-. * = 29° W or 209° 19 / ; or 106° 41' or 286° 41'. 
.-. * = 29° 19', 106° 41', 209° 19 / , or 286° 41'. 

188. Solve sin-iix = 30°. 

sin-iix = 30°. 
sin (sin-i i x) = sin 30°. 
*x = *. 
.-. x = 1. 

189. Solve for x and y the system 

x sin a + y sin p = a, (1) 

x cos a + y cos = 6. (2) 
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Multiply (1) by cos a, x sin a cos a + y sin p cos a = a cos a. (3) 

Multiply (2) by sin a, x sin a cos a + y cos sin a = b sin a. (4) 

Subtract (4) from (8), y (ship cos a — cos sin a) = acosa- 6 sin a. 

By [8], y sin {fi — a) = a cos a — 6 sin a. 

a cos a — 6 sin a 

.'. y = 

sin (£ - a) 

Multiply (1) by cos p, x sin a cos p + y sin cos p = a cos p. (5) 

Multiply (2) by sin p, z cos a sin p + y sin p cos = 6 sin p. (0) 

Subtract (5) from (6), x (cos a sin — sin a cos 0) = bsinp - acos/3. 

By [8], xsin(0- a) = 6 sin 0- a cos 0. 

b sin 0- a cos 

.•. x = - -• 

sin (/3- a) 

190. Solve for x and y the system 

sin x + sin y = a, (1) 

cos x + cos y = b. (2) 

Transform (1) by [20], 2 sin i (x + y) cos i (x - y) - a. (3) 

Transform (1) by [22] , 2 cos \ (x + v) cos i (x - y) = 6. (4) 

Divide (3) by (4), tan \ (x + y) = ? . (5) 

6 

sinj(x + y) = a 

* L J ' cosi(x + y) 6 v 

sin 1 (x 4- y) _ a 



Vl -sin 2 i(x + y) b 

Square, -*** {X -+ -* ) - = £ . 

^ l-sin 2 i(x + y) & 2 

&*sinH(x + y) = a*- a 2 sin 2 i(x + V). 

(a 2 + P)sin*i(z + y) = a 2 . 

8in2 + (x + y) = ^. 

8ini(x + y) = -=^=. P) 

V^ + a 2 

SubftUtute in <3> the value of sin £(x + y), 
■ cdb| (x - y) = a. 



cob*(x - y) = i Va 2 + ft 2 . 



a 



x + y = 2tan-i^. (9) 



x - y = 2 cos-* i Va 2 + &*. (1°) 
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Add (9) and (10), and divide by 2, 

x = tan- 1 ^ + cos- 1 * Va* + ft 1 , 
o 
Subtract (10) from (0), and divide by 2, 

ystan-^-coB-HVa^ + ft 1 . 
o 



191. Solve for r and the system 

r sin $ = a, (1) 

r cos e = 6. (2) 

Divide (1) by (2), tan 6 = \ . (3) 

o 

.% * = tan-i£. (4) 

o 
Square (1), r« sin* = a 2 . (6) 

Square (2), f* cos 2 * = 6 2 . (6) 

Add (6) and (6), f*(sin»* + co**0) = a* + &*. 

.-.»•*= a* + 6*. 



/.r = Va* + 6*. 



192. Solve for r and the system 

rsin(0 + a) = a, (1) 

rcos(0 + £) = &. (2) 

Expand (1) by [4], 

rsinlcosa + rcosl sin a = a. (8) 

Expand (2) by [6], 

r cos B cos — r sin sin = b. (4) 

Multiply (3) by cos 0, 

r sin $ cos a cos + r cos $ sin a cos = a cos 0. (5) 

Multiply (4) by sin a, 

-rsinflsinasin /9 + rcosflsina cos/9 = 6 sin a. (6) 

Subtract (6) from (5), 

r sin (cos a cos + sin a sin 0) = a cos — b sin a. 

By (9], r sin cos (a — p) = a cos p — b sin a. 

. A a cos — b sin a ,_. 

.•.rsin0 = £ (7) 

cos(a-/3) 

Multiply (3) by sin 0, 

r sin cos a sin /3 + r cos sin a sin = a sin /3. (8) 

Multiply (4) by cos a, 

- r sin cos a sin p + r cos $ cos a cos = b cos a. (9) 
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Add (8) and (9), 

r cos (sin a sin p + cos a cos p) = a sin p + b cos a. 
By [9], r cos cos (a - 0) = a sin + b cos a. 

a sin /9 + 6 cos <r „„ 

.-. r cos = — (10) 

cos(a-0) 

tx« «j /»»v w /-i/v a * a cos — 6 sin a „,. 

D.y,de(7)by(10, ( tan^-^-^— . (11) 

,. g = to n-' fflC08 ^- 6ging - (12) 
a sin p + b cos a 

From (1) and (2), r = —^5 = (13) 

w w sin(0 + a) coe(0 + p) 

. Substitute in (13) the value of found in (12), 

a b 



. /. . a cos p — b sin or , \ / .acos/9 — 6sma , _\ 

sin I tan- 1 — ha) cos ( tan- 1 - + /3) 

\ asin/S + fccosa / \ a sin /3 -f 6 cos a / 



193. Solve for r, 0, and the system 

(1) 
(2) 
(3) 

Divide (1) by (2), tan* = £. (4) 

(5) 
Square (1), r 2 cos 2 sin* = a 2 . (6) 

Square (2), f 2 cos 2 cos 2 = ft 2 . (7) 

Add (6) and (7), r 2 cos 2 (sin 2 + cos 2 0) = o 2 + ft 2 . 

.-.^cos 2 ^^*** 2 . (8)' 

.-. r cos = Va 2 + ft 2 . (9) 

Divide (3) by (9), tan = ° . 

V^ + fe 2 

.-. = tan- 1 C . (10) 

Va 2 + 6* 
Square (3), r 2 sin 2 = c 2 . (11) 

Add (11) and (8), r 2 (sin 2 + cos 2 0) = a 2 + ft 2 + c 2 . 

.-. r 2 = a 2 + fc 2 + c 2 . 

.-. rziiV^ + ^ + c 2 . 



r cos sin = a, 

r cos cos = 6, 

r sin = c. 




tan0 = -. 






.*. = tan- 


b 


r a cos 2 0sin 2 = a 2 . 

f 2 CO8 2 0CO8 2 = 6 2 . 
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194. Solve for x and y the system 



x sin 21° + y cos 44° = 179.70, 


(1) 


x cos 21° + y sin 44° = 232.30. 


(2) 


0.3684 x + 0.7193y = 179.70. • 


(3) 


0.9336x + 0.6947 y = 232.30. 


W 


3684 x + 7193 y = 1797000. 


(5) 


9836 x + 6947 y = 2323000. 


(6) 


Multiply (5) by 1167, 4182628 x + 8394231 y = 2097099000. 


(7) 


Multiply (6) by 448, 4182628 x + 3112266 y = 1040704000. 


(8) 


Subtract (8) from (7), 6281976 y = 1066396000. 




.-. y = 200. 




Substitute the value of y in (6), 




3684 x + 1438600 = 1797000. 




3684 x = 368400. 




.-. x = 100. 




195. Solve for x and y the system 




sin x- sin y = 0.7088, 


(1) 


cos x — cos y = — 0. 7246. 


(2) 



Expand (1) by [21], 

2 cos i(x + y)sin i(x - y) = 0.7038. 
Expand (2) by [28], 

— 2 sin |(x + y)sin |(x - y) = 



Divide (4) by (3), tan i (x + y) = 

ain|(x + y) _ 
cos \(x + y) 
sin T (x + y) ^ 

Vl-sin*i(x + y) 
sin*j(x + y) 
1 -sin 2 i(x + y) 
0.7038*sin*i(x + y) = 
( 0.70382 + 0.7245*) sin* j(x + V) = 
Vo.7038* + 0.7246* sin *(x + y) = 

sini(x + y) = 

sini(x + y) = 
sini(x + y) = 



- 0.7246. 

0.7246 

0.7038* 

0.7246 

0.7038' 

0.7245 



0.7038 
0.7246* 



0.7038* 

0.7246* - 0.7246* sin** (x + \ 

0.7246*. 

±0.7246. 

± 0.7246 



(3) 
(5) 



V0. 7088* +0.7246* 
± 0.7246 



1.0100667 

±0.7172. 



(6) 
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Substitute in (4) the value of sin i (x + y), 
2(± 0.7172) sin i(x - y) = 0.7246. 

x 0.7245 
sini(x-y) = 



±1.4844 

sin i(x-y) = ± 0.5061. (7) 

From (6), * (x + y) = 46° 50% 134° 10', 225° 60', or 314° 10'. (8) 

From (7), * (x - y) = 80° 20', 140° 40', 210° 20', or 329° 40\ (9) 

Add (8) and (9), x = 76° 10', 283° 50', 438° KK, or 648° 60'. 

Subtract (9) from (8), y = 16° 80', 844° 80', 16° 30', or 344° 80'. 

.-. x = 76° 10' or 283° 60 7 , 

y = 15° 30' or 844° 30'. 

But the values x = 288° 60', y = 844° 30' do not satisfy the given 

system of equations. 

.-. x = 76° W ; y = 16° 80'. 



196. Solve for r and the system 

r sin = 92.344, (1) 

r cos = 206.309. (2) 

92 344 
Divide (1) by (2), tan = ^^ = 0.4488. 

.-. 6 - 24° 13' or 204° 13'. (3) 

^ „. 82 - 844 02844 .-«,„ 

Fr0m < 1 >' r= rinT = Pr4T02 =±ml1 

.-.0 = 24° 13', r = 225.12; 
r = 204° 18', r=- 225.12. 

197. Solve for r and the system 

r sin (0 - 19° 180 = 69.4084, (1) 

r cos (6 - 30° 64') = 147.9347. (2) 

Expand (1) by [8], 

r sin cos 19° 18' - r cos sin 19° 18' = 69.4084. (3) 

Expand (2) by [0], 

r cos cos 30° 54' + r sin sin 30° 54' = 147.9347. (4) 

Multiply (8) by sin 80° 64', 

r sin sin 30° 54' cos 19° 18' - r cos sin 19° 18' sin 30° 64' 

= 69.4084 sin 30° 64'. (5) 

Multiply (4) by cos 19° 18', 

r sin sin 30° 54' cos 19° 18' + r cos cos 19° 18' cos80° 64' 

= 147.9847 cos 19° 18'. (6) 
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Subtract (5) from (6), 

r cos 0(cos 10° 18' cos 30° 64' + sin 19° 18' sin 30° 640 

= 147.9347 cos 19° 18' - 69.4034 sin 30° 64'. 
By [9], r cos $ cos(30° 64' - 19° 180 

= 147.9347 cos 19° 18' - 69.4034 sin 80° 64'. 

A 147.9347 cos 19° 18' - 69.4084 sin 30° 64' , wv 

.\ r cos B = (7) 

cos 10° 36' w 

Multiply (3) by cos 30° 64', 

rsin 0cos3O° 64 , cosl9° 18' - r cos0cos3O° 64' sin 19° 18' 

= 69.4034 cos 30° 54'. (8) 

Multiply (4) by sin 19° 18', 

r sin e sin 30° 64' sin 19° 18' + r cos cos 30° 54' sin 19° 18' 

= 147.9347 sin 19° 18'. (9) 

Add (8) and (9), r sin $ (cos 80° 64' cos 19° 18' + sin 80° 64' sin 19° 180 

= 147.9347 sin 19° 18' + 69.4034 cos 30° 64'. 
By [9], rsin* cos(30° 64' - 19° 180 

= 147.9347 sin 19° 18' + 69.4034 cos 30° 64'. 

. _ 147,9347 sin 19° 18' + 59.4034 cos 30° 64' ,. m 

.-. r sin $ = — - (10) 

cos 10° 36' v ' 

^j.. /im . /(T , , A 147.9347 sin 19° 18' + 59.4034 cos 30° 64' 

Divide (10) by (7), tan 6 = - 5 

x ' J w 147.9347 cos 19° 18' - 69.4034 sin 30° 64' 

_ 147.9347 x 0.3305 + 59.4034 x 0.8581 

"" 147.9347 X 0.9488 - 69.4034 x 0.6136 

48.89241836 + 50.97405754 

~~ 139.6207Q986 - 30.60364690 

__ 99.86647589 

" 109.11712396 

= 0.9152. 

.-. $ = 42° 28' or 222° 28'. (11) 

Substitute in (1) the value of 6 found in (11), 

r sin (42° 28' - 19° 180 = 69.4084 or r sin (222° 28' - 19° 180 = 59.4034. 

r sin 28° W = 69.4034 or r sin 203° W = r/.).4034. 

_ 59.4034 __ 60.4034 

T ~~ sin 23° 10' ° r f " sin 203° 10'' 

69.4034 59.4034 

r = or r = • 

0.3934 - 0.3934 

r = 161 orr = -161. 

/. $ = 42° 28', r = 161 ; 

or 6 = 222° 28', r = - 161. 
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198. Solve for r, 0, and the system 




r cos cos = - 46.7664, 


0) 


rsin0cos0 = 81, 


(2) 


r sin = — 54. 


(3) 


Divide (2) by (1). tan * = — 81 = - 1.7320. 





- 46.7664 
.-. = 120° or 800°. 
.-. cos = T T . (4) 

Substitute in (1) the value of cos found in (4), 
r(TT)cos0 = - 46.7664. 

rcos* = ±93.6308. (6) 

Divide (3) by (6), tan = ^ ~ ^ = T 0.5773. 

.-. = 150° or 330°; or 30° or 210°. 
.\ sin = i or - T ; T or - f (6) 

Substitute in (3) the value of sin found in (6), 
r(± T ) = -54. 
.-.r=Tl08. 
.-. r = 108, = 120°, = 330° ; r= 108, <f> - 300°, = 210° ; 
r = - 108, = 120°, = 150° ; or r = - 108, <f> = 300°, = 30°. 



(1) 
(2) 



199. 


Eliminate from the system 












x - 


r(0 — sin0), 










y- 


r (1 — cos 0). 




Now 




1 


-COS0 = 


vers*. 




Substitute in (2) the value of 1 — cos found in 


(8), 








y = 


r vers 0. 










vers0 = 


V 
r * 










.-. = 


vers- 1 -. 

r 




From 


(2), 


1 


- cos = 


r ' 

V 

r ' 






1-Vi- 


-sin*0 = 

r 






Vl - sin**. 





(*) 



l-*» + S = l-b,,L 
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r f* r « 

.-. sin $ = ± - V2ry -y 2 . 
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(5) 



Substitute in (1) the value of $ found in (4), and the value of sin $ 
found in (5), 

x = r vera- 1 - =F V2ry-y a , 

or x = ± V2 ry - y* + r vera-* 1 -• 



Exercise XXV. Page 121. 

1. Given log 10 2 = 0.30103, log 10 3 = 0.47712, log 10 7 = 0.84610; find 
log 10 6, log 10 14, log 10 21, log 10 4, logi 12, log 10 6, logioi, logioi, logioj, 
logio«. 

= logi 2 + logi 3 logio 14 = logi 2 + log w 7 

= 0.30103 logio 2 = 0.30103 

= 0.47712 logio 7 = 0.84510 

.-. log 10 14 = 1.14613 



logio 6 

log 10 2 

logio 3 

. logio 6 

logi 21 

logio 3 

logio 7 

. logi 21 



= 0.77815 

= logi 3 + log 10 7 
= 0.47712 
= 0.84510 
= 1. 



logio 4 = 21ogi 2 
logio 2 = 0.30103 



. logio 4 = 0.60206 



logio 12 
logio 3 

logio 4 

logio 12 = 1.07918 



logio 3 + logi 4 

0.47712 

0.60206 



logio 1 - 

0.00000 

0.30103 



logioi 
logio 1 
logio2 

logioi =1.69897 

logioi 
logi 7 
logi 3* 
•logioi =1.89086 



logio2 



logio 6 
logio 10 
logio 2 
logio 6 

logioi 
logioi 



:log 10 10-logi 2 
: 1.00000 
: 0.30103 



= 0. 



Iogio7 - log w 9 

0.84510 

0.95424 



= 2 logioi 

: 1.69897 

2 

•logioi =139794 

logio H 
logio 21 
logio(10x2) 
. logio U =0.02119 



logi 21 - log w 20 

1.32222 

1.30103 



2. With the data of Example 1 ; find 

logjlO, log* 6, lOgs 5, lOgTi, lOftyfy. 
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log, 10 = logiolO = 1 = 3 3219 . 

68 log 10 2 0.30103 

, K logioS 0.69897 ft aMf% 

log , 6 =!5»2» = 2^897 = 1 .4e50. 
^* log 10 3 0.47712 

log7i .jSfisi = -° < f 1 l n ° 3 =- 0.8502. 
Iogio7 0.84610 

log«Tf j = 2 to&S - 3 log 5 7 
_. 21og 1 o3-31og 10 7 

logi 6 
0.96424-2.63630 
0.69897 
= -2.2620. 

3. Given logioe =.0.43429 ; find 

log e 2, log e 3, log e 6, log e 7, log c 8, log e 9, log e f, log e J, log.Jf log e A- 

tog., = ^2£ = ?_3?i03 = 0.69816. 
° logioe 0.43429 

= ^ = 1 47712 = 109862 

logj e 0.43420 

lo ge 5 = ^06 = 0^0897 

8e log 10 e 0.43429 ^^ 

= ^ = O845 L 

log 10 e 0.43429 

= 3 xlog 10 2 = 0,90309 

* e logioe 0.43429 

= 2x i og 1 o3 = 096424 = 

* log 10 e 0.48429 

log e f = log e 2 - log e 3 = - 0.40547. 

log e |=2 loge 2 - log e 6 = - 0. 22315. 

log*** = lQ ge 5 + !og«7 - 3 log e 3 = 0.25962. 

loge^ = log c 7 - (loge 5 + log c 3 + 2 log e 2) 

= -2.14845. 

4. Find x from the equations 6* = 12, 16* = 10, 27* = 4. 

5* = 12. .-. x log 10 6 = log™ 12. 
x = l^^ = L07918 = 
log l0 5 0.69897 
16* = 10. .-. x logi 16 = logiolO. 
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* = 



logiolO_ l.ooooo 



= 0.83048. 



logi 16 1.20412 
27* = 4. .-. x logi 27 = logi 4. 

Jog 1 o4 = : 60206 = ()42062 
logi 27 1.43136 



Exercise XXVI. Page 126. 

1. Calculate to five places of decimals log e 3. 

In the case of log* 3 the calculation is carried out below to ten places, 
for use in Example 4. 
In the formula 

l0g<? T~ = 2 (27TT + 3(2* + l)» + 5(2 2 + 1)6 + ")' 



let 



Then ^-±i = 3, and 2z + 1 =2; 

z 



and 



log e 3 = 2( 



2 3 x 2 8 5 



6x2» + "/ 



2.00000000000 



1.00000000000 



0.26000000000 - 



1 = 
3 = 
6 = 
0.01662600000 - 7 = 



0.06250000000 



0.00390626000 + 9 = 



0.00097666260 -4- 11 = 
0.00024414062 - 13 : 



0.00006103516 -*- 16 : 
0.00001626879 - 17 = 



0.00000381470 + 19 : 
0.00000096367 -4- 21 : 



0.00000023842 ~ 23 = 



0.00000005960 -*- 25 = 
0.00000001490 -*- 27 : 



0.00000000372 ■*• 29 = 



0.00000000093 -*- 31 = 



0.00000000023 -4- 33 = 



1.00000000000 
0.08333333333 
0.01260000000 
0.00223214286 
0.00043402778 
0.00008877841 
0.00001878006 
0.00000406901 
0.00000089768 
0.00000020077 
0.00000004541 
0.00000001037 
0.00000000238 
0.00000000056 
0.00000000013 
0.00000000003 
0.00000000001 
1.09861228867 



.-.log* 3 = 1.0986122886. 
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2. Calculate to five places of decimals log* 5. 

For use in this example and in succeeding examples let us first calcu- 
late to eight places of decimals the value of log e 2. 

Let z = 1. 

Then 2 + 1 = 2, and 2* + 1 = 3 ; 

1 1 \ 



and 



log e 2 = 2(l 



3 + 8 x 8« 



5x3* 



2.000000000 



0.666666667 -s- 1 = 
0.074074074 -*• 8 = 
0.008280463 -^ 6 = 
0.000914496 + 7 = 
0.000101611 + 9 = 
0.000011290 + 11 = 



0.000001264 ~ 13 = 



0.000000139 h- 16 : 
0.000000016 -s- 17 : 



0.666666667 
0.024691368 
0.001646091 
0.000130642 
0.000011290 
0.000001026 
0.000000096 
0.000000009 
0.000000001 



0.693147180 
.-. log* 2 = 0.69314718. 



Let 
Then 



and 



* = 4. 

z + 1 = 6, and 2 « + 1 = 9 ; 

log* 



! = .(!. 

[ \9 



8 x 9 s 5 x 9» 



2.000000 



0.222222 -- 1 = 0.222222 



0.024691 



0.002743 - 3 = 0.000914 



0.000306 



0.000034 -4- 6 = 0.000007 
0.228143 



. log e f = 0.22314. 
log«.6 = 0.22314 + log e 4 

= 0.22314 + 2 x log e 2 
= 0.22314 + 2 x 0.69316 
= 1.60944. 
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3. Calculate to five places of decimals log e 7. 

Let z = 6. 

Then z + 1 = 7, and 2* + 1 = 13; 



and 



l <= 2 (h 



1 



3 x 13« 6 x 13* 



13 


2.000000 


13 


0.163846 -j- 1 = 0.163846 


13 


0.011834 


13 


0.000910 -5- 3 = 0.000303 


13 


0.000070 



0.000006 -f- 6 = 0.000001 
0.164160 

. log« J = 0.16416. 
log e 7 = 0.16416 + loge 6 

= 0.16416 + log e 2 + loge 3 

= 0.16416 + 0.603147 + 1.098612 

= 1.94691. 



4. Calculate to ten places of decimals log e 10. 

Let 2 = 9. 

Then z + 1 = 10, and 2* + 1 = 19 ; 

and loge^ = 2(i + _L_ + _L_ + ...y 

^9 \10 3xl9» 6x19* / 



19 
19 
10 
10 
10 
10 
10 



2.00000000000 



0.10626316789 -f- 1 = 0.10626316789 

0.00554016620 

0.00029158760 -*- 3 = 0.00000710600 

0.00001534672 

0.00000080772 - 6 = 0.00000016164 

: 0.00000000082 
0.10536051666 



0.00000004251 
0.00000000224 ~ 7 



.-. log* V = 0.1063605166. 
loge 10 = 0.1053606166 + 2 loge 8 
= 2.3026860930. 
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5. Calculate to five places of decimals log™ 2, logio e, logio 11. 

logl0 2 = ^ = ?^^ = 0.30103. 
5 log. 10 2.302686 

log 10 e = i5£ii = : 1 = 0.43429. 

810 log* 10 2.302686 

To calculate log™ 11, let z = 10. 
Then z + 1 = 11, and 2z + 1 = 21 ; 

and l ogloH = 2 l,* 10 e(l + ^ + _2_ + ... 

2.000000 



21 
21 
21 



0.096238 -=- 1 = 0.096238 



0.004636 



0.000216 -i- 3 = 0.000072 
.0.096310 
• logio li = 0.09631 x log 10 e 
= 0.09631 x 0.43429 
= 0.04139. 
logio 11 = 0.04139 + logio 10 
= 1.04139. 



Exercise XXVII. Page 128. 

1. Given * = 3. 141692663689 ; compute sin 1', cos r, and tan 1' to 
eleven places of decimals. 
The circular measure of Y is 

n 3.141692663689 



10800 10800 



= 0.0002908882+, 



the next figure being or 1. 

Again, taking the value of sin 1' as computed in the text-book, 
0.00029088 +, we have 

cos Y > Vl - (0.00029089)* 
>Vl- 0.000000084617 

> V0.999999916383 

> 0.999999957691. 

Also cos Y < Vl - (0.00029088)* 

< Vl - 0.000000084611 
<V0.999999916889 

< 0.999999967694. 
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Hence, cos 1' = 0.99090995760, correct to eleven decimal places. 

By Sect. XLV, sin x > x cos x. 

.-. sin r> 0.0002908882 x 0.99009995769 

> 0.0002908882(1 - 0.00000004281) 

> 0.0002908882 - 0.000000000012 

> 0.00029088818. 

Therefore, sin V lies between 0.00029088818 and 0.00029088821. That 
is, correct to nine places of decimals, 

sin 1' = 0.000290888, 
the next two figures being 18, 19, 20, or 21. 

Repeating the process, beginning with the last value of sin 1', the com- 
putation can be carried still further. To eleven places, 
sin r = 0.00029088820. 
From the values of sin Y and cos Y we have 

* i/ 8in v 
tan r = . 



cosl' 
_ 0.00029088820 
" 0.99999995769 
= 0.000290888212. 

2. Given x = 3.141592653589; compute sin 2' by the same method, 
and also by the formula sin 2 x = 2 sin x cos x. Carry the operations to 
nine places of decimals. Do the two results agree ? 

The circular measure of 2' is 

* 8.141592653589 = 0>0005817764+4 



5400 5400 

Hence, sin 2' lies between and 0.0005817765, 



and cos2 / > Vl - (0.000581 7 765) 2 



> Vl - 0.0000003384638959 



> V0. 0000006616361040 

> 0.000000830768. 
But sin x > x cos x. 

.-. sin 2 / > 0.0005817764 x 0.00000083076 

> 0.0006817764(1 -0.00000016024) 

> 0.0005817764 - 0.000000000008 

> 0.0006817763. 

Hence, sin 2' = 0.000581776, correct to nine decimal places. 
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Again, sin 2' = 2 sin r cos 1' 

= 2 x 0.00029088820 x 0.99999096769 
= 0.00068177640 (1 - 0.00000004231) 
= 0.00068177640 - 0.000000000026 
= 0.000681776 +. 

The two methods, therefore, agree to at least nine decimal places. 

3. Given n = 3.141692663689 ; 
compute sin 1° to four places of 
decimals. 

The circular measure of 1° is 
it _ 3. 141692653589 
180 ~ 



= 0.01746329. 



180 
Hence, 
cos l°>Vl -(0.01746)2 

>V0. 99969616 

> 0.999847. 
sinx>xcosx. 

.\ sin 1°> 0.017453 x 0.999847 

> 0.017453 (1-0.000153) 

> 0.017463- 0.0000027 

> 0.0174503. 

Hence, to four decimal places, 
sin 1° = 0.0176. 

4. From the formula 

cosx = 1 — 2 sin 2 - 



X 2 

show that cos x > 1 

2 






By Sect. XL V, sinx<x. 






. X X 

.-. sin- <-• 
2 2 






sin 2 -< — 
2 4 






l-2sin2?>l- 
2 


X* 

" 2* 




.'. cos x > 1 - 


X* 

" 2* 




5. Show by aid of a table 


of 


natural sines that sin x and 


x agree 



to four places of decimals for all 
angles less than 4° 4(T. 

The circular measure of 4° 4C, or 
280 / , is 

280* 7* 
10800 "" 270 

_ 7 x 3.141592653589 
~ 270 

= 0.0814487. 
The circular measure of 4° 41' is 
0.0814487 + 0.0002909 = 0.0817396. 
From a table, 
sin 4° 40' = 0.0814. 
sin 4° 41' = 0.0816. 
Hence, sin x and the circular meas- 
ure of x agree for 4° 40 7 , and there- 
fore for all smaller angles to four 
decimal places ; but they differ for 
larger angles. 

6. If the values of log x and log 
sin x agree to five decimal places, 
find from a table the greatest value 
x can have. 

Let x be expressed in 
Then its circular measure is 



648000 
and its logarithm is 

log x" '+ (log it - log 648000) 
= logx" + (0.49715 - 6.81168) 
= logx" -5.31443 
= logx".+ 4.68667 -10. 
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But from the explanation preceding Table IV, if we remember that 

log sines are given in the table increased by 10, we have 

log sin x + 10 = log x" + 8. 

.-. log sin x = log x" + S - 10. 

Hence, if, for five decimal places, log sin x = log x, we have 

log x" + 4.68667 - 10 = log x" + 8 - 10. 

.-. S = 4.68667. 

But, the greatest angle for which this value of S can be used is given 

in the table as 2409". 

Hence, the greatest angle for which logx and log sin x agree to five 

decimal places is ^ tM „ 

2409" = 40' 9". 

Exercise XXVIII. Page 130. 

1. Compute the sine and cosine of 6' to seven decimal places. 
From Prob. 2, Ex. XXVII, 

sin 2' = 0.000681776. 
Also, from Prob. 1, Ex. XXVII, 

cos r = 0.999999968, 
and sin 1' = 0.000290888. 
Hence sin 3' = 2 sin 2' cos 1' — sin V 

= 2 x 0.000581776 (1 - 0.0000001) - 0.000290888 

= 2 x 0.000681776 - 0.000290888 

= 0.000872664. 
cos2 / = 2cos2 1 , -l 

= 2(0.999999968)2-1 

= 2 x 0.999999916 - 1 

= 0.999999832. 
cos 3 7 = 2 cos 2' cos V - cos 1' 

= cosl , (2cos2 / - 1) 

= 0.999999958 (2 x 0.999999832 - 1) 

= (1 - 0.000000042) (0.999999664) 

= 0.999999622. 
By [12], sin 6' = 2 sin 3' cos 3' 

= 2 x 0.000872664 x 0.999999622 

= 0.001746327. 
By [13], cos 6' = 2 cos* 3' - 1 

= 2(0.999999622)2-1 

= 2 x 0.999999244 - 1 

= 0.999998488. 
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i 

2. In Formula (1) let y = 1°. Assuming sin 1° = 0.017464+, cob 1° = 
0. 999848+, compute the sine and cosine of two degrees. 

sin 2° = 2 sin 1° cos 1° 

= 2 x 0.017464 x 0.090848 

= 0.034002. 
cos2° = 2cos 2 l°- 1 

= 2 x (0.999848)2 - 1 

= 2 x (0.999696) - 1 

= 0.999392. 

3. In Formula (1) let y = 1°. Assuming sin 1° = 0.017454+, cos 1° 
0. 999848+, compute the sine and cosine of three degrees. 

sin 3° = 2 sin 2° cos 1° - sin 1° 

= 2 x 0.034902 x 0.999848 - 0.017464 

= 0.062339. 
cos 3° = (2 cos 2° - 1) cos 1° 

= 0.998784 x 0.999848 

= 0.998632. 

4. In Formula (1) let y = 1°. Assuming sin 1° = 0. 017464 +, cos 1° 
0. 999848+, compute the sine and cosine of four degrees. 

sin 4° = 2 sin 3° cos 1° - sin 2° 

= 2 x 0.062339 x 0.999848 - 0.034902 

= 0.069760. 
cos 4° = 2 cos 8° cos 1° - cos 2° 

= 2 x 0.998630 x 0.999848 - 0.999892 

= 1.996966 - 0.1 

= 0.997664. 



5. In Formula (1) let y = 1°. Assuming sin 1° = 0.017464+ , cos 1° 
0. 999848+, compute the sine and cosine of five degrees. 

sin 6° = 2 sin 4° cos 1° - sin 3° 

= 2 X 0.069760 x 0.999848 - 0.052839 

= 0.087160. 
cos 6° = 2 cos 4° cos 1° - cos 3° 

= 2 x 0.997664 x 0.999848 - 0.998682 

= 1.994826 - 0.998632 

= 0.996198. 
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Exercise XXIX. Page 135. 



1. Find the six 6th roots of - 1 ; 
of + 1. 

- 1 = cos 180° + i sin 180°. 
+ l = co6 o + lBin0°. 

Hence, the six 6th roots of — 1 
are 

cos 30° +i sin 30° = 8 + i , 



cos 90° -f i sin 90° = i, 
cos 160°+ i sin 160° = 



V3 + j 



cos 210° + i sin 210° = 



2 

-Vs-i 



2 



cos 270° + i sin 270°= - t, 

cos 380° + i sin 330°=—?-^. 
2 



The six 6th roots of + 1 axe 

coB0 o +tsin0° = + 1, 

1+VT3 



cos60°+i8in60° =- 



cos 120° + i sin 120° = 



2 ' 



cos 180° + i sin 180° = - 1, 
cos.240° + i sin 240° = ~" 1 ~' v ^* , 



cos 800° + i sin 300° = 



2 



2. Find 1 the three cube roots of i. 

i = cos 90° + i sin 90°. 
Hence, the three cube roots of i 



cos 80° -f i sin 30° = 



cos 160° +i sin 160° = 



V8 + i 

— 2 

-V3 + i 
2 ' 



cos 270° + i sin 270° = - i. 

3. Find the four 4th roots of - t. 
- i - cos 270° + i sin 270°. 

Hence, the four 4th roots of — i 
axe 

cos 67i°+isiii67i , 
cos 157i° + i sin 157*°, 
cos247± + isin247i°, 
cos337i + i8in837i . 



4. Express sin 4 and cos 4 in terms of sin and cos 0. 
By Sect. XLVII, 

sin 4 = 4 cos 8 sin rz cos sin 8 



and 



IF 

= 4 cos* sin — 4 cos sin 8 ; 

00840 = C08*fl - l^CO8»08in*fl + 4x3x2xl gfoij 

= cos 4 * - 6 cos 2 sin 2 + sin*0. 
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Exercise XXX. Page 137. 

1. Verify by the series just obtained tnat sin 2 x + cos 2 x = 1. 

se» , x* x 7 , 

sinx = x H h • •• 

6 ^ 120 6040 

X 2 , X 4 X 8 , a* 

C08X = 1 - — + — - — — + - 



24 720 40320 

„ x* 2x« x» 

.\ sin 2 x = x 2 - — 4- — + • • ■ 

8 ^ 45 815 ^ 

x 4 2x* x 8 
and co8»x = l-*» + ¥ - — + __ _. 

.*. sin 2 x + co8 2 x = 1. 



2. Verify by the series just obtained that sin (— x)-= — sin x and 
cos(— x) = cosx. 

The series for the sine consists entirely of odd powers of x and, there- 
fore, changes its sign with x; while the series for the cosine consists 
entirely of even powers, and is unchanged when x changes its sign. 

3. Verify by the series just obtained that sin 2 x = 2 sin x cos x. 

« o o ( 2 *) 8 . (2x) 6 (2x) 7 
sin2x — 2x — - — - + - — - — i — — + . .. 
6 120 5040 

4x» , 4x» 8x* 

8 15 815 

/ 2x 8 , 2x» 4x 7 , \ 

= 2 ( x ). 

V 8 15 815 / 

A1 2X 8 , 2x* 4x 7 , 

Also sin x cos x = x h h • • • 

8 5 316 

/. sin 2 x = 2 sin x cos x. 



4. Verify by the series, just obtained that cos 2 x = 1 — 2 sin 2 x. 
ByProb.l, *.,.*_; + ?!-£ + ... 

8 46 815 
_ (2x)» (2»)« (2 s)' (2»)» 
2 24 720 40820 

= cob2x. 
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5. Find the series for sec x as far as the term containing the 6th power 
of x. 

1 , /- x* , x* x* , \ 

x* ^ 61* _ 
2 24 720 

6. Find the series for x cot x, noting that x cot x = cos x. 

sinx 

x 8 x 6 x 7 
*co.* = x-- + --- + ... 

X* X 6 X 7 

sinx = X 4 h • • • 

6 120 5040^ 

xcosx _x a x*_2x*_ 

sinx ~ ¥ ~ 45 046 

7. Calculate sin 10° and cos 10° to five places of decimals. 

The circular measure of 10° is — . 

18 

Hence sin 10°= * - l(*\* + -i-(^Y- . - 

18 6 V 18 / 120 V 18 ) 

c*W = l-U*)\±(*)'-±(*)\... 
2X18/ 24X18/ 720X18/ 



Taking n = 3.141502663589, we find 
7t = 3.141693, 

** = 9.869604, 

it* = 31.006277, 

** = 97.409091, 

tfi = 306.019685, 



2 x 182 


6x 18« 


24 x 18* 
** 



120 x 18* 



— = 0.174533, 
18 



= 0.016231, 
= 0.000886, 
= 0.000039, 
= 0.000001. 



/. sin 10° = 0.174633 - 0.000886 + 0.000001 
= 0.173648. 
cos 10° = 1 - 0.015231 + 0.000039 
= 0.984808. 

Note. The powers of it need be computed only once, and can then be 
used for finding the functions of all angles. 




24ft) 

a CUeaftste fa* 1** v> 

12 3*12/ 1-3*12/ 315V12/ 
* = £141501, — = 0.261799, 

*• = 3L000277, ** = 0.0O5C61, 

3xl2» 

** = ao&oums, 2 ** = o.oooiei, 

^^ 15x12* 

** = 3020,21*5227, *' — = 0.000006. 

315 x 12* 

/. tan 15° = 0.267949. 

9, From the exponential ralue of cos x show that 

com 3 x = 4 cos*x — 3 cos z. 

By Beet, XLVIII, cosz = *(<?»' + r-»). 

/. cos3z = i(e*~ + e-«») 

= i(c» + e-«") (<*» - 1 + e-*») 
= cosx[{4 x i(e» + e-»)}*-ff| 
= cosz (4 cos* z — 3) 
= 4cos*x — 3cOSX. 

10. From the exponential value of sinz show that 

sin 3 x = 3 sin x — 4 sin 8 x. 

By 8ect. XL VIII, sin 3 x = -1 («M - e-««0 

= - 1 - (e" - e-«) (c aarf + 1 + «-*») 



= sinx[(-4){l(c^-e-«)} 2 +3] 



= sinx(- 4sin 2 x + 3) 
= 3 sin x — 4 sin 8 x. 
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Exercise XXXI. Page 142. 



1. The angles of a triangle are 
70°, 80°, and 100°. Find the sides 
of the polar triangle. 

Given A = 70°, B = 80°, C= 100°; 
to find a', y, c 7 . 

a ' - 180° - 70° = 110°. 
6 , = 180°- 80° =100°. 
c' = 180° - 100° = 80°. 

2. The sides of a triangle are 40°, 
90°, and 125°. Find the angles of 
the polar triangle. 

Given a = 40°, b = 90°, c = 125° ; 
required A', R, C 

4' = 180°- 40° =140°. 
#=180°- 90°= 90°. 
C = 180° - 125° = 56°. 



3. Show that, if a triangle has 
three right angles, the sides of the 
triangle are quadrants. 

Every vertex is the pole of the 
opposite side. Every side is, there- 
fore, 90°. 



4. Show that, if a triangle has 
two right angles, the sides opposite 
these angles are quadrants, and the 
third angle is measured by the num- 
ber of degrees in the opposite side. 

Let ABC be the triangle, and 

B = C = 90°. 

Then A is the pole of a. There- 
fore, 6 and c are quadrants, and 
the angle A is equal to the side BC 
measured in degrees. 

5. How can the sides of a spheri- 
cal triangle, measured in degrees, 
be found in units of length, when 
the length of the radius of the sphere 
is known? 

Since the sides of the triangle are 
arcs of great circles, every demise of 
arc is jj, of the circumference *>f a. 

2 7tr 
great circle, or , where r ik the 

radius of the sphere. Hence, to find 
the length of a side, multiply its 

. , , 2itr wf 
measure m degrees by or 

^ ' 360 190 



6. Find the lengths of the sides of the triangle in Example 2 if the 
radios of the sphere is 4 feet. 
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a= 40°= 40 x 5-^i feet = — feet 
180 9 

b= 90°= 90x?^feet = 2 7rfeet. 
180 

c = 125° = 126 x ^Jii feet = — feet. 
180 9 



Exercise XXXII. Page 146. 



1. Show, by aid of Formula [38], 
p. 144, that the hypotenuse of a 
right spherical triangle is less than 
or greater than 90°, according as the 
two legs are alike or unlike in kind. 

By [38], cos c = cos a cos 6. 

If a and b are both < 90° or both 
> 90°, cos a and cos b have the same 
sign. Hence, cos c is positive, and 
c<90°. 

But if a and b are unlike in kind, 
cos a and cos b have opposite signs. 
Hence, cos c is negative, and c > 90°. 

2. Show, by aid of Formula [41], 
that in a right spherical triangle 
each leg and the opposite angle are 
always alike in kind. 

By [41], cos A = cos a sin B. 

Now B< 180°. 

.-. sin B is positive. 

Hence, the sign of cos A is same as 
the sign of cos a, and both must be 
greater than or both less than 90°; 
that is, alike in kind. 

3. What inferences may be drawn 
from Formulas [38]-[43] respecting 
the values of the other parts : 



(i) if c = 90° ; (ii) if a = 90 ; (iii) if 
c = 90° and a = 90°; (iv) if a = 90° 
and b = 90°? 

(i) If c = 90°, 

[38] becomes = cos a cos 6. 
.*. cos a or cos 6 = 0. 

.-.a or b = 90°. 
If a = 90°, 

[41] becomes 

cos A = x sin B = 0. 
.-. A = 90°. 

Hence, from Prob. 4, Ex. XXXI, 





B = b. 


(ii) If 


a = 90°, 


[41] becomes 




cos A = x sin B. 




.-. A = 90°, 




c = 90°, 


and 


B = b. 


(«i) H 


c = 90°, 


and 


a = 90°, 


from (i) and 


(ii), A = 90°, 


and 


B = b. 


(iv)If 


a = 90°, 


and 


6 = 90°, 


from (ii), 


c = 90°, 


and 


B = b = 90°. 
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4. Deduce from Formulas [88]-[43] and Formulas [18]- [23] the 
formula tan 2 ^6 = tan \(c — a) tan ±(c + a). 

From [38], 
By [18], 



By [23] and [22], 



. cose 

cos b = . 

cos a 




1 + cos b 




cose 
cos a 




cos c 
cos a 




cos a — cos c 




cob a + cos c 




_ -2sin*(a + c)sini(a- 


-*) 



2 cos i (a + c) cos i (a — c) 
= — tan £ (a + c) tan \(a — c) 
= tan }(c + a) tan ^(c — a). 



5. Deduce from Formulas [38]-[43] and Formulas [18]-[23] the 
formula tan 2 (45° - * A) = tan \ (c - a) cot i (c + a). 

From [39], 8 i I1 ^ == 8 i n _^. 

sine 



Now tan*(46° - \A) = tanH(90° - 4) 
= cotH(90° + ^) 



By [19], 



l+cos(90° + ^) 
1- cos (90° + 4) 
1 - sin A 
1 + sin -4 

sin a 

sin c 

sin a 

sin c 
sin c — sin a 



sin c + sin a 

By [21] and [20], = 2c08 * (c + a > sin *< C " "> 

* L J L J 2sin*(c-f a)cos*(c-a) 

= cot i(c + a) tan i (c — a). 
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6. Deduce from Formulas [38]-[43] and Formulas [18]-[23] the 
formula tan 3 i B = sin (c — a) esc (c + a). 

>»■_ riAi t» tana 

From [40], cos B = 

L J tanc 

tana 

_ tanc 

tana 

tan c 

tan c — tan a 



By [8] and [4], 



tanc + tana 

sine _sina 
__cosc cosa 

sin e sin a 

cose cosa 
__ sin c cos a — cos c sin a 

sin c cos a + cos c sin a 
_ sin (c — a) 

sin (c + a) 
= sin (c — a) esc (c -f a). 



7. Deduce from Formulas [38]-[43] and Formulas [l8]-[23] the 
formula tan a i c = — cos (A + B) sec (A — B). 

-«_ ri«i cot -4 

From [43], cose = - 

By [18], tan 2 ic = 



tan£ 


1 —cose 


1 + cos c 


t cot A 
tan 5 


cot .4 
tanB 


tan 2? — cot -4 


tan B + cotA 


sin £ cos A 


cos 2? sin -4 


sin B cos -4 
cos £ sin A 


sin -4 sin B — cos A cos 5 



sin A sin 5 + cos 4 cos 2* 



By [6] and [9], 
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__ - cos (A + -g) 

"~ cos (A - B) 

= — cos (A + B) sec (A — B). 



8. Deduce from Formulas [38]-[43] and Formulas [18]-[23] the 
formula tan«i a = tan [i (A + B) - 45°] tan [i (A - B) + 46°]. 

cos J. 



From [41], cos a = 

By [18], tan*ia = 



sinB 
1 — cos a 

1 + cos a 
cos A 

__ ~~ sin B 

1 cos J. 
sin 5 
_ sin B — cos -4 

sin 2? -f cos -4 
_ sinB + sin(A -90°) 
"~ sin B - sin (A - 90°) 

By [20] and [21], = 28m * ( ^ + * " W>"»*<* - A + « Q 

J L J L J ' 2 cosi(4 + B - 90°)sin *(B - A + 90°) 

= tan [i (A + B) - 45°] cot [l(B-A) + 46°]. 

Now i(A - B) + 46° = 90° - [i (B - 4) + 45°]. 

.-. cot [i(B - A) + 45°] = tan [i(A - B) + 46°]. 

.-. tan 2 ia = tan [*(A + B) - 45°] tan [i(A - B) + 45°]. 

9. Deduce from Formulas [38]-[48] and Formulas [18]-[23] the 
formula tan 3 (45° - ± c) = tan i (A - a) cot ± (A + a). 

From [39], sinc = 



.\cos(90°-c) = 



sin A 
8ina 



sin A 

By [18], tan»(45° - »c) = l-"»0»*-«) 
J L J v * ' l + cos(90°-c) 

sin a 



1 



sin A 



sin A — sin a 
sin A -+• sin a 
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_ 2coaj(A + a)Bmj(A -a) 
~ 2 sin i(A + a)cos i(A - a) 
= cot \(A + a) tan ± (-4 — a). 



By [21] and [20], - 

J L J L J ' 2sin*(^ + a)cosi(4-a) 



10. Deduce from Formulas [88]-[43] and Formulas [18]-[23] the 
formula tan 8 (45° — i b) = sin (-4 — a) esc (-4 + a). 

From [42], sin 6= tana 



.cos (90°. -6) = 



tan J. 
tana 



tan J. 

B y [18]/tan 2 (45°-i6) = 1 - CO8 < 90 °- 6 > 
J L J v T ' l+cos(90° + 6) 



By [8] and [4], 



tana 
_ tan^l 

tan J. 
__ tan .4 — tan a 

tan J. + tan a 

sin .4 sin a 
__ cos ,4 cos q 

sin A , sin a 

cos -4 cos a 
__ sin A cos a — cos A sin a 

sin A cos a + cos A sin a 
_ sin (A — a) 
~ sin (A + a) 
= sin (-4 — a) esc (-4 + a). 



11. Deduce from Formulas [38]-[43] and Formulas [18]-[23] the 
formula tan 2 (45° - i E) = tan I (A - a) tan i (A + a), 
cos -4 



From [41], sin 5 = 

.\cos(90°-B) = 

By [18],tan2(45°-i£) = 



cos a 
cos ,4 



cos a 
17 fl = l-cos(90°-B) 
1+ cos (90° -5) 
cos -4 



1 -L cos ^ 



By [23] and [22], 
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_ cos a — cos A 
cos a + cos A 
__ - 2Binj(a + 4)8inj(q -A) 
2 cos ±(a + A) cos ±(a — A) 
= — tan$(a + A) tan $ (a — -4) 
= tani(-4 + a)tani(-A -a). 



Exercise XXXIII. Page 148. 

1. Show that Napier's Rules lead to the equations contained in 
Formulas [89], [40], [41], and [42]. 

sin a = cos (Co. c) cos (Co. A). 
.*. sin a = sin c sin A. [39] 

sin 6 = cos (Co. c) cos (Co. B). 
.-. sin b = sin c sin 2?. [39] 

sin (Co. -4) = tan o tan (Co. c). 

.-. cos A = tan 6 cot c. [40] 

sin (Co. B) = tan a tan (Co. c). 

.\ cos 2* = tan a cot c. [40] 

sin (Co. A) = cos a cos (Co. 5). 

.*. cos A = cos a sin B. [41] 

sin (Co. B) = cosb cos (Co. -4). 

.-. cos B = cos 6 sin A. [41] 

sin ft = tan a tan (Co. .4). 
.*. sin 6 = tan a cot A. [42] 

sin a = tan b tan (Co. B). 
.*. sin a = tan 6 cot B. [42] 

2. What will Napier's Rules become if we take as the five parts of the 
triangle the hypotenuse, the two oblique angles, and the complements of 
the two legB? 

Each part will be replaced by its complement, and every function will 
be replaced by its complementary function. 
Therefore, Napier's Rules become 

Rule L The cosine of any middle part is equal to the product of the 
cotangents of the adjacent parts. 

Rule II. The cosine of any middle part is equal to the product of the 
sines of the opposite parts. 
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Exercise XXXIV. Page 153. 



1. Solve the right triangle, given 
a = 86° 27', b = 48° 82' 31". 

By [38], cos c = cos a cos b. 
log cos a = 9.90646 
log cos 6 = 9.86026 
log cos c = 9.76672 

.-. c = 64° 20'. 

By [42], sin b = tan a cot A. 
.-. tan a = sin b tan A. 
.\ tan A = tan a esc 6. 

log tan a = 9.86842 

log esc 6 = 0.16186 

logtan^l = 10.08027 

A = 46° 69 / 43". 

By [42], sin a = tan 6 cot B. 
.-. tan 6 = sin a tan 2?. 
.*. tan B = tan 6 esc a. 

log tan 6 = 9.97789 
log esc a = 0.22618 
log tan 5 = 10.20402 

.-. B = 67° 69 / 19". 

2. Solve the right triangle, given 
a = 86° 40 / , 6 = 32° 40'. 

By [38^, cos c = cos a c° s &• 
By [42], tan A = tan a esc 6. 
By [42], tan JB = tan b esc a. 

log cos a = 8.76461 
log cos b = 9.92622 
log cos c = 8.68973 

c = 87° 11' 40". 

log tan a = 11.28476 
log esc b = 0.26781 
log tan 4 = 11.60266 

4 = 88° 11' 58". 



log tan 6 = 9.80697 
log esc a = 0.00074 



log tan B = 


: 9.80771 


B = 


= 82° 42' 39". 


3. Solve the right triangle, given 


a = 60°, 6 = 36° 64' 


49". 


By [38], cosc = 


cos a cos 6. 


By [42], tan 4 = 


tan a esc 6. 


By [42], tan B = 


tan b esc a. 


log cos a = 


9.80807 


log cos b = 


9.90284 


log cos c = 


9.71091 


c = 


: 69° 4' 26". 


log tan a = 


10.07619 


log esc b = 


0.22141 


log tan ^4 = 


10.29760 


A = 


63° 15' 13". 


log tan b = 


9.87675 


log esc a = 


0.11575 


log tan B = 


9.99160 


B = 


44° 26' 22". 


4. Solve the right triangle, given 


a = 120° KT, 6 = 160° 60 7 44". 


By [88], cos c = 


cos a cos b. 


By [42], tan 4 = 


tan a esc 6. 


By [42], tan B = 


tan b esc a. 


log cos a = 


9.70115 (n) 


log cos 6 = 


9.94180 (n) 


log cos c = 


9.64295 


c = 


63° 55' 43". 


log tan a = 


10.23565 (n) 


log esc b — 


0.31487 



log tan A = 10.56002 (n) 
A = 106° 44' 21". 
log tan b = 9.74883 (n) 
log esc a = 0.06320 
log tan B = 9.80703 (n) 
B = 147° W 47". 
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5. Solve the right triangle, given 
.• = 55° V 32", a = 22° 16' 7". 

By [38], cob 6 = cos c sec a. 

By [39], sin A = sin a esc c. 

By [40], cos B = tan a cot c. 
log cose =9.76686 
log sec a = 0.03361 
log cos b = 9.79047 
b = 61° 63'. 
log sin a = 9.57828 
log esc c = 0.08579 
log sin A =9.66407 

A = 27° 28' 38". 
log tan a = 9.61188 
log cot c = 9.8426G 
log cos 5 = 9.45454 

5=73° 27' 11". 

6. Solve the right triangle, given 
c = 23° 49 / 61", a = 14° 16' 35". 

By [38] , cos 6 = cos c sec a. 

By [39], sin A = sin a esc c. 

By [40] > cos ^ = tan a cot c. 
log cos c = 9.96180 
log sec a = 0.01362 
log cos 6 = 9.97492 
b = 19° 17'. 
log sin a = 9.39199 
log esc c = 0.89368 
logging = 9.78667 

A = 37° 36' 49". 
log tan a = 9.40562 
log cot c = 10.36488 
log cos B= 9.76060 

5 = 64° 49' 23". 

7. Solve the right triangle, given 
c = 44° 33' 17", a = 32° 9 / 17". 

By [38], cos 6 = cos c sec a. 
By [39], sin A = sin a esc c. 
By [40], cosJB = tanacotc. 



log 


COS c = 


9.85283 


log 


sec a = 


0.07231 


log 


cos 6 = 


9.92514 




6 = 


32° 41'. 


log 


sin a = 


9.72608 


log 


CSC c = 


0.15391 


log 


sin ^1 = 


9.87999 




A = 


49° 20' 16". 


log 


tan a = 


9.79840 


log 


cot c = 


10.00675 


log 


cos 5 = 


9.80516 




£ = 


60° 19' 16". 



8. Solve the right triangle, given 
c = 97° 13' 4", a = 132° 14' 12". 

By [38], cos b = cos c sec a. 

By [39], sin A = sin a esc c. 

By [40], cos 2? = tan a cot c. 
log cos c = 9.09914 (n) 
log sec a = 0.17250 (n) 
log cos 6 = 9.27164 

6 = 79° 13' 38". 
log sin a = 9.86945 
log esc c = 0.00345 
log sin ^1 = 9.87290 

A = 131° 43' 50". 
log tan a = 10.04196 (n) 
log cot c = 9. 10259 (n) 
log cos B = 9.14455 

B = 81° 58' 53". 

9. Solve the right triangle, given 
a = 77° 21' 50", A = 83° 66' 40". 

By [39], sin c = sin a esc 4. 

By [42], sin b = tan a cot .4. 

By [41], sin B = sec a cos -4. 
log sin a = 9.98936 
log esc 4= 0.00243 
log sin c = 9.99178 
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c = 78° 63' 20", 
or = 101° 6' 40". 

log tan a = 10.64039 
logcot-4 = 9.02565 
log sin b = 9.67504 

6 = 28° 14' 31", 
or = 161° 45' 29". 

log sec a = 0.66004 
logcos^ = 9.02323 
log sin B = 9.68327 

B = 28°49 , 67", 
or slSlMCK 3". 

10. Solve the righ t triangle, given 
a = Z7° 21' 60", A = 40° 40' 40". 

By [39], sin c = sin a esc A. 
But sin A < sin a. 

.*. sin c> 1, which is impossible. 

11. Solve the right triangle, given 
a = 92° 47' 32", B = 50° 2' 1". 

B y [ 40 L tan c = tan a sec ■**• 
By [42], tan b = sin a tan 2?. 
By [41], cos A = cos a sin B. 
log tan a = 11.81183 (n) 
log sec B = 0.19223 
log tan c = 11.50406(h) 
c = 91° 47' 40". 
log sin a = 9.99948 
log tan £ = 10.07670 
log tan b = 10.07618 

b = 49° W 58". 
log cos a = 8.68765 (n) 
log sin JB = 9.88447 
log cos 4 = 8.57212 (n) 
4 = 92° 8' 23". 

12. Solve the right triangle, given 
a = 2° 0' 65", B = 12° 40'. 

By [*0]» tan c = tan a sec 2?. 
By [42], tan b = sin a tan B. 
By [41], cob A = cos a sin 2?. 



log tan a : 
log sec B : 
log tan c : 

C: 

log sin a = 
log tan J? : 
log tan b - 
6 = 
log cos a - 
log sin B : 
log cos A - 
Az 



: 8.54639 
: 0.01070 
: 8.56709 
: 2° 3' 56". 

8.54612 
: 9.35170 

7.89782 

0° 27' 10". 

9.99973 
: 9.34100 

9.34073 
: 77° 2<Y 28". 



13. Solve the right triangle, given 
a = 20° 20' 20", B = 38° KT 10". 

By [40], tan c = tan a sec 5. 
By [42], tan b =sin a tan A 
By [41], cos .4. = cos o sin 5. 
log tan a = 9.66900 
log sec £ = 0.10448 
log tan c = 9.67348 

c = 25° 14' 38". 
log sin a = 9.54104 
log tang = 9.89545 
log tan b = 9.43649 

b = 16° 16' 50". 
log cos a = 9.97204 
log sin B = 9.79098 
log cos A = 9.76302 

A = 64° 36' 17". 

14. Solve the right triangle, given 
a = 54° 3(K, JB = 35° 8CK. 

By [40], tan c = tan a sec B. 
By [42], tan b = sin a tan A 
By [41,] cos ^1 = cos a sin 2?. 
log tan a = 10.14673 
log sec B = 0.08931 
log tan c = 10.23604 

c = 69° 61' 21". 
log sin a = 9.91069 
log tan B = 9.85327 
log tan b = 9.76396 
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b = 80° 8' 89. " 
log coe a =9.76395 
log sin J? = 9.76895 
log cos A =9.52790 

A = 70° 17' 86". 

15. Solve the right triangle, given 
c = 69° 25' 11", A = 54° 64' 42". 

B y [89], sin a = sin c sin 4. 

By [40], tan b = tan c cos A. 

By [43], cot B = cos c tan A. 
log sin c = 9.97136 
log sin ^ =z 9.91289 
log sin a = 9.88426 

a = 50°. 
log tan c = 10.42541 
logcos^l = 9.75954 
log tan 6 = 10.18495 

6 = 56° 50 7 49". 
log cos c = 9.54695 
log tan 4 = 1015336 
log cot B- 9.69980 
B = 63° 26' 4". 

16. Solve the right triangle, given 
c = 112° 48', A = 66° 11' 56". 

By [89], sin a = sin c sin A. 

By [40], tan b = tan c cos A. 

By [43], cot If = cos c tan 4. 
log sin c = 9.96467 
logsin^ = 9.91958 
log sin a = 9.88425 

a = 50°. 
log tan c = 10.87638 (n) 
log cos 4 = 9.74532 
log tan 6 = 10. 12170(h) 
b = 127° 4' 30". 
log cos c= 9.58829 (n) 
log tan A = 1017427 
log cot B= 9.76266 (n) 
£ = 120° 3' 50". 



17. Solve the right triangle, given 
c = 46° 40 7 12", A = 37° 46' 9". 

By [39], sin a = sin c sin 4. 

By [ 4 °]» tan 6 = tan c cos 4. 

By [43], cot B = cos c tan A. 
log sin c = 9.86178 
log sin A = 9.78709 
log sin a = 9.64887 

a = 26° 27' 24". 
log tan c = 10-02533 
logcos.4. = 9.89789 
log tan b = 9.92322 

6 = 39° 67' 42". 
log cos c = 9.83645 
log tan A = 9.88920 
log cot 5 = 9.72566 
B = 62° V 4". 

18. Solve the right triangle, given 
c = 118° 40' 1", A = 128° 0' 4". 

By [39], sin a = sin c sin 4. 
By [40], tan b = tan c cos 4. 
' By [43], cot B = cose tan -4. 
log sin c = 9.94321 
log sin A = 9.89652 
log sin a = 9.83973 

a =136° 16' 32". 
log tanc= 10.26222(n) 
log cos A = 9.78935 (n) 
log tan 6 = 10.06167 

6 = 48° 23' 88". 
log cos c = 9.68098 (n) 
log tan 4 = 10.10717 (n) 
log cot B= 9.78816 
£ = 58° 27' 4". 

19. Solve the right triangle, given 
A = 63° 16' 12", 5 = 135° S3 7 89". 

By [41], cos a = cos 4. esc B. 
By [41] , cos 6 = cos B esc A. 

By [43], cos c = cot A cot 7 
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log COS A = 
log CSC B = 
log cos a = 

a = 
log cos B = 
log esc A - 
log cos b = 

6 = 
log cot A = 
log qot B = 
log cos c = 

c = 



9.66326 
0.16480 
9.80806 
60° / 4". 
9.86369 (n) 
0.04916 
9.90284 (n) 
143° 6' 12". 

9.70241 
10.00860 (n) 

9.71091 (n) 
120° 55' 34". 



20. Solve the right triangle, given 
A = 116° 43' 12", B = 116° 31' 26". 

By [41] , cos a = cos A esc B. 

By [41], cos b = cos B esc A. 

By [43], cos c = cot -4 cot B. 
log cos ^4 = 9.65286 (n) 
log esc B = 0.04830 
log cos a = 9.70116 (n) 
a = 120° 10' 3". 
log cos B = 9.64988 (n) 
log esc A = 0.04904 
log cos b = 9.69892 (n) 

b = 119° 69 / 46". 
log cot A = 9.70190 (n) 
log cot 5 = 9.09818 (n) 
log cos c = 9.40008 

c = 75° 26 r 58". 

21. Solve the right triangle, given 
A = 46° 69' 42", B = 57° 59 / 17". 

By [41], cos a = cos A esc .B. 

By [41], cos b = cos 5 esc -4. 

By [43], cos c = cot ^4 cot B. 

log cos A = 9.83382 

log esc B = 0.07164 

log cos a = 9.90546 

a = 36° 27'. 



log cos £ = 9.72436 
log esc A = 0.13691 
log cos b = 9.86026 

b = 43° ZV 30". 
log cot A = 9.96973 
log cot B = 9.79699 
log cos c = 9.76572 

c = 54° 2V. 

22. Solve the right triangle, given 
A = 90°, B = 88° 24' 35". 

By [41], cos a = cos A esc B. 
By [41], cos 6 = cos B esc A 
By [43], cos c = cot A cot J5. 
cos -4 = 0. 
.*. cos a = 0. 
.-.a = 90°. 
esc -4 = 1. 
.-. 6 = B. 

.-. 6 = 88° 24' 36". ' 
cot -4=0. 
.-. cos c = 0. 
.-. c = 90°. 

23. Define a quad ran tal triangle, 
and show how its solution may be 
reduced to that of the right triangle. 

A quadrantal triangle is a tri- 
angle that has one or more of its 
sides equal to a quadrant. 

Let A'&C be a quadrantal tri- 
angle with side A'& = 90°, or a 
quadrant. 

Let ABC be its polar triangle. 

Then, since 

A'B' + C = 180°, C = 90°. 

Hence, ABC is a right triangle. 

Therefore, all parts of the polar 
triangle may be found by formulas 
for the right triangle. 

The parts of A'WC' may then be 
found by subtracting proper parts 
of ABC from 180°. 
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24. Solve the quadrantal triangle whose sides are a = 174° 12* 49", 
b = ©4° 8' 20", c = 90°. 

Let A' &, C, a', b' & represent the corresponding angles and sides 
of the polar triangle. 
Then A' = 6° 47' 11", 

& = 86° 51' 40", 
CT = 90°. 
By Prob. 7, fex. XXXII, 

tannic 7 = - cos(R + A f )adc(B' - A*). 
By Prob. 8, Ex. XXXII, 

tan****' = tan [i (R + A') - 45°] tan [46° + \(& - A*)], . 
tan* to* = tan [i(if + ^') - 45°] tan[45° - +(& - ^i')]- 

& + A' = 91° 88' 61". 
#-4' = 80° 4' 29". 
\(& + 4') - 46° = 0° 49 / 26.6". 
45° + *(# - ^4') = 86° 2 / 14.6". 
46° - i (# - >4') = *° 67' 46.6". 
log cos (# + /!') =8.46864 
log sec (R - A') = 0.76366 
2 )9.22220 
log tan *c' = 9.61110 

*c' = 22°12'66f". 
c' = 44° 26' 63". 

C=135°34' 7". 

log tan [i(R + -40 - 45°] = 8.16770 

log tan [46° + +(& - A')] = 1 1.06133 

2 ) 9.21903 

log tan 1? = 9.60962 

*&' = 22° 8' 36". 
y= 44°17 / 10". 
B = 136° 42 / 50". 

log tan [+(& + ^1') - 46°] = 8.16770 

log tan [46° - *(# - A*)] = 8.93867 

2 )7.09637 

log tan ^0" = 8.64819 

*a' = 2° 1'26". 
a' = 4° 2' 50". 
-4 = 175° 67' 10". 
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25. Solve the quadrantal triangle 
in which c = 90°, A = 110° 47' 60", 
B = 135° 36' 34". 

Let 4', J3 7 , C, a 7 , 6', c 7 represent 
the corresponding angles and sides 
of the polar triangle. 
Then a' = 69° 12' 10". 

V = 44° 24' 26". 
C = 90°. 
By [42], tan A' = tan d' esc &'. 
By [42], tan B f = tan ^ esc a'. 
By [38] , cos & = cos a' cos &'. 
log tan a 7 = 10.42043 
log esc 6' = 0.15605 
log tan 4' =10.57648 

A'= 76° 6' 58". 
a =104° 53' 2". 
log tan 6' = 9.99101 
log esc a' = 0.02926 
log tan ^=10.02027 

B f - 46° 20' 12". 
b = 133° 39 / 48". 
log cos a' =9.55031 
log cos 6' = 9.85394 
log cose' =9.40426 

c / = 75° 18' 21". 
C = 104° 41' 89". 

26. Given in a spherical triangle 
A, C, and c each equal to 90° ; solve 
the triangle. 

By [39] » sin a = sin c sin A 
= 1x1 = 1. 
.-. a = 90°. 
Then B is the pole of 6, and 5 = 6; 
but 2? and b are otherwise indeter- 
minate. 

27. Given 4 = 60°, C = 90°, and 
• 90° : solve the triangle. 



By [39], sin a = sine sin A. 
By [40], tan b = tan c cos A. 
By [43], cot B = cos c tan A. 

sin a = sin -4. 
.-. a = 4 = 60°. 

tan& = oo x i 

= 00. 

.-. 6 = 90°. • 
cot£ = x V§ 

= 0. 
.-. B = 90°. 

28. In a right spherical triangle, 
given A = 42° 24' 9", 5 = 9° 4' 11" ; 
solve the triangle. 

By [43] , cos c = cot A cot B. 

Now cot-A>l, 

and cot2?>l. 

.-. cos c > 1, 
which is impossible. 

Therefore, the triangle is impos- 
sible. 

29. In a right spherical triangle, 
given a = 119° 11', 3=126° 64'; 
solve the triangle. 

By [42], tan b = sin a tan B. 

By [40] , tan c = tan a sec B. 

By [41], cos A = cos a sin B. 
log sin a = 9.94106 
log tan B = 10. 12446 (n) 
log tan 6 = 10.06561 (n) 
b = 130° 41' 42". 
log tan a = 10.25298 (n) 
log sec B = 0.22154 (n) 
log tan c = 10.47462 

c = 71° 27' 43". 
log cos a = 9.68807 (n) 
log sin B = 9.90292 
logcos4 = 9.59099(n) 

A = 112° 57' 2". 
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30. In a right spherical triangle, 
given c = 60°, b = 44° 18' 39"; solve 
the triangle. 

By [38], cos a = cose sec b. 

By [40] , cos A = tan b cot c. 

By [39], sin B = sin 6 esc c. 
log cos c = 9.80807 
log sec b = 0.14635 
log cos a =9.95342 

a = 26° 3' 51". 
log tan b = 9.98955 
log cot c = 9.92381 
log cos 4 = 9.91336 

4=35°. 

log sin b = 9.84419 

log esc c = 0.11575 

log sin B = 9.95994 

B = 65° 46'. 

31. In a right spherical triangle, 
given A = 156° 2W 30", a = 66° 15' 
45" ; solve the triangle. 

The triangle is impossible, because 
a and A are unlike in kind. 

32. In a right spherical triangle, 
given ^4= 74° 12 7 31", c=64°28 / 47"; 
solve the triangle. 

By [39], sin a = sin c sin A. 

By [40], tan b = tan c cos A. 

By [43], cot B = cos c tan 4. 
log sin c = 9.95542 
log sin ,4= 9.98329 
log sin a = 9.93871 

a = 60° 16' 17". 
log tanc= 10.32111 
log cos A— 9.43479 
log tan 6= 9.76590 
b = 29° 41' 4". 



log cos c= 9.63431 
log tan ^1= 10.54851 
log cot 5=10.18282 

B = 33° 16' 64". 

33. In a right spherical triangle, 
given a= 112° 42' 38", B=44°28'44"; 
solve the triangle. 

By [42], tan b = sin a tan B. 
By [40], tan c = tan a sec B. 
By [41], cos .4 = cos a sin B. 

log sin a = 9.96495 
log tan 5=099210 
log tan b = 9.96706 

b = 42° W 17". 
log tan a = 10.37828 (n) 
log sec 5= 0.14660 
log tan c= 10. 62488 (n) 

c = 106° 37' 37". 

log cos a = 9.58667 (n) 
log sin B = 9.84550 
logcos-A = 9.43217 (n) 
A = 105° 41' 39". 

34. In a right spherical triangle, 
given 6=48°12'48", ^4 = 108°14 , 44"; 
solve the triangle. 

By [42], tana = sin&tan4. 
By [40], tan c = tan b sec A. 
By [41], cos B = cos b sin A. 

log sin 6= 9.87253 
log tan A= 10.48192 (n) 
log tan a = 10. 35445 (n) 
a = 113° 51' 6". 

log tan b = 10.04882 
logsec,A= 0.60433 (n) 
log tan c = 10.55315 (n) 
c = 106° 37' 54". 
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log cos b = 9.82371 
logging = 9.97760 
log cos 5=9.80131 

, B = 60° 44' 19". 

35. In a right spherical triangle, 
given A = 122°68'47",£= 104°17'65"; 
solve the triangle. 

By [41], cos a = cos A esc B. 
By [41], cos b = esc A cos B. 
By [43], cos c = cot -4 cot B. . 

log cos A= 9. 73587 (n) 
log esc B =001367 
log cos a = 9.74964 (n) 
a = 124° W 37". 

log esc ^1 = 0.07631 
log cos B= 9.39266 (n) 
log cos b = 9.46897 (n) 
b = 107° 7' 22". 



logcot-4 = 9.81218 (n) 
log cot B = 9.40632 (n) 
log cose = 9.21860 

c = 80° 28' 49". 



36. If the legs 
spherical triangle 
that cos a = cot A 

By [38], cose 

But cos a 

.•. cos c 

cos 2 a 

.*. cos a 

sin 6 

sin a 

sin a 



By [42], 
Bat 



8ina = 



a and 6 of a right 
are equal, show 
= Vcos c. 

= cos a cos b. 
= cos 6. 
= cos 2 a. 
= c ose. 
= Vcosc. 
= tan a cot A. 
= sin&. 
= tan a cot A. 
sin a cot A 



.*. cos a 

.-. cos a 



cos a 
= cot A. 
= cot-4 = Vcosc. 



37. In a right spherical triangle show that 

cos 2 .4 sin 2 c = sin (c + a) sin (c — a). 



By [39], 



Ry [4], 
By [8], 

L" 



sin^l = - 





sin c 


sin 2 ,4 


_ sin 2 a 
sin 2 c 


COS 2 -4 


__ sin*a 
sin 2 c 




sin 2 c — sin 2 a 



sin 2 c 
coe 2 A sin 2 c = sin 2 c — sin 2 a. 
sin (c + a) = sin c cos a + cos c sin a. 
Bin (r — a) = sin c cos a — cos c sin a. 
>. sin {c *f a) sin {c — a) = sin 2 c cos 2 a — cos 2 c sin 2 a 

= sin 2 c (1 - sin 2 a) — (1 - sin 2 c) sin 2 a 
= sin 2 c — sin 2 c sin 2 a — sin 2 a + sin 2 c sin 2 a 
= sin 2 c — sin 2 a. 
A cos 2 .4 sin 2 c = sin (c + a) sin (c - a). 
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38. In a right spherical triangle show that 



By £42], 
By [43], 



tan a cos c = sin b cot B. 



sind 


= tan a cot A. 


cot J. 


_ sin b 
""tana 


cose 


= cot A cot B. 


cot J. 


C08C 

cot B 


cose 


sin b 


COtB 


tana 



, tan a cos c = sin b cot B. 
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39. In a right spherical triangle show that 

sin 2 4 = cos 2 B + sin 2 asin a B, 



By [41], 


cos B = cos b sin -4. 




. M cos 2? 

.-. sin J. = -. 

cos 6 




cos 2 b 




= cos 2 B sec 2 6 


By Prob. 2, Ex. V, 


= cos 2 B(l + tan 2 6) 




= cos 2 B + tan 2 6 cos*B. 


By [42], 


sin a = tan b cot 5. 




.*. tan b = sin a tan B. 




\ sin 2 A = cob*B + sin 2 a tan 2 £ cos 2 B. 




. sin 2 .4. = cos 2 B + sin 2 a sin 2 B. 



40. In a right spherical triangle show that 

sin (b + c) == 2 cos 2 | -4 cos 6 sin c. 

By [4], sin (b + c) = sin & cos c + cos b sin c 

(sin 6 cos c , , \ . . 
hi) cos b sin c 
cos & sin c / 

= (tan b cot c + 1) cos 6 sin c. 

By [40], tan 6 cot c = cos -4. 

.*. tan b cot c + 1 = cos -4 + 1 

By [17], = 2 cos 2 * 4. 

.-. sin (b + c) = 2 cos*£ ^ c °s & sin c. 
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41. In a right spherical triangle show that 

sin (c — b) = 2 sin 3 i ^1 cos b sin c. 

By [8], sin(c — 6) = sine cos 6 — cose sin 6 

./„ cos c sin 6 \ 

= sin c cos 6(1 I 

\ sine cos 6/ 

= sin c cos 6 (1 — cot c tan b). 

By [40], cot c tan b — cos A. 

.-. 1 — cot c tan 6=1 — cos A 

By [16], = 2 sin 2 * 4. 

.-. sin (c - b) = 2 sin 2 i ^1 cos b sin c 



42. If, in a right spherical triangle, p denotes the arc of the great 
circle passing through the vertex of the right angle and perpendicular to 
the hypotenuse, m and n, the segments of the hypotenuse made by this 
arc adjacent to the legs a and 6, show that (i) tan 2 a = tan c tan m, 
(ii) sin 2 p = tan m tan n. 

(i) In the triangle BCA, by Napier's Rules, 
cos B = tan a cot c. 

cos B m 

.-. tana = (1) 

cote 

In the triangle CBD, by Napier's Rules, 

cos B = tsji BD cot BC 

= tan m cot a. 

tan m ._. 

.-. tana = -. (2) 

cos 5 

, r lA . . „. . /ftN . „ tan m cos 2? 

Multiply (1) by (2), tan 2 a = — — x — — 

cos B cot c 

= tan m tan c. 

(ii) In the triangle CBD, by Napier's Rules, 

sin p = tan m cot ECD. (3) 

In the triangle CAD, by Napier's Rules, 

sin p = tan n cot 2HM . (4) 

Multiply (3) by (4), 
But ' BCD + DC A = 90°. 

.-. cot BCD x cot DC A = 1. 

.-. sin 2 p = tan m tan n. 
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Exercise XXXV. Page 157. 



1. In an isosceles spherical tri- 
angle, given the base b and the side 
a ; find A the angle at the base, B 
the angle at the vertex, and h the 
altitude. 

Let ABA' be an isosceles triangle, 
A and A' the equal angles, a and a' 
the equal sides. 

Draw A, the arc of a-graat circle, 

from B JL to AA', meeting AA' in C. 

Then, in the right triangle A'BC, 

b = £ b in triangle A BA% 

c = a in triangle ABA', 

B = i B in triangle -4.R4'. 

B y [ 40 L cos -4 = cot a tan ^ 6. 

By [39], sin i B = esc a sin } 6. 

By [88], cos A = cos a sec i 6. 

2. In an equilateral spherical tri- 
angle, given the side a; find the 
angle A. 

In the equilateral triangle A A' A" 
draw arc A C JL to A' A". 
Then, in the right triangle AA'C, 
sin | a = sin a sin ^ A. 
sin | a 



sini^l = 



By [12], = 



sin a 
sin | a 



2 sin ^ a cos | a 
= i sec | a. 

3. Given the side a of a regular 
spherical polygon of n sides; find 
the angle A of the polygon, the 
distance R from the centre of the 
polygon to one of the vertices, and 
the distance r from the centre to the 
middle point of one of the sides. 



In the regular polygon ABDE 
draw arcs of great circles from the 
vertices A, B, etc., through the 
centre C, and from C to 3f, the mid- 
dle of one side. 




Then ACE = — , 
n 



ACM = 



180° 



CAM=\A, 
AM=\a, 
AC = R, 
MC = r. ' 

By Napier's Rules, 

180° 

cos = cos \ a sin \ A, 

n 

180° 
sin ± a = sin R sin 



sin r = tan | a cot 



n 
180° 



Whence, 



sin ^ 4 = sec | a ens 



ISO* 



sm R = sin £ a esc — 
n 



sm r = tan£acot-^-» 
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4. Compute the dihedral angles made by the faces of the five regular 
polyhedrons. 

If a sphere is described about a vertex of the polyhedron as a centre 
with a radius equal to an edge of the polyhedron, the adjacent vertices of 
the polyhedron lie on the surface of the sphere and are the vertices of a 
regular spherical polygon, of which the angles are required. 

If a is the length of a side of this polygon, i.e., one of the angles of a 
face of the polyhedron, and n the number of sides, i.e., the number of 
faces of the polyhedron which meet at a vertex, we have for the different 



Polyhedron. 


a 


n 


Tetrahedron . . . 
Hexahedron . . . 
Octahedron .... 
Dodecahedron . . . 
Icosabedron . . . 


60° 
90° 
60° 
108° 
60° 


3 
3 
4 
3 
5 



But if A is an angle of the spherical polygon, we have, from Prob. 3, 

180° 

sin * A = sec T a cos 

n 

Hence, for the different cases : 



Polyhedron. 


SinM- 


Loo Sin M- 


A. 


Tetrahedron . . . 


iV5 


9.76144 


70° 31' 46" 


Hexahedron . . . 


iV5 


9.84949 


90° 


Octahedron .... 


i>/5 


9.91196 


109° 28' 14" 


Dodecahedron . . . 


i sec 54° 


9.92976 


116° 33' 46" 


Icosahedron . . . 


* V3cos36° 


9.97043 


138° 11' 86" 



5. A spherical square is a regular 
spherical quadrilateral. Find the 
angle A of the square, having given 
the side a. 

This is a special case of Prob. 3 

for which n = 4. 

« x a i 180 ° 
.•. sin \ A = sec £ a cos 

4 
= i V2 sec i a. 



Also coz\A = 
.-. GOt\A = 



Vl -isec 2 ia. 
cos \A 



BiniA 



-4 



'1 -jsecH^ 
i sec 2 1 a 



= V2cosHa- 1 
By [13], = Vcosa. 
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Exercise XXXVI. Page 160. 



1. What do Formulas [44] be- 
come if ^4=90°? if £ = 90°? if 
C = 90°? if a = 90°?' if A = B = 
90°? if a = 6 = 90°? 

If A = 90°, 

sin a sin 5 = sin 6, 
sin a sin C = sin c. 

If 5 = 90°, 

sin a = sin b sin A y 
sin 6 sin C = sin c. 

If C = 90°, 

sin a = sin c sin A, 
sin 6 = sin c sin B. 

If a = 90°, 

8inB = sinosin<4, 
sin C = sin c sin A. 

If A = £ = 90°, 

gin a = sin b, 
sin c = sin a sin'C 
= sin 6 sin C 

If a = 6 = 90°, 

sin B = sin A, 
sin C = sin c sin -4 
= sin c sin 2?. 



2. What do Formulas [45] be- 
come if .4 = 90°? if B = 90°? if 
C=90°? if -4 = B = C = 90°? 

If ^1 = 90°, 

cos a = cos 6 cos c. 

If 5 = 90°, 

cos 6 = cos a cos c. 

If C = 90°, 

cos c = cos a cos o. 

If 4 = £ = C = 90°, 

cos a = cos & cos c, 
cos & = cos a cos c, 
cos c = cos a cos 6. 

3. What does the first of For- 
mulas [46] become if -4 = 0°? if 
A = 90° ? if A = 180° ? 

If 4 = 0°, 

cos a = cos b cos c + sin 6 sin c 
= cos (6 — c). 
If 4 = 90°, 

cos a = cos b cos c. 
If A = 180°, 

cos a = cos & cos c — sin 6 sin c 
= cos (6 + c). 



4. From Formulas [46] deduce Formulas [40] by means of the 
relations between polar triangles (Theorem 4, p. 141). 

Substituting in Formulas [46] for a, 6, c, and A, their equals, 180° - A', 
180° - B', 180° - C, and 180° - a', we obtain 

008(180° - A') = cos (180° - £0 cos (180° - C") 

+ sin (180° - BT) sin (180° - C") cob (180° - a?). 
.: — cos -4/ = cos & cos C — sin B' sin C cos a', 
cos -4/ = — cos B* cos C + sin & sin C cos cf ; 
and similarly, cos & — - cos A' cos C + sin A' sin C" cos ^ ; 
cos C = - cos A' coe jy + sin A' sin B' coac'. 
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Exercise XXXVII. Page 167. 



1. What are the formulas for 
computing the side a when 6, c, 
and A are given ; and for comput- 
ing the side b when a, c, and B are 
given? 

(i) In Fig. 100 suppose p drawn 
from C, dividing c into to and n. 

Then the required formulas are 
obtained by advancing the letters in 
tan to = tan a cos C, 
cose = cos a seem cos (6 — to). 

Hence, the required formulas are 
tan to = tan b cos A, 
cos a = cos b sec to cos (c — m). 

(ii) By drawing p from -4, and 
advancing the letters two steps, 
tan to = tan c cos B, 
cos b = cos c sec to cos (a — to). 



2. Given 
a= 88° 12' 20", 
6=124° 7' 17", 
07= 50° 2' 1"; 

*(*-«) 

i(6 + a) 

*Cf 

log cos i (6 — a) 

log sec | (6 + a) 

log cot i C 

logtani(B + ^4) 

i(B + A) 

logseci(B + ^l) 

log cos ^ (6 + a) 

log sin £ C 

log cos | c 



find 

A- 63° 16' 11", 
B = 132° 17' 68", 
c = 69° 4' 17". 

= 17° 57' 28.5". 

= 106° 9 / 48.5". 

= 26° 1' 0.6". 

= 9.97831. 

= 0.66636 (fi) 

= 10.33100 

= 10.86467 (n) 

= 97° 46' 34. 7". 

= 0.86868 (n) 

= 9.44464 (n) 

= 9.62622 

= 9.93954 

= 29° 32' 8.6". 



log sin i (6- a) = 9.48900 

log esc +(b + a) = 0.01751 

logcotjC = 0.33100 

logtani(£ - A) = 9.83751 

i(B-4)= 34° 31' 23.6" 
i(J5 + 4)= 97° 46' 34.7" 

4 = 63° 15' 11". 

B = 132° 17' 58". 
c= 69° 4' 17". 



3. Given 



find 



a = 120° 66' 85", A = 129° 58' £", 
6= 88° 12' 20", 5= 63° 15' €", 
C= 47° 42' 1"; c= 55° 62' 40". 

*(a-6)= 16° 21' 37.5". 

i(a + &) = 104°33'67.6". 

iC= 23° 61' 0.6". 



log cos i (a — 6) 

log sec i (a + 6) 

log cot £ C 

log tan i (4 + 5) 

i(;i + 2?) 

log sin i (a — 6) 

log esc i (a + 6) 

log cot i C 

log tan * (4. - B) 

i(A-B) 

i(A + B) 

A 

B 

logseci(jl + B) 

log cos i (a + 6) 

log sin £ C 

log cos i c 

*c 
c 



= 9.98206 
= 0.69947 (n) 
= 10.36448 
= 10.93600 (n) 

= 96° 36' 35.6". 

= 9.44976 
= 0.01419 
= 10.36448 
= 9.81843 

= 33° 21' 26. 7" 
= 96° 36' 36.6" 
= 129° 68' 2". 
= 63° 16' 8". 

= 0.93890 (n) 
= 9.40063(h) 
= 9.60675 
= 9.94618 

= 27° 66' 20". 
= 65° 52' 40T\ 
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4. Given 
b = 63° 15' 12", 
c = 47°42 / 1", 
4 = 69° 4'26"; 

i(*+c) 

*(6-c) 

i-i 

log cos T (b — c) 

log sec i (6 + c) 

log cot T A 

logtan T (5+C) 

i(B+C) 

log sin i (6 — c) 

logcsci(6 + c) 

log cot i .4. 

logtan T (£- C) 

i(B-C) 

t(*+C) 

B 

C 

log cos* (6 + c) 

logseci(.B+C) 

log sin I ^l 

log cos } a 

ia 

a 



find 
B = 88° 12' 24", 
C = 65° 62' 42", 
a = 50° 1'40". 

= 66° 28' 36.6". 

= 7° 46' 85.5". 

= 29° 32' 12.5". 

= 9.99699 

= 0.24662 

= 10.24671 

= 10.48932 

= 72° 2' 32.7". 

= 9.13133 

= 0.08418 

= 10.24671 

= 9.46217 

= 16° 9 , 61.1". 

= 72° 2 / 82.7". 

= 88° 12' 24". 

= 65° 62' 42". 

= 9.76338 

= 0.61101 

= 9.69284 

= 9.95723 

= 25° V 60". 

= 60° 1' 40". . 



5. Given 



find 



b = 69° 25' 11", B = 66° 11' 67", 

c = 109° 46' 19", C = 123° 21' 12", 

A = 64° 64' 42" ; a = 67° 11' 47". 





i(c 


-&) = 


20° W 34". 




i(c 


+ &) = 


89° 35' 46". 






M = 


27° 27' 21". 


log 


cos | (c 


-6) = 


9.97260 


log 


sec i (c 


+ 6) = 


2.16157 




log cot £ J. = 


10.28434 


logtan T (C+B) = 


12.40841 




i(C + *) = 


89° 46' 34.6". 


log 


sin i (c 


-6) = 


9.63770 


log 


esc £ (c 


+ &) = 


0.00001 




log cot T -4. = 


10.28434 


log tan ^(C 


-2*) = 


9.82205 




*(C 


-2?) = 


33° 34' 37.8' 






C = 


123° 21' 12". 






£ = 


56° 11' 57". 



logcosi(c + b) = 7.84843 

logseci(C + fl) = 2.40842 

log sin j ,4 = 9.66376 

log cos ia = 9.92061 

ia = 33°85 / 53.8" 
a = 67° 11' 47". 
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1. What are the formulas for com- 
puting A when B, C, and a are 
given ; and for computing B when 
A, C, and b are given ? 

(i) In Fig. 101 suppose p drawn 
from C. Then advance the letters 
in 

cot x = tan Acscc, 

cos C = cos A esc x sin (B — x). 



The required formulas are 

cot x = tan B esc a, 

cos -4 = cos B esc x sin (C — x). 

(ii) Suppose p drawn from A, 
and advance the letters two steps. 
The required formulas are 

cot x = tan C esc 6, 

cos B — cos C esc x sin (-4. — z). 
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2. Given 

A= 26° 68' 46", 

5 = 39° 46' 10", 

c = 164° 46' 48"; 

HB-A) 

i(B + A) 

ic 

\ogco8i(B- A) 

logaeci(B + A) 

log tan } c 

logtan T (5 + a) 

*(& + <*) 

\ogsin i(B - A) 

\ogcect(B + A) 

log tan i c 

log tan i (6 — a) 

i(6-a) 

i(6 + a) 

6 



find 
a= 37° WW, 
b =121° 28' 10", 
C= 161° 22' 11". 

= o 28 / 12 /, . 

= 33° 21' 68". 

= 77° 23' 24". 

= 9.99730 
= 0.07823 
= 10.65032 
= 10.72686 
= 79° 21' 10.3". 
= 9.04626 
= 0.26966 
= 10.66032 
= 9.96622 
= 42° 7'. 
= 79° 21' 10.3". 
= 121° 28' 10". 
a= 87° 14' 10". 

logsin T (B+ 4) = 9.74035 

log sec T (b -a) = 0.12972 

logcos T c = 9.33908 

logcos T C = 9.20915 

T C = 80 o 41 / 5.4 /, . 
C = 161° 22' 11". 



3. Given 
4 = 128° 41' 49", 
B = 107° 38' 20", 
c = 124°12'31"; 
HA-B) 
i(A + B) 
\c 
log cos i (4 - B) 
logsec T (.4 + B) 
log tan i c 
log tan t(a + b) 



find 
a= 126° 41' 43", 
6= 82° 47' 34", 
G = 127° 22'. 
= 10° 34' 14.5". 
= 118° 7' 34.6". 
= 62° 6' 15.5". 
= 9.99267 
= 0.32660 (n) 
= 10.27624 
= 10.69641 (n) 
= 104° 14' 38.6". 



log«ni(^ -B): 

logcsci^ + B): 

log tan i c - 

log tan i (a — b) ■- 

*(«-*) = 
a: 

logsin T (4 + JB): 
log sec i(a — 6) : 

log COS } C : 
lOgCOSyC: 

C: 

4. Given 
JB = 168°17 / 6", 
C= 78° 43' 36", 

a= 86°i6'i6"; 

ia 

logcos T (B- C) 

log sec i (5 + C) 

log tan i a 

log tan i (6 + c) 

i(& + <0 

logsin T (B- C) 

logcsci(B+C) 

log tan i a 

logtan T (6 - c) 

i(6-c) 

& 

c 

logsini(£+C) 

log sec i (6 - c) 

log cos T a 

log cos i^. 

*A 
A 



: 9.26361 
: 0.05467 
: 10.27624 
: 9.59432 

: 21° 27' 4.9". 
: 125° 41' 43". 
: 82° 47 34". 

: 9.94543 
: 0.03118 
: 9.67012 
: 9.64673 
: 63° 41'. 
= 127° 22 / . 

find 

b = 162° 48' 51", 

c = 83° 12' 21", 

A= 78° 16' 48". 

= 116° C21". 
= 37° 16' 45". 
= 43° 7' 37.5". 

= 9.90074 
= 0.35807 (n) 
= 9.97159 
= 10. 23040 (n) 
= 120° 28' 6.2". 

= 9.78226 
= 0.04636 
= 9.97159 
= 9.80021 
= 32° 15' 45". 
= 162° 43' 51". 
= 88° 12' 21". 
= 9.96364 
= 0.07288 
= 9.8 



= 9.1 

= 39° 7' 54". 

= 78° 16' 48". 
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5. Given 
A = 125° 41' 44", a 
C = 82° 47' 36", c 
6 = 62° 37' 57"; £ 

*(^ + Cf) = 
T (^-C) = 

ib: 
logCOSi(-4 — C): 

logseci(.4 -|- C) = 

log tan 1 6 = 

log tan t(a + c) z 

t(a + c)-. 



find 
= 128° 41' 46", 
= 107° 33' 20", 
= 66° 47' 40". 

104° 14' 39.6". 
21° 27' 4.6". 
26° 18' 68.6". 

9.96883 
0.60896 (n) 
9.69424 



10.27203 (n) 
: 118° 7' 32.9". 



log sin i (4 - C): 

logC8C±(4 + C): 

log tan \ b -. 

log tan |(a — c) = 

i(a-c) = 

a : 

C : 

logsin±(-4 + C) = 

log sec I (a - c) = 

log cos £ 6 = 

log cos i B = 

*£ = 



= 9.66313 

: 0.01366 

: 9.69424 

; 9.27093 

: 10° 34' 12.9". 

: 128° 41' 46". 

: 107° 38' 20". 

9.98644 
: 0.00743 

9.96248 

9.94636 

27° 53' 50". 

56° 47' 40". 
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1. Given find 

a = 73° 49' 38", B = 116° 42' 30", 
b = 120° 63' 36", c = 120° 67' 27", 
A = 88° 62' 42" ; C = 116° 47'. 

log sin A = 9.99992 
log sin 6 =9.93355 
log esc a = 0.01753 
log sin J? =9.95100 

B = [180° - (63° 17' 30")] 
= 116° 42' 30". 

(The greater side is opposite the 
greater angle.) 

i(J? + 4) = 102°47'36". 
±(B-A)=z 13° 54' 64". 

i(6 + a)= 97° 21' 36.6". 

$(b-a) = 23° 31' 68.5". 

logsin±(B + ^) = 9.98908 

\ogcac$(B-A) = 0.61892 

logtan i(b - a) = 9.63898 

logtan*c = 10.24698 

|c= 60° 28' 43.4". 
c = 120° 57' 27". 



log sin | (b + a) = 9.99641 

log esc | (6 - a) = 0.39873 

log tan | (B - A) = 9.39402 





log cot $ C 


= 9.78916 




iC 


= 


58° 23' 30". 




C 


= 


116° 47'. 


2. 


Given 




find 


a = 


150° 67' 6", 


Br 


= 120° 47' 46", 


b = 


134° 16' 64", 


Cl 


= 55° 42' 8", 


A = 


144° 22' 42"; 


Ci 


= 97° 42' 55"; 






c 2 


= 23° 67' 17", 






B 2 


= 59° 12' 16", 






c 2 


= 29° 8' 39" 



A>9W>, (a + 6)>180°, a>b. 
.-. two solutions. 

log sin 4 = 9.76624 
log sin 6 =9.86498 
log esc a = 0.31377 
log sin J? = 9.93899 

J?i = 120° 47' 45''. 
B* = 59° 12' 16". 
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i(A + Bt): 
i(A-Bi): 

i(a + &) = 

logsini(a + 6) = 
log esc i (a — b) ■ 
logtani(4-£i) 
log cot i C\ 

id 

ft: 



: 182° 35' 13.5". 
: 101° 47' 28.5". 
: 11° 47' 28.6". 
: 42° 35' 13.5". 
: 8° 20' 36.6". 
= 142° 36' 29.5". 

= 9.78338 
= 0.83833 
= 9.31963 
= 9.94134 

: 48° 61' 27.7". 
: 97° 42' 56". 



log sin i (a + 6)= 9.78338 

log esc i (a -b) = 0.88833 

logtan±(4 - Bt) = 9.96338 

log cot |C, = 10.58509 

logsini^ + B!): 

l0gC8Ci(il-J?i) : 

logtani(a — 6) 
logtan^Ci 

Cl 

logsini(-4 + B 2 ) 

log esc i (A — B 2 ) 

log tan | (a - 6) 

log tan | Ca 

icj = ll°58'38.7" 
Ca = 23° 67' 17". 



: 14° 34' 19.6". 
:29° 8' 39". 

= 9.86703 
= 0.68963 
= 9.16629 
= 9.72296 

= 27° 51' 4". 
= 55° 42' 8". 

= 9.99074 
= 0.16960 
= 9.16629 



3. Given 
a = 79° (K54", 
6 = 82° 17' 4", 
4 = 82° 9 / 26"; 
log sin -4 
log sin 6 
colog sin a 
log sin B 
B 
tanc 
cotC 
log cos A 
log tan 6 
log tan c 
c 
log tan A 
log cos 6 
log cot C 
C 



find 

3 = 90°, 
c = 45° 12' 19", 
C = 45°44' 6". 

= 9.99592 

= 9.99605 

= 0.00803 

= 0.00000 

= 90°. 

= cos A tan b. 

= tan A cos b. 

= 9.18499 

= 10.86812 

= 10.00311 

= 46° 12' 19". 

= 0.86093 

= 9.12793 



= 9.1 

= 46° 44' 5" 



4. Given a = 30° 62' 37", b = 
81° 9' 16", A = 87° 34' 12" ; show 
that the triangle is impossible. 
By [44], sin B = sin A sin b esc a. 
log sin A = 9.99961 
log sin 6 =9.71378 
log esc a = 0.28972 
log sin B =0.00311 
sin B = 1.0072. 
Therefore, the triangle is impos- 
sible, since sin B > 1. 



1. Given 
A = 110° 10', 
B = 133° 18', 



Exercise XL. Page 173. 



find 
6=155° 5' 18", 
c= 33° vsr% 



— a = 147° 6' 32"; C = 70° 20 7 40". 



log sin a =9.73503 
log sin 3 = 9.86200 
log csc 4 = 002748 
log sin b =9.62451 
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b 

i(B + A) 

i(B-A) 

*(&-«) 

*(& + «) 

log sin i (B + A) 

logcsci(#-4) 

log tan ^ (6 — a) 

log tan } c 

ic 

c 

log csc i (6 — a) 

log sin i(6+ a) 

log tan i (J? -^1) 

log cot ^ 

*o 

C 

2. Given 

4 = 113° 39' 21", 

B = 123°40'18", 

a= 65°39 / 46 // ; 

log sin a 

log sin B 

log esc -4 

log sin b 

b 

*(B + A) 

HB-A) 

*<*-a) 

i(6 + a) 

logsini(# + -4) 

logcsci(£-4) 

log tan i (b — a) 

log tan | c 

*c 

c 

logsini(& + a) 

log esc i (6 — a) 

logtan*(B-4) 

log cot iO 



= 155° 6' 18". 
= 121° 44'. 
= 11° 34'. 
= 3° 69' 53". 
= 151° 6' 26". 
= 9.92968 
= 0.69787 
= 8.84443 
= 9.47198 
= 16° 30 7 48.6". 
= 33° 1'37". 
= 0.16663 
= 9.68438 
= 9.31104 
= 9.16200 
= 36° W 20". 
= 70° 20 7 40". 

find 
6=124° 7' 20", 
c = 169° 6XK 15", 
C = 169° 43' 34". 

= 9.95959 

= 9.92024 

= 0.03812 

= 9.91795 

= 124° 7' 20". 

= 118° 39/ 49.5". 

= 6° C28.fi". 

= 29° 13' 47". 

= 94° 63' 33". 



= 1.06902 
= 9.74785 
= 10.76009 
= 79° 56' 7.3" 
= 169° 60 7 16". 
= 9.99841 
= 0.81130 
= 8.94264 
= 9.26235 



*0 = 79° 51' 46.8". 
= 169° 43' 34". 



3. Given 
4 = 100° 2' 11", 
B= 98° 30' 28", 
a= 96° 20' 89"; 

log sin a 
log sin B 
log esc A 
log sin 6 
6 
*(A + B) 

i(a + 6) 

logsini(4 + J?) 

log esc i (A - B) 

log tan £ (a - 6) 

log tan ic 

*c 
c 

log sin i(a+„&) 

log csc £ (a — 6) 

logtan*(4-£) 

log cot I O 

*0 

o 



find 
6= 90°, 
c = 147° 41' 60", 
0=148° 6' 40". 

= 9.99811 
= 9.99619 
= 0.00670 
= 10.00000 
= 90°. 

= 99° 16' 19.5". 
= 0° 45' 51.6". 
= 2° 40' 19.6". 
= 92° 40' 19.5". 

= 9.99428 , 
= 1.87487 
= 8.66904 
= 10.63819 
= 73° 60' 54.9". 
= 147° 41' 60". 

= 9.99953 
= 1.83144 
= 8.12517 
= 9.45614 
= 74° 2' 50". 
= 148° 6' 40". 



4. Given A = 24° 33' 9", B = 
38° 7 12", a = 65° 20' 13" ; show 
that the triangle is impossible. 

log sin a = 9.95845 
log sin B = 9.78987 
log esc A = 0.38140 
log sin b =10.12922 
.•. sin b > 1. j 

Therefore, the triangle is impos- 
sible. 
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Exercise XLI. Page 174 % 


1. Given find 


8=148° 4' 17". 


a = 120° 66' 36", A = 116° 44' 60", 


8-a= 07°62 / 13 ,/ . 


6 = 60° 4' 26", B = 63° 16' 10", 


8 - 6 = 31° W 29". 


c = 106°10 / 22"; C= 91° 7' 22". 


8-c= 18°52 , 35". 


a = 120° 66' 36" 


log sin (8-a) = 9.99589 


6= 69° 4' 26" 


logsin(8-6) = 9.71691 


c = 106° W 22" 


log sin (s~c) = 9.50992 


2* = 286° 10' 22" 


log esc 8 = 0.27666 


8 = 143° 6' 11". 


log tan 2 r = 9.49838 


«-a= 22° 9 , 86". 


log tan r = 9.74919. 


a -6 = 84° 0'46". 


logtani^l= 9.75330 


« - c = 36° 64' 40". 


logtan T £= 10.03328 


log sin (a- a) = 0.67657 


logtan*C = 10.23927 


logsin(8- 6) = 9.99763 


±A= 29° 32' 14". 


logsin(s-c) = 9.77859 


iB= 47°11 , 36 // . 


log esc « = 0.22141 


iC= 60° 2 / 26". 


logtan*r = 9.67420 


4= 59° 4' 28". 




B= 94° 23' 12". 


log tan r = 0.78710. 


C=120° 4' 52". 


logtanijl = 10.21053 




logtan*£ = 9.78947 


3. Given find 


log tan iC= 10.00851 


a = 131° 35' 4", A = 132° 14' 21" 


$A= 68° 22' 24.8". 


b = 108° 30' 14", B = 1 10° 10 7 40" 


±B= 31° 37' 36.2". 


c= 84° 46' 34"; C = 99° 42' 24" 


+ C= 46°33 , 40.8". 


a = 131° 36' 4" 


A = 116° 44' 60". 


6 = 108° 30 7 14" 


B= 63° 16' 10". 


c= 84° 46' 34" 


(7 = 91° 7' 22". 


28 = 324° 51' 52" 




8 = 162° 25' 56". 


2. Given find 


8-a= 30°60'62". 


a = 50° ^ 4", 4= 59° 4' 28", 


8-6= 63° 56' 42". 


6 = 116° 44' 48", B = 94° 23' 12", 


8-c= 77° 39' 22". 


c= 120° 11' 42"; C=120° 4' 62". 


log sin (8 - a) = 9.70991 


a= 50° 12* 4" 


logsin(s-6) = 9.90766 


6 = 116° 44' 48" 


logsin(s-c) = 9.98984 


c = 120° 11' 42" 


log esc 8= 0.62023 


28 = 296° 8' 34" 


logtan*r = 10.12754 



teachers' edition. 



269 



log tan r = 
log tan 1^4 = 
logtan}£ = 

log tan \C z 
IA-- 

i* = 

iC = 

Az 

B = 

C = 



: 10.06377. 
10.36386 
10.16621 
10.07393 

Q6° V 10.6" 

66° 6' 20". 

49° 61' 12". 
132° 14' 21". 
110° 10' 40". 

99° 42' 24". 



4. Given find 

a = 20° 16' 38", A = 20° 9 / 66" 
6 = 56° 19' 40", B= 66° 62' 36" 
c = 66° 20' 44" ; C=l 14° 20' 21" 
a = 20° 16' 38" 
b = 66° lO' 40" 
c = 66° 20' 44" 
2* = 142° 67' 2" 



8 

8 — a 

8-b: 
8 — C 

log sin (8 — a) 

log sin (8 — b) ■■ 

log sin (s — c) . 

log esc s • 

log tan 2 r : 

log tan r : 

log tan | A -. 

log tan i B : 

log tan i C : 

A: 
Bz 
C: 



= 71° 28' 31". 
= 61° 11' 63". 
= 16° 8' 61". 
= 6° 7' 47". 
= 9.89172 
= 9.41715 
= 8.95139 
: 0.02311 
: 8.28337 
: 9.14169. 
: 9.24997 
: 9.72454 
= 10.19030 
: 10° 4' 67.6". 
: 27° 56' 17.4". 
: 57° 10' 10.7". 
: 20° 9' 56". 
56° 62' 35". 
114° 20' 21". 
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1. Given find 






log tan ia = 10.43139 


A = 130°, a = 139° 21' 


22", 




log tan ±6 = 10.30193 


B = 110°, b = 126° 57' 


62", 




logtan|c= 9.73353 


C = 80°; c = 56° 51' 


48". 






|a= 69° 40' 41". 


^L = 130° 








i&= 63° 28' 66.2". 


B = 110° 








ic= 28° 25' 64". 


C= 80° 








a = 139° 21' 22". 


2 8 ==320° 








6 = 126° 67' 52". 


5 = 160°. 








c= 66° 61' 48". 


5 - 4 = 30°. 










8 - B = 60°. 




2. 


Given 


find 


5 _ c = 80°. 




A = 


69° 65' 


10", a = 51° 17' 31", 


log cos 8= 9.97299 (n) 


B = 


85° 36' 


50", 6 = 64° 2' 47", 


logsec(8-A)= 0.06247 




C = 


59° 56' 


10" ; c = 51° 17' 31". 


log sec (5-^)= 0.19193 








A = 69° 66' 10" 


log sec (5- C)= 0.76033 








B= 85° 36' 60" 


logtan*£ = 10.98772 








C= 69° 66' 10" 


log tan i?= 10.49386. 








28 = 206° 27' 10" 
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- S = 102° 43' 86". 


logtan*a = 10.11047 


S-4 = 42° 48' 26". 


logtan|6= 9.70651 


8- B= 17° 6' 45". 


log tan* c= 10.06884 


S- C= 42° 48' 26". 


|a= 52° 12' 34.6". 


log cos S = 9.34801 (n) 


±b= 26° 54' 42.6". 


log sec (S- A) = 0.13451 


±c= 48° 52' 9.6". 


log sec (S- B) = 0.01967 


a = 104° 25' 9" . 


log sec (S- C) = 0.13461 


6= 53° 49' 25". 


log tan 2 2J = 9.63170 


c= 97° 44' 19". 


log tan B = 9.81685. 




log tan *a = 9.68134 


4. Given find 


log tan i 6 = 9.79618 


A= 4° 23' 36", a= 31° 9' 13", 


log tan *c =9.68134 


B- 8° 28' 20", 6= 84° 18' 28", 


*a = 25°38'45.6". 


C = 172° 17' 66"; c = 116° 10'. 


|6 = 32° 1'23.6". 
*c = 25°38'45.5". 

a = 61° 17' 31". 

6 = 64° 2' 47". 

c = 61° 17' 31". 


A = 4° 23' 35" 

B = 8° 28' 20" 

C- 172° 17' 56" 

2S = 185° 9'51" 




8 = 92° 34' 55.5". 


3. Given find 
A = 102° 14' 12", a = 104° 26' 9", 
B= 54° 32' 24", 6= 63° 49' 25", 


8-A= 88° 11' 20.5". 
8-B= 84° 6' 35.5". 
8- C = -(79°43' 0.51 


C = 89° 6' 46" ; c = 97° 44' 19". 


log cos S = 8.65370(n) 


A = 102° 14' 12" 

B = 54° 32' 24" 

C= 89° 5' 46" 

28 = 246° 52' 22" 


log sec (S- 4) = 1.60029 

log sec (S- B)= 0.98876 

log sec (S- C)= 0.74833 

log tan 2 B = 11.89108 


8 = 122° 56' 11". 


log tan 12 = 10.94654. 


8-A = 20° 41' 69". 
8-B= 68° 23' 47". 
S-C= 33° 60' 25". 


logtan|a= 9.44525 
log tan £6= 9.95678 
logtan*c = 10.19721 


log cos 8= 9.73536 (n) 

logsec(S-^l)= 0.02898 

log sec (8- B)= 0.43394 

log sec (8 - C) = 0.08061 

log tan* I* = 10.27889 


|a= 15° 34' 36.7". 
|6= 42° 9' 13.8". 
£c= 67° 35'. 

a= 31° 9' 13". 

6= 84° 18' 28". 


log tan £ = 10.18946. 


c = 116°10'. 
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Exercise XLIII. Page 180. 



find 



E = 26159", 
F= 0. 12682 iP. 



1. Given 
^ = 84 2<ri9", 
B = 27° 22 / 40", 
C = 76° 33'; 

A = 84° 20' 19" 

£= 27° 22' 40" 

C= 75° 33' 

A + B + C = 187° 16' 69" 

.-. J7 = 7° 15' 69 // 

= 26159". 

10gIP = log£» 
log 26159 = 4.41762 



log 



= 4.68557 - 10 



648000 

log F = 9. 10319 - 10 + log IP 
F = 0.12682 iP. 



2. Given 




find 


a= 69° 16' 6' 


', E 


= 216° 40' 18". 


5 =120° 42' 47' 






c = 169° 18' 33' 


t 






a = 


69° 16' 6" 




6 = 


120° 42' 47" 




c = 


169° 18' 33" 




2* = 


349° 16' 26" 




8 = 


174° 38' 13". 


8- 


-a = 


105° 23' 7". 


8 - 


-6 = 


53° 55' 26". 


8 - 


-c = 


15° W 40". 


i* 


= 


87° W 6.5". 


*(«- 


a) = 


52° 41' 33.5". 


i(«" 


6) = 


26° 57' 43". 


i(«" 


c) = 


7° 39' 50". 


logtan|8 = 


11.32942 


log tan £ (a - 


a) = 


10.11806 


log tan i (« - 


6) = 


9.70646 


log tan i (* - 


c) = 


9.12893 


logtan*±^ = 


10.28285 



log tan ±E = 10.14142. 

iE= 64° 10' 4.6" 
E = 216° 40' 18". 



3. Given find 

a = 33° 1° 46", E = 133° 48' 53". 
6=166° 6' 18", 
C = 110° 10'; 

By Sect. LVII, 

tan m = tan a cos C, . 
cos c = cos a sec in cos (6 — m). 

log tan a = 9.81300 
log cos C = 9.53751 
log tan m = 9.36051 

m = 167° 22'. 
b - m = - (12° 16' 42"). 



log cos a = 


9.92345 


log sec m = 


0.01064 (n) 


cos (6 — 


m) = 


9.98995 


log cos c = 


9.92404 (n) 




c = 


147° 6' 30". 




a — 


33° 1'45" 




b = 


166° 5' 18" 




c = 


147° 5' 30" 




2« = 


335° 12' 33" 




8 = 


167° 36' 16.5". 


8 


— a = 


134° 34' 31.5". 


8 


-6 = 


: 12° 30' 58.5". 


8 


— c = 


: 20° 30' 46.5". 




i* = 


= 83° 48' 8.25' 


*(«- 


-a) = 


r 67° 17' 16.75' 


*<•- 


-6) = 


= 6° 15' 29.26' 


*<•- 


-c) = 


= 10° 15' 23.26' 
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log tan £« = 10.96419 
log tan ±(8 -a) = 10.37824 



log tan i(a - 6) = 


9.04005 


log tan £ (a — c) = 


9.25765 


logtan 2 ±-# = 


9.64003 


log tan ±E = 


9.82002. 


** = 


33° 27' 13. 3' 


E = 


133° 48' 63". 



4. Given c = 114° 27' 67", A = 
78° 42' 33", B = 127° 13' 7" ; find 
the area. 

l(B-A)= 24° 16' 17". 
i(J5 + 4) = 102°57'60". 
T c = 67° 13' 68.6". 
logsini(^-^4)= 9.61362 
logcsci(B + .A) = 0.01121 
logtanjc = 10.1 9128 
log tan i (b - a) = 9.8161 1 



i(b-a) 

logsini(B + 4) 

logsec£(6-a) 

log cos i c 

log cos i C 

iC 
C 

A 

B 

C 

A + B+C 

r.E 



= 33° 13'. 

= 9.98879 
= 0.07748 



= 9.79966 
= 60° 66'. 
= 101° 6CK. 

= 78° 42' 33" 
= 127° 13' 7" 
= 101° 50' 



= 307° 46' 40" 
= 127° 45' 40" 
= 469940". 
log iff* = log 1*2 
6.66270 
4.68567 - 10 



log 469940 = 
log 



* 648000 ~ 
logF = 
F = 



0.34827 + log R* 
2.2298 if*. 



5. Given a = 76° 14' 47", b = 82° 4(T 16", A = 60° 22' 44" ; find the 
area. 

Here a and A are alike in kind and sin b > sin a > sin A sin b. 
Hence, there are two solutions. 

log sin A = 9.93918 
log sin 6 =9.99643 
log esc a = 0.01264 
log sin B =9.94825 

B = 62° 34' 51", 
and B 1= 117° 25 x 9". 

i(6 + a) = 79°27'31". 

i(6-a)= 3°12'44". 
i(B+A) =61° 28' 47.5". 
i(B~A)= 1° 6' 3.6". 

logsini(£ + .A)= 9.94382 

logcsci(J3-4)= 1.71637 

logtan£(b-q)= 8.74914 

logtan*c = 10.40938 
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*c= 08° 42' 42.6". 
c = 137° 25' 26". 
±(B! + 4)= 88° 63' 66.6". 
|(#i-4) = 28° 31' 12.6". 

log sin i (Bi + A) = 9.99992 

log esc i (#i - -4) = 0.32106 

log tan i(6 - a) = 8.74914 

logtanici = 9.07011 

|ci= 6° 42' 9.4". 
ci = 13° 24' 19". 

a= 76° 14' 47" 76° 14' 47" 

b - 82° 40 / 16" 82° 40' 16" 

c = 137° 25' 26" or 13° 24' 19" 

2«= 296° 20' 27" • or 172° 19 7 21" 

a = 148° 10 7 18.6" or 86° 9/40.5". 

a-a = 71° 65' 26.5" or 9° 64' 63.6". 

s -6 = 66°29 / 58.6" or 3° 29/ 25.6". 

a-c = 10° 44' 48.6" or 72° 46' 21.6". 

*s= 74° 6' 6.76" or 43° 4' 50.26". 

| (« - a) = 36° 57' 43.26" or 4° 67' 26.75". 

l(s - b) = 32° 44' 69.26" or 1° 44' 42.76". 

i(a - c) = 6° 22' 24.26" or 36° 22' 40.76". 

log tan ia = 10.64494 or 9.97088 

log tan £ (a - a) = 9.86065 or 8.93822 

log tan i (a - b) = 9.80836 or 8.48386 

logtan|(a - c) = 8.97340 or 9.86727 

log tan 2 i -E = 9. 18735 or 7.26023 

log tan i ^7 = . 9.69368 or 8.63012. 

iE = 21° 26' 22.7" or 2° 26' 36.0". 

J7 = 86°41'31" or 9° 46' 24". 

E - 308491" or 36184". 
logJR^logl* 2 log IP 

log E = 5.48925 or 4. 64636 

log * = 4.68657 - 10 4.68557 - 10 

6 648000 



log F = 0.17482 + log R 2 or 9.23192 - 10 + log IP 
F = 1 . 4956 R 2 or 0. 17086 R 2 . 
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6. Given A = 80° 12' 36", B = 
77° 38' 22", a =76° 42' 28"; find 
the area. 

By Sect. LX, Note 2, 

cot a; = cos a tan B, 
sin(C - a>) = cos A sec £sin x. 
log cos a = 9.36167 
log tan B = 10.66927 
log cot x = 10.02084 

z = 48° 37' 34". 
log cos -4 = 9.23066 
log sec 5 = 0.66946 
log sin x = 9.83881 
log sin (C - x) = 9. 73882 
C-x=z 33° 14'. 
C = 76°6r34". 
4 = 80° 12' 35" 
B = 77° 38' 22" 
C= 76° 51' 34" 
-4 + B + C = 234° 42' 31" 

.-. E = 64° 42' 31" 
= 196951". 
log B? = log 2P» 
log .0=6.29436 

648000 = *-«W-10 
log F = 9.97993 - 10 + log #* I 
F = 0.96484 iP. 



log 



7. Given 6 = 44° 27' 40", c = 
16° 22' 44", A = 167° 42' 27"; find 
the area. 

i(6-c) = 14°32'28". 
i(6 + c) = 29°66'12". 
i4 = 83°61'13.6". 
log cos i(6-c) = 9.98686 
logsec£(& + c) = 0.06212 
logcoH^ = 9.03215 
log tan i ( B + C) = 9.08013 



i(B+C) = 6° 51' 27.5" 
B+C = 13° 42' 55" 
-4. = 167° 42' 27" 
^ + C = 13° 42' 66" 
A + 5 + C = 181° 25' 22" 
.-. E = 1° 25' 22" 
= 6122". 
log iff* = log IP 
log .0 = 3.70944 



log 



648000 



= 4.68567 - 10 



log F = 8.39601 - 10 + logiP 
F = 0.024832 iP. 

8. Given 6 = 67° 16' 42", A = 
84° 55' 8", C = 96° 18' 49"; find the 
area. 
By Sect. LVIII, 

cot x = tan C cos 6, 
cos B = cos C esc a sin (4 - x). 
log tan C = 10. 96608 (n) 
log cos b = 9.58718 
log cot a = 10.64326 (n) 
x = 164° V 35". 
logcosC= 9.04128 (n) 
log esc a; = 0.56036 
log sin (A - x) = 9.99210 (n) 
log cos B =9.59374 

B= 66° 63' 44". 

A = 84° 65' 6" 

B= 66° 53' 44" 

C= 96° 18' 49" 

4 + #+C = 248° 7' 41" 

.-. E — 68° 7' 41" 

= 246261". 

10gR2 = l g2J2 

log .0 = 6.38963 



log 



648000 



= 4.68557 - 10 



logF= 0.07620 + log iP 
^=1.1891JRa. 
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9. Given b = 72° W 38", c = 
64° 68' 62", B = 77° 16' 14"; find 
the area. 

By Sect. LIX, Note 2, 

tan m — cos B tan c, 
cos (a — m) = cos 6 sec c cos m. 

log cos B= 9.34367 
logtanc = 10.15447 





log tan m= 9.49814 




m = 17° 28' 41". 




log cos b = 9.48227 




log sec c = 0.24121 




log cos m = 9.97947 


log 


cos(a-m) = 9.70295 




a-ro= 69° 41' 41". 




a= 77°10'22". 




a= 77° 10' 22" 




b= 72°19 / 38" 




c= 54° 58' 62" 




2a = 204° 28' 52" 




8 = 102° 14' 26". 




8-a = 25° 4' 4". 




8-6= 29° 64' 48". 




«-c= 47° 16' 34". 




|«= 61° 7' 13". 




i(«_a)= 12° 32' 2". 




|(8_6)= 14° 67' 24". 




t(8-c)= 23° 37' 47". 




log tan *8 = 10.09350 


log 


tani(s-a)= 9.34697 


log 


tan i (s -6)= 9.42673 


log 


tan±(s-c) = 9.64099 




logtan 2 i^= 8.60819 




logtani^ = 9.25410. 




i^ = 10°10 / 37.6" 




^ = 40° 42' 30" 




= 146650". 



log 



log B? = log IP 
logE = 6.16699 

= 4.68567-10 



648000 



log F = 9.86166 - 10 + log E 2 
JF= 0.7106 J3 2 . 



10. Given £ = 127° 16' 4", C = 
42° 34' 19", 6 =64° 47' 66"; find 
the area. 

sin c = sin 6 sin C esc 5. 
log sin 6 = 9.91229 
log sin C = 9.83027 
log esc B = 0.09919 
log sine = 9.84175 

c = 43° 69 / 61". 
±(B+ C) = 84° 65' 11.5". 
i(B-C) = 42 o 20'52.6". 
i(6 + c) = 49°23'53". 
i(6-c)= 6° 24' 2". 
logsini(6 + c)= 9.88039 
logcsc*(6-c) = 1.02633 
logtan i(B-C)= 9.95974 
log cot i A = 10.86646 

i^l= 7° 44' 41.1". 
A = 16° 29' 22". 
A = 15° 29' 22" 
B =127° 16' 4" 
C= 42° 34' 19" 
4 + £ + C = 185° 19 7 45" 
.-. B = 6° 19' 45" 
= 19185". 
logB 2 = logi2 2 
logJ7 = 4.2 



log 



648000 



= 4.86667 - 10 



log F = 8.96853 - 10 -I- log E 2 
F= 0.09301 K 2 . 

11. Given a = 128° 42' 56", 6 = 
107° 13' 48", c = 88° 37' 61"; find 
the area. 
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a = 128° 42' 56" 
b = 107° 13' 48" 
c= 88° 37' 51" 
2* = 324° 34' 35" 
a = 162° 17' 17.5". 
a-a= 33° 34' 21.5". 
8 -6= 66° 3' 29.6". 
8-c= 73° 39' 26.6". 
i*= 81° 8' 38.75". 
*(«-a)= 16 6 47' 10.76". 
*(*-&)= 27° 31' 44.75", 
i(*-c)= 36° 49' 43.26". 
log tan i* = 10.80742 
log tan i (8 - a) = 9.47961 
log tan* (8-6) = 9.71701 
logtani(« - c) = 9.87441 
log tan** .0 = 9.87836 
logtani^= 9.93918. 

IE= 4*1° 0' 4.6". 
E = 164° / 18" 
= 690418". 
loglP = loglP 
log# = 5.77116 



log 



648000 



= 4.68567 - 10 



logF= 0.45673 + log IP 
F= 2.8624 B?. 
12. Given A = 127° 22' 28", B = 
131° 45' 27", C = 100° 52' 16" ; find 
the area. 

A = 127° 22' 28" 
B = 131° 45' 27" 
C = 100° 52' 16" 
A + J? + C = 360° 0' 11" 
.-. J7 = 180° O'll" 
= 648011". 
log IP = log IP 
log^ = 5.81169 



log 



= 4.68557 - 10 



648000 

logF = 0.49716 + log B* 
F= 3. 1416 /P. 



13. Given a = 116° 19' 45", A = 
160° 42' 24", C = 171° 27' 16"; find 
the area. 
By Sect. LX, Note 2, 

cot x = cos a tan C, 

sin (B — z) = cos J. sec Csin x. 

log cos a = 9.64692 (n) 

logtan (7 = 9.17687 (n) 

log cot x = 8.82379 

x = 86° 11' 13". 

log cos A = 9.97490 (n) 
log sec C = 0.00485 (n) 
log sin a = 9.99904 
logsin(£-x) = 9.97879 

B-x = 72° 14' 15". 
B = 158° 25' 28". 
A - 160° 42' 24" 
B= 158° 25' 28" 
C= 171° 27' 15" 
4 + B + C = 490° 36' 7" 
.-. .0 = 310° 36' 7" 
= 1118107". 
log B? = log IP 
\ogE = 6.04848 



log 



648000 



- = 4.68667 - 10 



logF= 0.73406 + log B 2 
F= 6. 4206 IP. 



14. Find the area of a triangle 
on the earth's surface (regarded as 
spherical) if each side of the triangle 
is equal to 1°. (Radius of earth = 
3958 miles.) 

a=l° 

6=1° 

c=P 

2s = 3° 

« = 1° 30 7 . 

8 - a = 0° 30'. 

8 - b = 0° 30 7 . 
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a - c = 0° 30 7 . 
ia = 0°46'. 
i(a-a) = 0°16'. 
i(a-b) = 0°16'. 
i(a-c) = 0°16'. 
log tan|a = 8.11696 
log tan * (a - a) = 7.63982 
log tan * (a - 6) = 7.63982 
log tan i(a - c) = 7.63982 
logtanH^ = 1.03642 
log tan iE = 6.61821. 



log 



iEt=0°(y 6.8139". 
^ = 0° <K 27.2666". 
log «* = 7.19496 
log £=1.43646 

= 4.68657 - 10 



648000 



log F= 3.31699 
F= 2070.1. 



Therefore, the area is 2070.1 
square miles. 



Exercise LXIV. Page 197. 



1. Find the dihedral angle made 
by adjacent lateral faces of a regular 
ten-sided pyramid ; given the angle 
V = 18°, made at the vertex by two 
adjacent lateral edges. 

About the vertex of the pyramid 
describe a sphere. The surface of 
the sphere will intersect the lateral 
surface of the pyramid, forming a 
regular spherical decagon, of which 
each side a is equal to 18°, being 
measured by the plane angle at the 
centre of the sphere. 

The required angle is an angle A 

of this decagon. 

By Prob. 3, Ex. XXXV, 

... ' 180° 
sm^-4 = sec£acos 

= sec 9° cos 18°. 
log cos 18° = 9.97821 
colog cos 9° = 0.00688 
log sin i ,4 =9.98369 
iA= 74° 21'. 
A = 148° 42'. 

2. Through the foot of a rod 
which makes the angle A with a 
plane a straight line is drawn in 
the plane. This line makes the 



angle B with the projection of the 
rod upon the plane. What angle 
does this line make with the rod ? 

Let CO be a straight line, making 
the angle A with the plane OH; 
OI a straight line passing tnrough 
the foot of CO, making the angle B 
with the projection EO of CO upon 
the plane OH. 




It is required to find the angle 
COI = x. 

With a radius equal to unity, 
from O as a centre, construct the 
spherical triangle DCL 
Then % = A, 

c = B, 

d = COI = x, 
and CDI = 90°. 

By [38], cos d = cos i cos c. 
.-. cos x = cos A cos B, 
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3. Find the volume V of an oblique parallelopipedon ; given the three 
unequal edges a, 6, c, and the three angles J, m, n, which the edges make 
with one another. 




Let AB be an oblique parallelopipedon, and J, m, and n, the angles 
which the unequal edges a, 6, and c make with one another. 
Required the volume, V. 
Let to equal the inclination of the edge c to the plane of a and 6. 

Now, by Geometry, V = area base x altitude. 

By Prob. 12, Ex. XXI, Area base = ab sin I. 

Altitude = x = c sin to. 
.*. T = abc sin i sin to. 

Suppose a sphere to be described having for its centre the vertex of the 
trihedral angle whose edges are a, 6, and c. The spherical triangle whose 
vertices are the points where a, 6, and c meet the surface has for its sides 
I, m, n ; and to is the perpendicular arc to the side I from the opposite 
vertex. 

Let L y M, N denote the angles of the triangle opposite J, m, n, 
respectively. 

Then, by [39], 

sin to = sin m sin iV 
B y [ 12 L = 2 sin m sin | ^T cos 1 N. 

Let a = i(J,+ m + n). 

By [47], sin | ^T = Vsin (a — I ) sin (a — m) csc i csc m, 
and cos $N = Vsin 8 sin (a - n) esc I esc m. 



rt . /sin (a — sin (a — m) /sin a sin (a - n) 

.-. sinto = 2sinm-v/ — v . , . * "V r-7-7 ' 

\ sin Z sin m * sin I sin m 



sin I sin m 
2 



Vsin a sin (s — f) sin (a — m) sin (a - n) 



Vsin a sin (a — I) sin (a — m) sin (8 — n). 
sin 2 



"P" = abc sin 2 sin 10 



= 2 abc Vsin 8 sin (8 — i) sin (a — m) sin (a — n). 
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4. The continent of Asia has 
nearly the shape of an equilateral 
triangle, the vertices being the East 
Cape, Cape Romania, and the Prom- 
ontory of Baba. Assuming each 
side of this triangle to be 4800 
geographical miles, and the earth's 
radius to be 3440 geographical miles, 
rind the area of the triangle : (i) re- 
garded as a plane triangle ; (ii) re- 
garded as a spherical triangle. 



(i) Area 
Altitude 



= i (base x altitude). 
= V4800 2 -2400 a 
= 2400 V4 - 1 
= 2400 V5. 



(ii) 



log 2400 = 3.38021 

log V3 = 0.23866 

log 2400 = 3.38021 

log area = 6.09898 

Area = 9976600. 

180° 

a = b = c = 4800' = 80°. 

2a = 240°. 

a = 120°. 

i*= 60°. 

1(8 - a) = 20°. 
i(a-6)= 20°. 
}(8-c)= 20°. 

log tan £* = 10.23856 

log tan 1(8- a) = 9.66107 

log tan i (8 -b) = 9.66107 

log tan i(s - c) = 9.66107 

logtanH-E= 8.92177 

log tan i E = 9.46088 

*# = 16° V 7.6" 

E = 64° 28' 30" 

= 232110". 



log ,0=6.36670 

648000 

log iff = 7.07312 
log F= 7.12439 

F= 13816660. 



5. A ship sails from a harbor in 
latitude Z, and keeps on the arc of a 
great circle. Her course (or angle 
between the direction in which she 
sails and the meridian) at starting 
is a. Find where she will cross the 
equator, her course at the equator, 
and the distance she has sailed. 

Let NESW be the earth, WCE 
the equator, N and S the north and 
south poles. Let A be the point 




from which the ship starts, AFD 
the parallel of latitude of A, and 
AB the great circle of the ship's 
course. 
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Then 
BAE = a = course of ship, 
AE — I — latitude of its starting 

place, 
BE = m = place of crossing the 

equator, 
90° — B = course at equator, 
AB = d = distance sailed. 



By Napier's Rules 

sin I = tan m cot a, 
cos B = cos I sin a, 
and cos a = tan I cot d. 

Whence, tan m = sin I tan a, 

cos B = cos I sin a, 

and cot d — cot I cos a. 



6. Two places have the same latitude L, and the distance between the 
places, measured on an arc of a great circle, is d. How much greater is 
the arc of the parallel of latitude between the places than the arc of the 
great circle ? Compute the results for I = 45°, d = 90°. 




Let B and C be the two given places of latitude Z, d the arc of the 
great circle passing through B and C, and k the arc BC of the parallel of 
latitude of B and C. 
By Prob. 1, Ex. XXXV, 

sini^ =sinidcsc(90 o -0 

= sin i d sec 2. 
.\ i A — sin— 1 (sin ± d sec J). 
A = 2 sin- 1 (sin id sect). 
A = arc a. 
•. arc k = a cos J 
= ^4cosZ 

= 2 cos I sin- 1 (sin ± d sec I). 
. fc — d = 2 cos I sin- 1 (sin ± d sec f) — d. 
A - d = 2 cos 46° sin- 1 (sin 46° sec 45°) - 00° 

= V2sin- 1 (l)-90° 
= V2 x 90° - 90° 
= 90°(V2-1). 



Ag%fn ( 



If I = 46 c and d = 90°, 



, /r . ,/sin45°> 

= 2 x iv^sm-M — 1 

\cos46 > 
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7. The distance d between two 
places and the latitudes I and V of 
the places are known. Find the 
difference between their longitudes. 




JjzX, C represent the north pole, 
A the position of one place, B 
the position of the other, and arc 
AB = d. 

If the latitudes of A and B are 
I and l\ 

BC = 90° - V. 
By [47], tan ± C = 



Vsec 8 sec (8 — d) sin (s — I) sin (8 — J') , 
where 28 = 1 + V + d. 

8. Given the latitudes and longi- 
tudes of three places on the earth's 
surface, and also the radius of the 
earth ; show how to find the area of 
the spherical triangle formed by arcs 
of great circles passing through the 
three places. 

The sides of the triangle are found 
by Sect. LX V ; and the area is found 
from the sides by Sect. LXIII. 

9. The distance between Paris and 
Berlin (the arc of a great circle) is 
equal to 472 geographical miles. The 
latitude of Paris is 48° 6<K 13"; that of 
Berlin, 62° SO' 16". When it is noon 
at Paris, what time is it at Berlin ? 



Let AO represent the latitude of 
Paris, and BK the latitude of Berlin. 
Then C represents the difference in 
longitude. 




CA = b = 41? 9' 47" 
CB = a = 37° 29' 44" 
AB = c = 7°52 / (472-?-60) 
2 8 = 86° 31' 81" 

8 = 43° 16' 46.5". 
«-a= 5° 46' 1.5". 
8-6= 2° 5' 58.5". 
8 - c = 35° 28' 45.5". 

By [47], tan*iC = 
esc 8 sin (8 — a) sin (s - b) esc (8 — c). 

log esc s= 0.16409 

log sin (8- a) = 9.00210 

log Bin (* -&)= 8.56391 

log esc (8 - c)= 0.23715 

logtanHC= 17.90725 

logtaniC= 8.98363. . 

£C= 5° 30' 2". 
C=ll° 0'4". 
15 )11° / 4" 



44 min. T \ sec. 

Therefore, the time at Berlin is 
12 hr. 44 min. p.m. 

10. Given the altitude of the pole 
45°, and the azimuth of a star on 
the horizon 45° ; find the polar dis- 
tance of the star. 
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Let Z be the zenith, P the pole, 
and Jf the position of the star. In 
the spherical triangle ZJfP, 




ZP = 90° - I = 46°, 
ZM=z = 90°, 
Z = a = 46°. 

Required p. 

By [45], 

cos p = cos (90° — I) cos z 

+ sin (90° - f)sin z sin a 
= cos 46° cos 90° 

+ sin 45° sin 90° sin 45° 
= sin* 46° 
= *. 
.-. p = 60°. 

11. Given the latitude I of the 
observer, and the declination d of the 
sun ; find the local time (apparent 
solar time) of sunrise and sunset, 
and also the azimuth of the sun at 
these times (refraction being neg- 
lected). When and where does the 
son rise on the longest day of the 
year (at which time d = + 28° 27') 
in Boston (1= 42° 21^, and what is 
the length of the day from sunrise 
to sunset? Also, find when and 
where the sun rises in Boston on 
the shortest day of the year (when 



d = - 23° 27'), and the length of 
this day. 

(i) To find the hour angle t when 
the son is on the horizon. 



AW 




PM = 90° -d, 
ZQ = 90°, 
PQ = l. 
Then in triangle PMQ> by [40], 
cos QPM = tan PQ cot PM, 
or cos t=— tan I tau d. 

Time of sunrise 

= (l2-— ) o'clock A.M. 

Time of sunset 

= ( — ) o'clock P.M. 
\15/ 

(ii) To find azimuth a = MQ. 
By [38], 

cos PM = cos PQ cos QM, 
or sin d = cos I cos a. 

.-. cos a = sin d sec I. 

(iii) At Boston on the longest day 
cos t = — tan d tan 2. 
log tan d = 9.63726 
logtanf = 9.95977 
log cose = 9.59703 (n) 
t = 118° 17' 20". 
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— = 7 hr. 33 min. 10 sec. 
15 

12 = 4 hr. 26 min. 60 sec. 

16 

Length of longest day 

2t 
■= — = 15 hr. 6 min. 20 sec. 
15 

cos a = sin d sec I 

log sin d = 9.59983 
logsecf = 0.13133 
logcosa = 9.73116 

a = 67° 25' 15". 

(iv) At Boston on the shortest day 

cos t — tan d tan I. 
t = 66° 42' 34''. 
t 

— = 4 hr. 26 min. 60 sec. 
15 

t 

12 = 7 hr. 33 min. 10 sec. 

15 

Length of shortest day 

2t 

= -~- = 8 hr. 53 min. 40 sec. 
15 

cos a' = — sin d sec I. 

.-. a' = 180° - a 

= 122° 34' 46". 



12. When is the solution of the 
problem in Example 11 impossible, 
and for what places is the solution 
impossible ? 

The solution is impossible if 
cos t> 1 or < — 1 or if cos a > 1, 
or< — 1, i.e., if (for positive decli- 
nation) 

tan I > cot d, 
or sin I > cos d ; 

that is, if J>90°-d. 



The maximum value of d is 23° 
27' ; hence the minimum value of I 
is 66° 33'. The solution is therefore 
impossible only for places within the 
Arctic or Antarctic circles. For such 
places at certain seasons depending 
on d the sun fails to rise during 24 
hours. 

13. Given the latitude of a place 
and the sun's declination ; find his 
altitude and azimuth at 6 o'clock 
a.m. (neglecting refraction). Com- 
pute the results for the longest day 
of the year at Munich (I = 48° 9'). 
In the spherical triangle PZM, 
PZM = a, 
PZ = 90° - I, 
PM = 90° -d, 
ZPM = t = 90°, 
ZM = 90° - h. 
The declination of the sun on the 
longest day is 23° 27 7 . 




By [38], 

cos MZ = cos PZ cos MP. 
cos(90°-ft) 

= cos(90°- 0cos(90°-d). 
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.-. sin h = sin I sin d. 
By [42], 

sin PZ = tan PM cot PZM. 
sin (90° -0 

= tan (90° -d) cot a. 
cos J = cot d cot a. 
.-. cot a = cos I tan d. 
If J = 48° 9' and d = 23° 27', 
log sin I =0.87200 
log sin d = 0.60983 
log sin h = 9.47192 
Altitude = h = 17° 14' 35". 
log cos I =9.82424 
log tan d = 9.63726 
log cot a = 9.46160 
Azimuth = a = 73° 51' 34". 

14. How does the altitude of the 
sun at 6 a.m. on a given day change 
as we go from the equator to the 
pole ? At what time of the year is 
it a maximum at a given place f 
(Given sin h = sin I sin d.) 

The farther the place from the 
equator, the greater the sun's alti- 
tude at 6 a.m. in summer. At the 
equator it is 0°. At the north pole 
it is equal to the sun's declination. 
At a given place, the sun's altitude 
at a.m. is a maximum on the 
longest day of the year, and then 
sin h = sin I sin e (where e = 23° 27'). 

15. Given the latitude of a place 
north of the equator, and the dec- 
lination of the sun ; find the time of 
day when the sun bears due east 
and due west. Compute the results 
for the longest day at St. Peters- 
burg (I = 59° 66'). 




Plf=90°-d. 
PZ = 90° - I. 
PZM = 90°. 
By [40], 
cos ZPM = tan PZ cot PM. 

cos t = tan (90°-0cot(90°- d). 
.-. cost = cot I tan d. 

The times of bearing due east and 
due west are 



12 A.M. 

16 



and — p.m., 
16 



respectively. | 

At St. Petersburg on the longest 

day 1 = 69° 66', d = 23° 27'. | 

log cot I =0.76261 j 

log tan d = 0.63726 I 

log cos« =9.39987 j 

t = 75° 27' 24". 



\ 12- 



and 



— = 6hr. 68 min. 10 sec. a.m., 
15 



16 



= 6 hr. 1 min. 60 sec. p.m. 



16. Apply the general result in 
Example 15 (cos t = cot I tan d) to 
the case when the days and nights 
are equal in length (that is, when 
d = 0°). Why can the sun in sum- 
mer never be due east before 6 a.m., 
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or due west after 6 p.m. ? How 
does the time of bearing due east 
and due west change with the decli- 
nation of the sun ? Apply the gen- 
eral result to the cases where I < d 
and I = d. What is it at the north 
pole? 

When the days and nights are 
equal, d = 0°, cos t = 0, and t = 90°; 
that is, the sun is due east at 6 a.m. 
and due west at 6 p.m. Since I and 
d must both be less than 90°, cos t 
cannot be negative; therefore, t 
cannot be greater than 90°. As d 
increases, t decreases ; that is, the 
times of bearing due east and due 
west both approach noon. 

If I = d, cos t = 1, t = 0°, and the 
times both coincide with noon. 

If i<d, then cost>l, and the 
case is impossible. 

The explanation of these results 
is that, if d = L the sun is in the 
zenith at noon, and north of the 
prime vertical at every other time. 
And if d > Z, the sun is north of the 
prime vertical the entire day. 

If I > d, the diurnal circle of the 
sun and the prime vertical of the 
place meet in two points, which 
separate farther and farther as I 
increases, the distance between them 
approaching 180° - 23° 27' as I 
approaches 90°. At the pole the 
prime vertical is indeterminate ; but 
near the pole t = 90°, and the sun 
is always east at 6 a.m. 

17. Given the sun's declination 
and his altitude when he bears due 
east; find the latitude of the ob- 
server. 




ZM = 90° -h. 

PM = 90° - d. 
PZ = 90° - I. 

Since the sun M bears due east, 
MZP is a right angle. 
By [38], 

cos PM = cos PZ cos MZ. 
cos(90°- d) =cos(90°- Qcos(90°-- A). 
.-. sin d = sin I sin h. 
sin I = sin d esc h. 

18. At a point in a horizontal 
plane M1V a «taff OA is fixed so 
that its angle of inclination AOB 
with the plane is equal to the lati- 
tude of the place, 51° 30' N., and 
the direction OB is due north. 
What angle will OB make with the 
shadow of OA on the plane, at 
1 p.m., when the sun is on the 
equinoctial ? 
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Given the direction of OB due 
north, AOB = 51° 80' = 2, and plane 
MN horizontal ; find BOC. 

8PZ = hour angle of sun at 1 p.m. 
= 16°. 

SPZ = CAB,being vertical angles. 
..CAB =16°. 

ABC = 90°, since OB is the pro- 
jection of OA on plane MN. 

Arc AB = 61° 30', being the meas- 
ure of plane angle AOB. 

Then in right spherical triangle 
ABC, by [42], 

tan BC = tan BAG sin AB. 

log tan BAC = 9.42805 

log sin AB = 9.89364 

logtanBC =9.32169 

Arc BC = 11° 60' 36". 

.-. BOC = 11° 5C 36". 

19. What is the direction of a 
wall in latitude 62° 30° N. which 
casts no shadow at 6 a.m. on the 
longest day of the year ? 




The wall must lie in the plane of 
ZM in order that it may cast no 
shadow. 

PZ = 90° - I, 
P M = 90° - e, 
P = 90°; 
required MZP = a. 



By [42], 

sin PZ = tan PM cot PZM. 
sin (90°- i) = tan (90° -e) cot o. 
cos I = cot e cot a. 
.*. cot a = cos 2 tan e. 
log cos 2 = 9.78446 
log tan e = 9.63726 
log cot a = 9.42171 

a = 76° 12' 28". 

20. Find the latitude of the place 
at which the sun rises exactly in the 
northeast on the longest day of the 
year. 

When the sun rises in the north- 
east on the longest day of the year, 
a = 45°, d = 23° 27 7 . 
By Prob. 11, cos a = sin d sec I 
.*. cos I — sin d sec a. 
log sin d = 9.69983 
log sec a = 0. 1505 1 
log cos I = 9.75034 

I = 56° 45' 6". 

21. Find the latitude of the place 
at which the sun sets at 10 o'clock 
on the longest day. 

ZPM= 10x16° 
= 150°. 
ZM = 90°. 
MP = 90° - I. 
By Prob. 15, 

cos t = cot I tan d. 
.-. cot I = cos t cot d. 
t = 160°. 
d = 23° 27'. 
log cos t= 9.93763 
log cot d = 10.36274 
log cot 1= 10.30027 

I = 63° 23' 41". 
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22. To what does the general formula for the hour angle, in Sect. LXX, 
reduce when (i) ft = 0°, (ii) Z ±= 0° and d = 0°, (iii) I or d = 90° ? 

By Sect. LXX, sin ± t = ± [cos | (Z + p + ft) sin ± (Z + p — A) sec I esc p]* 
By [21], = ± [i (sin {J + p} - sin ft) sec Z esc p]*. 

(i) If ft = 0°, sin i t = i [isin (Z + p) sec I cscp]*. 
By [13], cos t = 1 - 2 sinH « 

= 1 — sin (Z + p) sec I esc p 

sin Z cosp + cos Z sin p 



By [4], 



= 1-- 



cosZsinp 
_ sin Z cosp 
cos Z sin p 
= — tan Z cot p. 
(ii) If Z = 0° and d = 0°, 

p = 90° - d 
= 90°. 
.•.8ini* = [i(l-sinft)]*. 
cos t = 1 — (1 — sin h) 
= sin h. 
... t = 90° - h 
= z. 
(iii) If I or d = 90°, sec Z or cscp = oo, and the formula is useless. When 
d = 90°, the star is at the pole and its hour angle is indeterminate ; and 
when I = 90°, the place of observation is at the terrestrial pole and the 
meridian is indeterminate. 



23. What does the general for- 
mula for the azimuth of a celestial 
body, in Sect. LXXI, become when 
t = 90° = 6 hours ? 

From Sect. LXXI, 

tan m = cot d cos t, (1) 

and 

tan a = sec (Z + m) tan t sin m. (2) 

Multiply (1) by (2), 

tan a tan m 

= sec (Z -f m) cot d sin t sin m. 
.-.tana = sec (Z + m) cot d sin t cos m. 

Here t = 90°; hence 

tanm = 0, 

and m = 0°. 



.*. tan a = sec Z cot d, , 
or cot a — cos Z tan d. 

24. Show that the formulas of 
Sect. LXXII, if t = 90°, lead to the 
equation sin Z = sin ft esc d ; and that 
if d = 0°, they lead to the equation 
cos Z = sin ft sec t. 

From Sect. LXXII, 

tan m = cot d cos £, (1) 

and cos n = cos m sin ft esc d. (2) 

(i) If t = 90°, then m = 0° and 
n = 90° — I ; hence 
cos (90° - Z) = cos 0° sin ft esc d. 
sin Z = sin ft esc d. 
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(ii) lfd = 0°, thenm = 90°, n = J. 
Divide (2) by (1), 
cos n cot m = cos m sin h sec d sec t. 
.*. cos n = sin m sin A sec d sec t 
.*. cos J = sin h sec 6. 

25. Given the latitude of the 
place of observation 52° 30' 16", the 
declination of a star 38°, its hour 
angle 28° 17' 15" ; find the altitude 
of the star. 

By Sect. LXXI, 

tan m — cot d cos t, 
and sin h = sin (I + m) sin d sec m. 
Here d = 38°, 

I = 62° 30' 16", 
t = 28° 17' 15". 
log cot d =10.10719 
logcos* = 9.94477 
log tan m = 10.05196 

m = 48° 25' 10". 
log sin (I + m) = 9.99206 
log sind =9.78934 
log seem = 0.17804 
log sin h = 9.96944- 

h = 65° 37' 20". 

26. Given the latitude of the place 
of observation 61° 19' 20", the polar 
distance of a star 67° 59' 5", its hour 
angle 15° 8' 12" ; find the altitude 
and the azimuth of the star. 

By Sect. LXXI, 
tan m — cot d cos t, 
sin h = sin {I -f m) sin d sec m, 
tan a = sec (I + m) tan t sin m. 
I = 51° 19' 20". 
d = 90° - 67° 59* 5" 

= 22° 0'65". 
* = 15° 8' 12". 



log COt d : 
i log COS t : 

log tan m : 

m • 

log sin (I 4- m) : 

log sin d : 

log sec m : 

log sin A : 

h 

log sec (J + m) 
log tan t : 
log sin m ■■ 
log tan a 
a 



: 10.39326 
= 9.98466 
= 10.37792 
= 67° 16' 22". 
: 9.94351 
= 9.57386 
= 0.41302 
= 9.93039 
= 58° 25' 8". 
= 0.32001 (n) 
= 9.43218 
= 9.96490 
= 9.71709 (n) 
= 152° 28'. 



27. Given the declination of a 
star 7° 54', its altitude 22° 45' 12", 
its azimuth 129° 45' 37 ; find the 
hour angle of the star and the lati- 
tude of the observer. 

In the spherical triangle ZPM, 
sinZAf _ sin PM 
smZPM" BinPZM 

.-. sin ZPM 

- sin PZM sin ZM esc PM. 
Bint = sinasin(90°-fc)csc(90°-<J). 
.-. sin t 

= sin a cos h sec d. 
Here a = 129° 45' 37", 

h= 22° 46' 12", 
d = 7° 64'. 
log sin a = 9.88577 
log cos fc = 9.96482 
log seed = 0.00414 
log sin t =9.85473 
t = 45° 42'. 
By Sect. LXXII, 
tan m = cot d cos £, 
cos n = cos m sin h esc d, 
J = 90° - (m ± n). 
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log cot d - 

log cost = 

log tan m = 

m = 

log cos m = 

log sin h - 

log esc d • 

log cos n - 

n ; 

* m — n : 

90° _ ( m _ n ) : 



10.86773 

9.84411 

: 10.70184 

78° 46' 46". 

9.28976 
; 9.68746 
: 0.86187 
; 9.73908 
: 66° 44' 39 // . 
= 22° V 6". 
: 67° 58' 54". 
: 67° 68' 54". 



28. Given c = 23° 27' and the 
longitude a of the sun; find the 
declination d and the right ascen- 
sion r. 

In the figure let P represent the 
pole of the equinoctial A VB, 8 the 
position of the sun, and Q the pole 
of the ecliptic EVF. 




Then V8 = «, 

VR = r, 

SR = d, 

RV8 = e. 

Then in the right triangle RVS, 
by [39], 

sin 8R = sin FS x siniJFS, 
or sin d = sin v sin e. 



Also, by [40], 

cos RVS = tan BFcot FS, 
or cos e = tan r cot t>. 

.*. tan r = tan t> cos e. 

29. Given e = 28° 27', the lati- 
tude of a star 51°, its longitude 
815°; find its declination and its 
right ascension. 




Here VT = 316°, 
TJIf=61°, 
AFT =23° 27'; 
to find VR = r, 
and RM = d. 

In the right triangle VTM, 
By [38], 

cos VM = cos FT cor; TM, 
By [42], 

tan MVT = tan Jtf T esc V T. 

log cos FT =9.84949 
logcosTJif = 9.79887 
logcosF3f= 9.64836 

FJf=63°34'3G". 
log tan TM =10.09163 
log esc VT = 0.15051 (n) 
log tan MVT = 10.24214 (n) 
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jrr r = - (6o° i2 7 14.5"). 

In the right triangle RVM, 

RVM=RVT+ TVM 

= 23° 27' - (60° 12' 14.5") 
= - (36° 46' 14.6"). 

By [39], 

sin RM = sin VM sin «FJf. 

logsin 1^=9.95208 

log sin RVM = 9.77698 

log sin RM = 9. 72906 

RM=d = 32° 24' 12". 

Also, by [42], 

sin KR = tan RM cot iJFJf. 

log t&nRM =9.80257 
log cot RVM = 0.12677 (n) 
log sin VR = 9.92934 (n) 

FB = - (58° 11' 43"). 

.-. VR = 360° - 58° 11' 43" 

= 301° 48' 17". 



30. Given the latitude of the ob- 
server 44° 50', the azimuth of a star 
138° 68', its hour angle 20°; find its 
declination. 




Given c = 90° -44° 50' 
= 46° 10', 
A = 138° 68', 
Z* = 20°. 
i(^-J5) = 59°29'. 
i(^H-B) = 79°29'. 
ic = 22°35'. 
\ogcoal(A-B) = 9.70568 
log sec i (A + B) = 0.73869 
logtanjc = 9.61901 
log tan | (a + b) = 0.06338 

i(a + 6) = 49°9'67.7". 

logsinfr(4 -£) = 9.93526 

log esc i (A + B) = 0.00786 

log tan % c = 9.61901 

log tan i (a - b) = 9.66162 

i(a-6) = 20°l'24.6". 
.-. a = 69° 11' 22". 
d = 90° - 69° 11' 22" 

= 20° 48' 38". 



31. Given the latitude of the place of observation 61° 31' 48", the alti- 
tude of the sun west of the meridian 36° 14' 27", its declination + 21° 27'; 
find the local apparent time. 

By Sect. LXX, 

»ni* = Vcosi(f + p + h)&ini(l + p - fycscpsecl 
Here I = 61° 31' 48", 

h = 35° 14' 27", 
p = 90° - 21° 27' = 68° 33'. 
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i(f +j> + ft) = 77°39'37.5". 

i(i+J>-ft) = 42 o 25'10.5". 

log cos i (I + p + ft) = 9.32982 

log sin i(l + p - ft) = 9.82901 

log cscp = 0.03117 

log sec J = 020614 

logsinH* = 9.39614 

logsin±t = 9.69807 

i< = 29°65'54.6". 

t = 59° 61' 49". 
t 

-- = 3 hr. 59 min. 27^ sec. p.m. 
15 

32. Given the latitude of place 2, the polar distance p of a star, and 
its altitude ft ; find its azimuth a. 




Altitude = ZM = 90° - ft. 
Co-latitude = PZ = 90° - I 
Polar distance = PM = 90° - d = p. 
Azimuth = PZM = a. 



By [47], 



Then 



cos±A = Vsin8sin(« — a)csc6cscc. 
Let A = PZM or a, 
a = j>, 
6 = 90° -ft, 
c = 90° - 2. 
sin 8 = sin [90° - i(f + * -p)] 
= cos I (J + h — p). 
sin (« - a) = sin [90° - i(l + A + p)] 
= cos*(J + ft + p). 
esc 6 = esc (90° - ft) = sec ft. 
esc c = esc (90° — I) = sec I. 
.•. cos i a = Vco8 1 (J + ft + p) cos ±(l + ft — p) sec 2 sec ft. 



SURVEYING. 



Exercise II. Page 230. 



2. From the bearings obtained in 
Example 1 find the value of each of 
the interior angles. What is their 
sum? 

Since the given field has 5 sides 
the sum of the interior angles is 
(Geometry, §205) 

8 x 180° = 640°. 

4. Range out a line whose bear- 
ing is N. 38° 30' W., and at some 



point in this line range out another 
line making a right angle with it. 
What is the bearing of the second 
line? 

The second line makes an angle 
of 90° with the first. 

90° - 38° 30' = 51° 30'. 

Therefore, the bearing of the sec- 
ond line is N. 51° 30' E. 



Exercise III. Page 235. 



2. Lay out the entire angular 
magnitude about some point into 
four or more angles, and measure 
each of them. What should the 
sum of them equal? 

The sum of them should equal 
360°. 



3. If the constant of a transit, 
adjusted to one foot 100 feet away, 
is 3.8 inches, what is the true length 
of a line when the indication on the 
rod is 2.36 feet? 

The true distance is 235 feet 3.8 
inches. 



Exercise V. Page 263. 

1. Required the area of a triangular field whose sides are 13 chains, 
14 chains, and 15 chains. 



Area = V s (s — a) (s — b) (s — c) 
= V21 x 8 x 7 x 6 sq. ch. 
= V3 2 x 7 2 x 2* sq. ch. 
= 84 sq. ch. 
= 8.4 a. 
= 8 a. 64 p. 
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2. Required the area of a triangular field if it has two angles 48° 3C 
and 71° 45', and the included side 20 chains. 

a 2 sin B sin C 

a 2 
= — sin Bsin Ccsc(f* + C) 

= 200 sin 48° 30' sin 71° 45' esc 120° 16'. 

log 200 =2.30103 

log sin 48° 30' = 9.87446 

log sin 71° 45' = 9.97759 

log esc 120° 15 / = 0.06357 

log F= 2.21665 

F= 164.68. 

Area = 164.68 sq. ch. = 16.468 a. = 16 a. 74ff p. 

3. Required the area of a triangular field whose base is 12.60 chains, 
and altitude 6.40 chains. 

Area = i(12.6 x 6.4) sq. ch. 
= 40.32 sq. ch. 
= 4.032 a. 
= 4 a. 6&p. 

4. Required the area of a triangular field which has two sides 4.50 
chains and 3.70 chains, and the included angle 60°. 

Area = ^&c sin A 

= i x 4.5 x 3.7 x 0.866 = 7.20945. 
Area = 7.20945 sq. ch. 

= 0.720945 a. 

= 116 ^ *• 

5. Required the area of a field in the form of a trapezium, one of 
whose diagonals is 9 chains, and the two perpendiculars upon this diag- 
onal from the opposite vertices 4.50 chains and 3.25 chains. 

Area = 9 x *(4.r> + 3.25) sq. ch. 
= 34.875 sq. ch. 
= 3.4875 a. 
= 3 a. 78 p. 
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6. Required the area of the field ABCDEF (Fig. 36), if AE = 9.25 
chains, FF' = 6.40 chains, BE = 13.76 chains, DU = 7 chains, DB = 10 
chains, CC = 4 chains, and AA' = 4.76 chains. 



2 area AFE = 6.4 x 0.26 = 60.2 

2 area BDEA = 13.76(4.75 + 7) = 161.5626 

2 area BBC = 10 x 4 = 40. 

2 area ABCDEF = 260. 7626 

area ABCDEF = 130.38126 

130.38125 sq. ch. = 18.038125 a. =13 a. 6^ p. 

7. Determine the area of the field ABCD from two interior stations, 
P and P 7 , if PP / = 1.50 chains, 




A 

PP / C = 89° 36', P / PB= 3° 35', 

PP / B = 185° 30', P'PA = 113° 45', 

PP*A = 309° 16', P , PD = 165° 40', 

PP*D = 349° 45', P'PC = 303° 16'. 

Area = APAD + A PCD + A PBC + A PAB. 

ZPP / D= 10° 15', Z PP*A = 50° 45', Z P'PC = 56° 46', 

Z PDP' = 4° 6', Z P^IP 7 = 15° 30', Z PCP* = 33° 4C. 

' " MO 30% Z PBP* = 1° 55', 
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PD = 



PP* sin PP , D 



sin PDP' 

log PP* =0.17609 

log sin PP*D = 9.26028 

colog sin PDP / = 1.14748 

log PD =0.67886 



PA = 



PP* sin PP*A 



sin P4P' 

log PP' =0.17609 

logsinPP01 = 9.88896 

colog sin PAP* = 0.67810 

logP-4 =0.63816 



PC = 



PP* sin PP / C 



sin PCP* 

log PP* =0.17609 

log sin PP>C = 9.99999 

colog sin PCP* = 0.26621 

log PC =0.43229 



PB = 



PP> sin PP*B 



sin PBP 

logPP' =0.17609 

log sin PP'B = 8.98167 

colog sin PBP / = 1.47666 

logPB =0.63332 



A APB = 61° 66', A DPC = 137° 36', A BPC = 60° 20', A APB =110° 10' 



2 area PAD = PD x PA sin ^IPD. 
logPD =0.67886 

logP4 =0.63816 

log sin APB = 9.89604 
log 2 area PAD = 1. 10804 
2 area PAD =12.824. 



2 area PCD = PD x PC sin DPC. 
log PD =0.67386 

log PC =0.48229 

log sin DPC = 9.82899 
log 2 area PCD = 0.88613 
2 area PCD =6.8412. 



2 area PBC = PC x PB sin BPC. 
log PC =0.48229 

log PB = 0.63832 

log sin BPC = 9.93898 
log 2 area PBC = 1.00469 
2 area PBC =10.106. 



2 area PAB = PA x PB sin -APB. 
log PA = 0.63816 

log PB =0.63332 

log sin APB = 9.97262 
log 2 area P4B = 1.24399 
2 area PAB =17.638. 



2AP^1D=12.824 
2 A PCD = 6.8412 
2 A PBC =10.106 
2 A PJB = 17.538 
2ABCD =47.3092 

^IBCD =23.6646. 
28.6646 sq. ch. = 2.36546 a. = 2 a. 68* p., nearly. 
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8. Required the area of the field ABCDEF (Fig. 37), if AF"= 4 chains, 
FF' = 6 chains, EW = 6.50 chains, AW = 9 chains, AD = 14 chains, AC 
= 10 chains, AR = 6.50 chains, BR = 7 chains, CC = 6.75 chains. 




2sre&AFF' =4x6 =24. 

2 area F / E / EF = 5 (6 + 6.5) = 62.6 

2areaJ£E'D =6.6x5 = 32.6 

2 area ABR = 6.6 x 7 = 46.5 
2 area BCCJB' = 8.6 (7 + 6.76) = 48. 126 

2 area CDC = 6.75 x 4 =27. 

2 area ABCDEF = 239.626 

are&ABCDEF =119.8125 

119.8126 sq.ch. = 11.98126 a. = 11 a. 167 p.' 




2 area 4DCB =6(1 + 1.6) 

2 area AEE' = 0.26 x 0.2 = 

2 area EWF'F = 0. 6 (0.25 + 0.26) = 

2 area FF'G'G = 0.46 (0.26 + 0.6) = 

2 area GG'B'H =0.46(0.6 + 0.62) = 

2 area HH'K'K = 0.6 (0.62 + 0.64) = 

2 area KK'B = 0.4 x 0.64 = 



9. Required the area of the field 
AGBCD (Fig. 32, p. 260), if the 
diagonal AC = 5, BB' (the per- 
pendicular from B to AC) = h 
DU (the perpendicular from D 
to AC)= 1.60, JW = 0.25, FF 
= 0.26, GG' = 0.60, fflT = 0.52, 
.Mr =0.64, AE' = 0.2, &F' = 
0.60, F'G' = 0.46, G'H' = HM, 
WW = 0.60, and K'B = 0.40. 
= 13. 
= 0.05 

0.25 

0.3825 

0.604 

0.636 

0.216 



2 area ADCBKHGFE 
area ADCBKHGFE 



= 15.0385 
= 7.61925." 
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10. Required the area of the field AGBCD (Fig. 33, p. 260), if AD = 3, 
AC = 5, AB = 6, angle DAC = 45°, anglj BAC = 30°, 4)5' = 0.76, AF' 
= 2.26, ^Itf = 2.63, AG' = 3.16, EE' = 60, FF' = 0.40, and GG' = 0.76. 



2 area 4DC = 3 x 6 x sin 45° = 3 x 5 x 0.7071 = 10.6066 

2 area ABC = 6 x 6 x sin 30° = 6.x 6 x 0.5 = 16. 

2 area HGB = 0.76 x (6 - 2.53) = 0.76 x 3.47 = 2.6026 

.-. 2 area ADCBGHA = 28. 209 

2axea,AEE / =0.76x0.6 = 0.45 

2 area EWF'F = 1.6 (0.6 + 0.4) = 1.6 

2 area FF'H = 0.4 x 0.28 = 0.112 

.-. 2 area AEFHA = 2.062 

.-. 2 area AGBCD = 26.147 

area A GBCD = 13.0736 

11. Determine the area of the field ABCD from two exterior stations 
P and P% if PP* = 1.50 chains, 




P*PB = 41° HK, 


PP'D = 66° 46', 


P^P^4 = 55° 45', 


PP / <7= 96°40 / , 


P*PC= 77° 20', 


PP'^ = 132° 15 7 , 


P'PD = 104° 45', 


PP^ = 103° (K. 



Area = (A P*CB + A P / CD) - (A P , A B + A P01D). 
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APCP , = 7° <K, 
A PAP' = 21° 15', 



P*B = 



PP'ainP'PB 



sin PBP* 

log PP* = 0.17609 

logsinP'PJ5 = 9.81889 

colog sin PBP* = 0. 94063 

logP'£ = 0.93611 



P7) = 



PP* sin PTD 



^0 = 



PP' sin P'PC 



sin PCP' 
log PP* =0.17609 



log sin P'PC = 9.fl 

colog sin PCP* = 0.91411 

IogP'C =1.07960 

A BP / C = 36° 86', 
A CP*D = 28° 66% 



sin PDP' 

log PP / = 0.17609 

log sin P / PD = 9.98546 

colog sin PDP* = 0.83030 

log P*D = 0.99184 

PP^sinP^A 

sinP^lP' 

logPP' =0.17609 

log sin P'P4 = 9.91729 

colog sin PAP' = 0.44077 

logPOl =0.63415 

AAP / B = 29° 15', 
Z4P'2>=86°15'. 



2 area P'CJ? = P*Cx P'JSsin tfP'C. I 2 area P / CD = P / C x P'Dsin CFL 



log P'C = 1.07960 

logP'B =0.98611 

log sin BP*C = 9.77524 
log 2 area P*CB = 1.78986 
2 area P*CB = 61.639. 

2 area P'.A B = P'BxP'A sin .AP'B. 
log P / B =0.93511 

logP'^1 =0.63415 

log sin AP*B = 9.68897 
log2areaP^U5 = 1.15828 
2areaP^£ =14.896. 



logP'C =1.07950 

log P / D = 0.99184 

log sin CP / D = 9.68443 
log 2 area P'C!) =1.75577 
2 area P'CD = 66.980. 

2 area P01D =Fix P'Dsin APD 
logPOl =0.63416 

logP'D =0.99184 

log sin APD = 9.77181 
log 2 area P*AD = 1.29780 
2areaP^4D =19.862. 



•. 2 area ABCD = 61.689 sq. ch. + 56.986sq. ch. - (14.896 + 19.862) sq. ch. 

= 118.626 sq. ch. - 34.248 sq. ch. 

= 84.377 sq. ch. 
.*. &re&ABCD = 42.1886 sq. ch. 

= 4.21886 a. 

= 4 a. 36 p., nearly. 



teachers' edition. 



299 



12. Find the area of the field ABODE (Fig. 36, p. 2(52) if the co-ordi- 
nates, in chains, of the vertices taken in order are (1.40, 0.75), (4.60, 8.32), 
(9.00, 9.05), (12.16, 6.58), and (5.27, 1.16). 




ABODE = i {xi (y 6 - Vt) + «* (Vi - V*) + x s (y 2 - y*) 
+ XiiVs ~ Vb) + «fi (2/4 - Vi)} 
= i {1.40 (1.16 - 8.32) + 4.60(6.76 - 9.05) 

+ 9 (8.32 - 6.68) + 12.15 (9.06 - 1.16) + 5.27 (5.68 - 6.75)} 
= *(- 10.0240 - 10.6800 + 24.6600 + 96.8635 - 6.1669) 
= i (120.6235- 26.7699) 
= ix 93.7636 
= 46.8768. 
46.8768 sq. ch. = 4.68768 a. = 4 a. 110 r. 

13. Find the area of the field ABODE (Fig. 35, p. 262) by measuring 
distances as follows : AL = 400 feet ; BM = 700 feet ; CP = 680 feet ; 
DB = 380 feet ; EN =200 feet ; LM = 160 feet ; MN - 250 feet ; NP 
= 200 feet ; PR = 220 feet. 

2 area ABODE = 2 ABML + 2 BCPM + 2 CDRP - 2AENL - 2 EDRN. 
2 area ABML = LM(AL + BM) = 160 (400 + 700) = 166,000. 
2 area BCPM = MP {BM + CP) = 460 (700 + 680) = 621,000. 
2 area CDRP = PR (CP + DR) = 220 (680 + 380) = 233,200. 
2 area AENL = LN(AL + EN) = 400 (400 + 200) = 240,000. 
2 area EDRN = NR (EN + DB) = 420 (200 + 880) = 243,600. 
.-. 2 are* ABODE =(165, 000 +621, 000 +233, 200 -240,000 -243, 600) sq. ft. 
= (1,019,200 - 483,600) sq. ft 
= 636,600 sq. ft. 
,\ area ABODE = 267,800 sq. ft. 

= 6.148 a. 
= 6 a. 23J! p. 
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Exercise VI. Page 272. 



o 

H 

1 
2 
3 

4 
5 


Bearing. 

S. 75° E. 
S. 15° E. 
S. 75° W. 
N. 45o E. 
N. 45o W. 


h 

CO 


N. 


S. 

1.55 

3.86 
1.80 

•an- 


E. 


W. 


M.D. 


a" 


N.A. 


S.A. 


6.00 
4.00 
6.93 
5.00 
5.19} 


. . . 

... 
3.54 
3.67 


5.79 
1.04 

3.54 
10.37 


6.70 
-6*9- 

3.67 


5.79 
6.83 
0.13 
3.67 
0.00 


5.79 

12.62 
6.96 
3.80 
3.67 


13.4520 
13.4689 


8.9745 
48.7132 
12.5280 




7.21 ( 7.21 

1 


10.37 




26.9209 


70.2157, 
26.9209 






21.647 sq 


ch.= 


2.1647 J 


l. = 2A 


l. 26 P. 


, nearl 


y- 






43.2948 
21.6474 



O 
H 
< 
H 
OG 


Bearing. 


s 


N. 


S. 


E. 


' W. 


M.D. 




N.A. 


S.A. 


1 


N.450E. 


10.00 


7.07 




7.07 




7.07 


7.07 


49.9849 




2 


S. 75o E. 


11.55 




2.99 


11.16 




18.23 


25.30 




75.6470 


3 


S. 15© W. 


18.21 




17.59 




4.71 


13.52 


31.75 




558.4825 


4 


N.450W. 


19.11 


1351 






13.52 


0.00 


1352 


182.6552 






20.58 


20.58 


18.23 


18.23 




232.6401 


634.1295 
232.6401 




200.74 sq. 


ch. « 20.074 A. — 20 A. 12 P., nearly. 




401.4894 










200.7447 
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Bearing. 


H 

00 

s 

2.39 
6.47 
1.62 


N. 


S. 


E. 


W. 


N.610 45'W. 
S. 86° W. 
S. 56° 1C W. 


1.48 


0.66 
0.93 




1.88 
6.45 
1.83 




1.49 
1.48 




9.66 








0.01 








H 
« 
H 
05 


Bearing. 


s 


N. 


S. 


E. 


W. 


M.D. 


* 


N.A. 


S.A. 


2 


S. W. 






0.03 




9.W 


9.66 


9.66 




0.2896 


3 


N. 3°45 / E. 


6.39 


a 36 

«88- 




0.43 




9.22 


18.87 


120.0132 




4 


S. 66° 45' E. 


1.70 




0.67 


1.66 




7.66 


16.88 




11.3096 


5 


N. 16° E. 


4.98 


4.80 




1.29 




6.37 


14.03 


67.3440 




6 


S. 82© 46' E. 


603 




0.77 


6.98 




0.39 


6.76 




5.2052 


1 


S. 2oi6 / E. 


9.68 




9.69 


0.39 




0.00 


0.39 




3.7791 




11.16 


11.16 


9.66 


9.66 




187.3572 
20.6834 


20 6834 


83.39 sq. 


ch. = 8.339 a. = 8 A. 64 p., nearly. 


166.7738 






83.3869 
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§ 




H 












Q 






1 


Bkajuxg. 


s 

S 


N. 


S. 


E. 


W. 


M.D. 
0.28 


8 
Q 

0.28 


N.A. 


S.A. 


3 


S. 3° (WE. 


5.33 




6.29 
<Mfr- 


0.28 




1.4812 


4 


E. 


6.72 


0.03 




6.73 
•61W- 




7.01 


7.29 


0.2187 




1 


N. 60 3(KW. 


6.06 


6.08 
-*6«- 






0.57 


6.44 


13.46 


81.7760 




2 


S. 82° 30' W. 


651 




0.82 




6.44 
-&4§- 


0.00 


6.44 




5.2808 




6.11 


6.11 


7.01 


7.01 




81.9947 


6.7620 


37.81 sq. 


ch.= 3.761 A. = 3 A. 122 P., nearly. 


6.7620 




75.2327 






37.6163 


| 



5. 



1 

H 


Bearing. 


13 
S 


N. 


S. 


E. 


W. 


M.D. 




N.A. 


s.a. 


3 


S. SOWKE. 


5.86 




5.83 


0.53 




0.53 


0.53 




3.0699 


4 


N.88°30 / E. 


4.12 


0.12 




4.14 




4.67 


5.20 


0.6240 




1 


N. 6°15'W. 


6.31 


6.28 






0.67 


4.00 


8.67 


64.4476 




2 


S. 81° «K W. 


4.06 




0.57 
"0^18" 




152. 


0.00 


4.00 




2.2800 




6.40 


6.40 


4.67 


4.67 




56.0716 


5.3699 




24.85 sq 


ch. = 2.485 a. = 2 A. 78 p., nearly. 




6.3699 




49.7017 










24.8508 
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© 



Bearing . 



N. 



S. 



w. 



M.D. 



N.A. 



S.A. 



1 
2 
3 

4 
5 



N. 20o W E. 
N.73°00'E. 
S. 46° W E. 
S. 38° SK W. 
Wanting. . 



4.62* 
4.16* 
6.18} 
8.00 



4.35 
1.22 



5.04 



435 
6.26 



1.58 
3.98 
4.39 



4.98 
4.97 



1.58 
5.56 
9.95 
4.97 
000 



1.58 
7.14 
15.51 
14.92 
4.97 



6.8730 
8.7108 



25.0488 



67.4685 



10.61 



10.61 



9.95 



9.95 



40.6326 



60.12 sq. cb = 6.012 a. = 6 A. 2 r., nearly. 



160.8677 
40.6326 



120.2351 
60.1175 



Bearing. 


DI8T. 


N. 


S. 


E. 


W. 


S. 81° 2C W. 
N.76°30'W. 


4.28 
2.67 


0.62 


0.65 


. . . 


4.23 
2.60 




0.65 
0.62 




6.83 








0.03 







Bearing. 


DlST. 


N. 


S. 


E. 


W. 


S. 7° E. 


1.79 




1.78 


0.22 




S. 27° E. 


1.94 




1.73 


0.88 




S. 10© 3C E. 


5.35 




5.26 


0.97 




N. 76° 45 / W. 


1.70 


039 


8.77 




1.65 








2.07 










039 


1.65 




8.38 


0.42 
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1 

09 


Bearing. 


i 


N. 


s. 


E. 


W. 


M.D. 


i 


N.A. 


S.A. 


1 

2 
3 

4 


S. W. 
N. 5° E. 
S. 87° 2fy E. 
S. E. 


8.68 
5.64 


8.66 


0.03 

0.24 
8.38 


0.79 
0.76 
5.56 
5.54 
0.45 
0.42 


6.80 
6.83 


6.80 
6.01 
0.45 
0.00 


6.80 
12.81 
6.46 
0.45 


110.8065 


0.2040 

1.5504 
3.7710 




8.65 


8.65 


6.80 


6.80 




110.8065 
5.5254 


5.5254 

• 






52.64 sq. 


ch.» 


5.264 A 


. = 6A 


42 P., 


nearly 






105.2811 
52.6405 



< 
H 


Bearing. 


H 

s 


N. 


• 
S. 


E. 

4.93 
4.94 

0.71 

0.02 
0.03 


W. 


M.D. 


s 

Q 

4.93 
9.57 
9.99 
10.72 
5.64 
0.27 


N.A. 


S.A. 


1 
2 
3 
4 
5 
6 


N.89°45'E. 
S. 7° WW. 
S. 28© 00' E. 
S. 0°45'E. 
N.840 45'W. 
N. 2O30 / W. 


4.94 
2.30 
1.52 
2.57 
5.11 
5.79 


0.00 
002 

0.45 
0.47 
5.76 

5.78 


2/.»9 
2.28 

1.34 

2.58 
2.57 


0.29 
0.28 

5.10 
5.09 
0.27 
0.25 


4.93 
4.64 
5.35 
5.37 
0.27 
0.00 


2.5380 
15552 


21.9153 

13.3861 
27.6376 




6.21 


6.21 


5.66 


5.66 




4.0932 


62.9595 
4.0932 






29.43 sq. 


ch.-2 


.943 A. 


= 2 A. 


151 P., 


nearl; 


f. 






58.8663 
29.4332 
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9. An Ohio farm is bounded and described as follows : Beginning at 
the southwest comer of lot No. 13, thence N. 1±° E. 132 rods and 23 links 
to a stake in the west boundary line of said lot ; thence S. 89° E. 32 rods 
and 16 T % links to a stake; thence N. 1±° E. 29 rods and 15 links to a 
stake in the north boundary line of said lot ; thence S. 89° E. 61 rods and 
18^ links to a stake ; thence S. 32£° W. 54 rods to a stake ; thence S. 
35i° E. 22 rods and 4 links to a stake ; thence S. 48° E. 33 rods and 
2 links to a stake ; thence S. 7±° W. 76 rods and 20 links to a stake in 
the south boundary line of said lot ; thence N. 89° W. 96 rods and 10 
links to the place of beginning; containing 85.87 acres more or less. 

Verify the area given and plot the farm. 



© 

< 
H 
Xtl 


Bearing. 


s • 


N. 


S. 


E. 


W. 


M.D. 


6 


K.A. 


S.A. 


1 

2 
3 
4 
5 
6 
7 
8 
9 


N. lQl^E. 
S. 89o E. 
N. loiB'E. 
S. 89° E. 
S. 32° ?ty W. 
s. 35° vy E. 

8.48° E. 
S. 7°31KW. 
N.89° W. 


33.23 
8.154 
7.40 
15.436 
13.50 
5.54 
8.27 
19.20 
24.10 


33.1* 
33.22 

7.3S 
7.4C 

0.31 
0.4S 


\ 

\ 

) 
) 

) 
S 


0.15 
0.14 

0.29 
0.27 
11.40 
11.39 
4.53 
4.52 
5.54 
5.53 
19.05 
19.03 


0.73 
0.72 

8.15 

0.16 

15.44 
15.43 

3.20 
6.15 


7.24 
7.25 

2.50 

2.51 

24.09 

24.10 


0.73 
8.88 
9.04 
24.48 
17.24 
20.44 
26.59 
24.09 
0.00 


0.73 
9.61 
17.92 
33.52 
41.72 
37.68 
47.03 
50.68 
24.09 


24.2214 
132.4288 

9.3951 


1.4415 

9.7208 
475.6080 
170.6904 
260.5462 
965.4540 




40.96 


40.96 


33 83 


33.83 




166.0453 


1883.4609 
166.0453 








858.1 


sq.< 


3h 


.= 85.* 


J7A. 










1717.4156 
858.7078 



Exercise VII. Page 274. 



1. Find the area of the field ABCD, in which the angle A = 120°, 
B = 60°, C = 160°, and Z) = 30° ; and the side AB = 4 chains, BC = 
4 chains, CD = 6.928 chains, and DA = 8 chains. 
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i 

05 


Bearing. 


H 

00 

s 


N. 


S. 

i 


E. 


W. 


M.D. 




N.A. 


S.A. 


AB 


N. 


4.000 


4.000 






' 


0.00 


0.00 


.... 




BC 


8. 60° E. 


4.000 




2.000 


3.464 




3.464 


3.464 




6.928 


CD 


8. 30° E. 


6.928 




6.000 


3.464 




6.928 


10.392 


.... 


62.352 


DA 


N.60°W. 


8.000 


4.000 






6.928 


0.00 


6.928 


27.712 







8.000 


8.000 


6.928 


6.928 




27.712 


69.280 
27.712 




20.784 sq. c 


h. = 2.0784 A. = 2 A. 12} p., nearly. 


41.668 










20.784 



2. Find the area of the farm ABODE, in which the angle A = 
106° 19', B = 99° 4(K, C = 120° 2(T, D = 86° 8', and JS7 = 127° 33' ; and 
the side AB = 79.86 rods, BC = 121.13 rods, CD = 90 rods, DE = 
100.66 rods, and EA = 100 rods. 



w 

Q 


Bearing. 


j 


N. 


S. 


E. 


W. 


M.D. 


3 

* 


N.A. 


S.A. 


^f£ 


N. 


79.86 


79.86 








0.00 


0.00 


.... 




5C 


N.SOoaKE. 


121.13 


20.34 




119.41 




119.41 


119.41 


2428.80 




CZ> 


S. 40°00'E. 


90.00 




68.94 


57.85 




177.26 


296.67 




20452.43 


DE 


S. 63° 52^ W. 


100.65 




59.35 




81.29 


95.97 


273.23 




16216.20 


EA 


N.73°41'W. 


100.00 


28.09 


128.09 




95.97 


0.00 


95.97 


2695.80 






128.09 


177.26 


177.26 




5124 60 


36668.63 
5124.60 




15772.02 P.= 98 A. 92 p., nearly. 


31544.03 




r 




15772.02 
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Exercise VIII. Page 277. 

1. From the square ABCD, containing 6 acres 1 rood 24 perches, part 
off 3 acres by a line EF parallel to AB. 

6 a. 1 r. 24 p. = 64 sq. ch. ; V64 ch. = 8 ch. = AB. 

3 a. =30 sq. ch. 

A „ ' ABFE 80 sq. ch. „ r . 

AE = — = — ^- = 3.76 ch. 

AB 8 ch. 

2. From the rectangle ABCD, containing 8 acres 1 rood 24 perches, 
part off 2 acres 1 rood 32 perches by a line EF parallel to AD which is 
equal to 7 chains. Then, from the remainder of the rectangle part off 2 
acres 3 roods 26 perches by a line GH parallel to EB. 

8 a. 1 r. 24 p. = 84 sq. ch. = ABCD. 
2 a. 1 r. 32 p. = 24.6 sq. ch. = AEFD. 
2 a. 3 r. 26 p. = 29.0626 sq. ch. = EBHQ. 

A _ AEFD 24.6 sq. ch. . . 

AE = — = — = 3.6 ch. 

AD 7 ch. 



AD 7 ch. 

EB = AB - AE = 12 ch. - 3.6 cb. = 8.6 ch. 

„ EBHG 29.0626 sq. ch. . Aa , . 

^G = „^ = r-r— r = 3 - 42 cn -» nearly. 

EB 8.6 ch. 

3. Part off 6 acres 3 roods 12 perches from a rectangle ABCD, con- 
taining 16 acres, by a line EF parallel to AB; AD being 10 chains. 

6 a. 3 r. 12 p. = 68.26 sq. ch. = ABFE. 

16 a. = 160 sq. ch. = ABCD. 

.„ ABCD 160 sq. ch. , e . 
AB = — — — = — -p- — = 16 ch. 
AD 10 ch. 

. „ ABFE 68.26 sq. ch. A cc . 

AE = — t=- = — rr-T = 4 -6 5 ch. 

AB 16 ch. 

4. From a square ABCD, whose side is 9 chains, part off a triangle 
which shall contain 2 acres 1 rood 36 perches, by a line BE drawn from 
B to the side AD. 

2 a. 1 r. 36 p. = 24.76 sq. ch. = ABE. 

. „ 2 ABE 2 x 24.76 sq. ch. _ CA , 

AE = — — — = = 6.60 ch. 

AB 9 ch. 
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5. From ABCD representing the rectangle, whose length is 12.65 
chains, and breadth 7.58 chains, part off a trapezoid which shall contain 
7 acres 8 roods 24 perches, by a line BE drawn from B to the bide DC. 

7 a. 3 r. 24 p. = 79 sq. ch. = ABED. 

ABCD = (12.65 x 7.58) sq. ch. = 95.887 sq. ch. 

A BCE = 95.887 sq. ch. - 79 sq. ch. = 16.887 sq. ch. 

„_ 2 BCE 2 x 16.887 sq. ch. . 1R#| . 

CE = = — ^ = 4.456 ch., nearly. 

BC 7.58 ch. 

6. In the triangle ABC, AB = 12 chains, AC = 10 chains, and BC 
= 8 chains ; part off a trapezoid of 1 acre 2 roods 16 perches, by the line 
DE parallel to AB. 

1 a. 2 r. 16 p. = 16 sq. cb.«= ABED. 

CAB= Vl5 x 8 x 6 X 7 sq. ch. = 39.6863 sq. ch. 
CDE = CAB - ABED = 39.6863 sq. ch. - 16 sq. ch. = 23.6868 sq. ch. 
CAB : CDE = CA 2 : ~CD 2 = CB 2 : CE*. 
39.6863 : 23.6863 = 102 : CD 2 = 8 s : ~CE 2 . 

.-. CD = 7.726 ch. and CE = 6.18 ch. 
AD=CA- CD = 10 ch. - 7.725 ch. = 2.275 ch. 
BE = CB-CE = 8ch. -6.18 ch. = 1.82 ch. 

7. In the triangle ABC, AB = 26 chains, AC = 20 chains, and BC 
= 16 chains ; part off a trapezoid of 6 acres 1 rood 24 perches, by the 
line DE parallel to AB. 

6 a. 1 r. 24 p. = 64 sq. ch. = ABED: 

CAB = V81 x 6 x 11 x 16 sq. ch. = 159.9218 sq. ch. 
CDE = CAB - ABED = 159.9218 sq. ch. - 64 sq. ch. = 95.9218 sq. ch. 
CAB : CDE = CA* : C^ 3 = CI? : 7JE 2 . 
159.9218 : 95.9218 = 20* : ~CD 2 = 16 2 : ~CE 2 . 

.-. CD = 15.49 ch., and CE = 12.39 ch. 
AD = CA - CD = 20 ch. - 15.49 ch. = 4.51 ch., nearly. 
BE = CB - CE = 16 ch. - 12.39 ch. = 3.61 ch., nearly. 

8. It is required to divide the triangular field ABC among three 
persons whose claims are as the numbers 2, 3, and 5, so that they may 
all have the use of a watering place at C; AB = 10 chains, AC = 6.85 
chains, and CB = 6. 10 chains. 

Since the triangles have the same altitude, they are to each other as 
their bases. Hence, it is necessary only to divide the base 10 into the 
three parts, 2 chains, 3 chains, 5 chains. 
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9. Divide the five-sided field ABCHE among three persons, X, Y, 
and Z, in proportion to their claims, X paying $500, Y paying $760, 
and Z paying $1000, so that each may have the use of an interior pond 
at P, the quality of the land being equal throughout. Given AB = 8.64 
chains, BC = 8.27 chains, CH = 8.06 chains, HE = 6.82 chains, and 
EA =9.90 chains. The perpendicular PD upon AB = 5.00 chains, PI/ 
upon 2*C = 6.08 chains, PW upon CH = 4.80 chains, Ph" upon HE 
= 6.44 chains, and PIY'" upon EA = 6.40 chains. Assume PH as the 
divisional fence between the shares of X and Z ; it is required to deter- 
mine the position of the fences PM and PN between the shares of X and 
Y, and between the shares of Y and Z. 

If J* is joined to the vertices, the field is divided into triangles, whose 
bases are the sides, and the altitudes the given perpendiculars upon the 
sides from P. 

APB = 8.64 x 2.80 = 24.1920 sq. ch. 

BPC = 8.27 x 3.04 = 25.1408 

CPU = 8.0(5 x 2.40 = 19.3440 

HPE = 6.82 x 2.72 = 18.5504 

EPA = 9.90 x 2.70 = 26.7300 

ABCHE = 113.9672 sq. ch. 

The whole area, 113.9572 sq. ch.. must be divided as the numbers 600, 
760, 1000, or as 2, 3, 4. 2 + 3 + 4 = 9. 

X's share = * of 113.9572 sq. ch. = 25.3238 sq. ch. 
Y's share = $ of 113.9572 sq. ch. = 37.9867 sq. ch. 
Z's share = \ of 113.9672 sq. ch. = 60.6477 sq. ch. 

PH is assumed as the line between X's and Z's shares. Since the tri- 
angle PHE is less than X's share by 25.3238 sq. ch. - 18.5504 sq. ch. = 
6.7734 sq. ch. ; this difference must be taken from the triangle PEA. 
The area of PEM is then 6.7734 sq. ch., and the altitude PET" = 5.40 ch. 

,, EM = **** = * X 07734 8q - Ch - = 2.6087 ch. 
PD"" 5.40 ch. 

PMA = PEA - PEM = 26.7300 sq. ch. - 6.7734 sq. ch. 
= 19.9666 sq. ch. 
Since Y's share is greater than PMA (19.9666 sq. ch.) and less than 
PMA + PAB (44.1486 sq. ch.), the point N is on AB. 
Y's share diminished by PMA equals PAN; that is, 

P^IJV = 37.9867 sq. ch. - 19.9666 sq. ch. = 18.0291 sq. ch. 

AN = 2 - P ^g = 2 X 18 ° 291 8q - Cb - = 6.4390 ch. 
PD 5.60 ch. 
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, 10. Divide the triangular field ABC, whose sides AB, AC, and BC 
are 16, 12, and 10 chains, respectively, into three equal parts, by fences 
EG and DF parallel to BC, without finding the area of the field. 

AABC 3 Aff A(? 



AAEG 2 AE 2 ' 


'AG 2 ' 






3 _ 226 


.-. AE 2 = 160. 


^ = Vl60 ch. 


= 12.247 ch. 


3_ 144 
2~ZG 2# 


.-. AG 2 = 96. 


AG = V96 ch. 


= 9.798 ch. 


AABC 3 ZIP 
AADF~l~AD 2 ~ 


_A(? 

'af 2 ' 






m 8 _ 226 
"l~A&' 


.-. Z3? = 76. 


4D = V76 ch. 


= 8.660 ch. 


8_ 144 
1~AF 2 ' 


.-. AF 2 = 48. 


AF = Vi§ ch. 


= 6.928 ch. 



11. Divide the triangular field ABC, whose sides AB, BC, and AC are 
22, 17, and 16 chains, respectively, among three persons, A, B, and C, by 
fences parallel to the base AB, so that A may have 3 acres above the line 
AB, B 4 acres above A's share, and C the remainder. 

CA B = V27 x 6 x 10 x 12 sq. ch. = 127.2792 sq. ch. 
CDG - CAB - ABGD - 127.2792 sq. ch. - 30 sq. ch. = 97.2792 sq. ch. 
CEF= CAB - ABFE = 127.2792 sq. ch. - 70 sq. ch. = 67.2792 sq. ch. 
CAB:CDG = W 2 :&2 2 = CA 2 : CD 2 . 
127.2792 : 97.2792 = 17* : CG 2 = 152 : ~CD 2 . 

.-. CG = 14.862 ch. and CD = 18.113 ch. 
CAB: CEF = C5 2 iW 2 = ~CA 2 :CE 2 . 
127.2792 : 67.2792 = 17 2 : CF 2 = 15 2 : CE 2 . 

.-. CF= 11.404 ch. and CE = 10.062 ch. 



Exercise IX. Page 295. 

1. Find the difference of level of two places from the following field 
notes: backsights, 6.2, 6.8, and 4.0; foresights, 8.1, 9.6, and 7.9. 

8.1+9.5 + 7.9 = 26.5 

6.2 + 6.8 + 4 = 16^ 

9.5 
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2. Stake of the following notes stands at the lowest point of a pond 
to be drained into a creek ; stake 10 stands at the edge of the bank, and 
10.25 at the bottom of the creek. Make a profile, draw the grade line 
through and 10.26, and fill out the columns H.G. and C, the former to 
show the height of grade line above the datum, and the latter, the depth 
of cut at the several stakes necessary to construct the drain. 



Station. 



B 



1 

2 

3 

4 

5 

6 

7 

8 

9 
10 
10.25 



6.000 



4.572 



H.I. 



10.2 

5.3 

4.6 

4.0 

6.8 

7.090 

3.9 

2.0 

4.9 

4.3 

4.5 
11.8 



U.S. 



25 



H.G. 



20.8 
20.4 
20.0 
19.6 
19.2 
18.8 
18.4 
18.0 
17.6 
17.2 
16.8 
16.7 



C. 



0.0 
5.3 
6.4 
7^4 
5.0 
5.1 
6.2 
,8.5 
6.0 
7.0 
7.2 
0.0 



Rem a it km. 

Bench on rock 
30 ft. west of 
stake 1. 




5. Write the proper numbers in the third and fifth columns of the 
following table of field notes, and make a profile of the section. _ 
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Station. 


+ S. 


H.I. 


-s. 


H.S. 


Remarks. 


B 


6.944 


.... 




20.0 


Bench on post 




1 




26444 


7.4 
5.6 


19.5 
213 


22 ft. north 
of 0. 


2 


.... 




3.9 


23.0 




3 






4.6 


22.3 




t.p. 


3.865 




5.513 


21.431 




4 




25.286 


4.9 


20.4 




5 


.... 


.... 


3 Ji 


21.8 




6 






1.2 


24.1 






Exercise X. Page 301. 

1. The cross-section areas at five stations, 100 feet apart, of a railroad 
cut are, respectively, 676.8 square feet, 696.1 square feet, 809.5 square 
feet, 652.0 square feet, and 611.7 square feet. Compute the volume of 
material in this portion of the cut : (i) on the hypothesis that the cross 
sections are similar ; (ii) on the hypothesis that they are dissimilar, the 
alternate cross sections being regarded as mid sections. 

(i) v =±H(B + b+ Vmy 

Vi = i x 100(576.8 + 696.1 + V676.8 x 695.1) 

- ioii(576.8 + 695.1 + 633.2) 

= 4* X 1905.1 

= 63503. 3. 
Fa = i x 100 (695. 1 + 809.5 + V696.1 x 809.6) 

= i x 100 (695.1 + 809.5 + 760.1) 

= i$Ax 2264.7 

= 75166.7. 
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Vz = i X 100(809.5 -f 652.0 4- V809.6 x 662.0) 

= i x 100(809.6 + 662.0.+ 726.6) 

= ija x 2188 

= 72983.3. 

V 4 = i x 100(652.0 + 611.7 + V662.0 x 611.7) 

= i x 100(652.0 + 511.7 + 577.6) 

= if* x 1741.3 

= 58043.3. 

V = (63503.3 + 75166.7 + 72933.3 + 58043.3)cu. ft. 

= 269636.6 cu. ft. 

269636.6 

= — — cu. yd. 

27 

= 9986.6 cu. yd. 
(ii) V =iH(B + b + 4M). 

Vi = i x 200(576.8 + 809.6 + 4 x 696.1) 
= if* (676.8 + 809.5 + 2780.4) 
srlJJLx 4166.7 
= 138890. 
V 2 = i x 200 (809.5 + 611.7 + 4 x 652) 
= jloa(809.6 + 511.7 + 2608) 
= 4* X 8929.2 
= 130973.3. 

V = (138890 + 130973.3) cu. ft. = 269863.3 cu. ft. = 9994.9 cu. yd. 



2. Find the radius of a curve of 1°, 

r = 60csciD. 

(i) r = 60 esc 0° 30'. 

log esc 0°30 / = 2.06916 

log 50 = 1.69897 

log r = 3.75813 

r = 6729.7 ft. 
(ii) r = 60cscl°. 

log cscl° = 1.76814 

log 50 = 1.69897 

log r = 3.46711 

r = 2864.9 ft. 
(iii) r = 60cscl°30 / . 



of 2°, of 8°, of 4°, of 6°. 

log csc 1° 30' = 1.68208 
log 50 = 1.69897 
log r = 3.28105 
r= 1910.1 ft. 
(iv) r = 60 csc 2°. 

log csc 2° =1.45718 . 
log 50= 1.69897 
logr = 3.16616 
r= 1432.7 ft. 
(v) r = 50 csc 2° 30'. 

log csc 2° 30' =1.36032 
log 60 = 1.69897 
log r = 3.06929 
r = 1146.3 ft. 
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3. Two adjacent straight sections of a railroad form an angle of 148 c 
16'. They are joined by a curve touching each of them at the distance 
of 388 feet from the vertical point. Find the radius and the degree of 
the curve. 



r = ttan + il. 
Here A = 148° 16'. 

/. i^L = 74°8 / . 
£ = 388 ft 
log 888= 2.58883 
log tan 74° 8' = 10.64633 
logr= 3.18616 
r = 1366.1 ft. 



siniD = — coti^. 



Iog60 = l.i 
colog388 = 7.41117 -10 
log cot 74° 8' = 9.45367 
logsiniD = 8.56381 

iD = 2°6 / 66.7" 
D = 4° ir 68". 
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Exercise I. Page 319. 

1. Given compass course S., wind E.S.E., leeway li points, variation 
62° C W., deviation 2° 0' E. ; required true course. 

Since the wind is E.S.E., and the compass course is S., the ship is on 
the port tack ; hence, leeway is allowed to the right. 

Compass course pts. R. of S. 

Leeway lj pts. R. 

Compass course corrected for leeway 1± pts. R. of S. 

= 14° 3' 46" R. of S. 
Variation and deviation (52° - 2°) W. = 60° (K 0" L. 

36° 66' 16" L. of S. 
True course, S. 36° 66' E. 

2. Given compass course W.N.W., wind N., leeway 3 points, variation 
42° <K E., deviation 18° 30' W.; required true course. 

Since the wind is N., and the compass course is W.N. W., the ship is on 
the starboard tack ; hence, leeway is allowed to the left. 

Compass course 6 pts. L. of N. 

Leeway 3 pts. L. 

Compass course corrected for leeway . 9 pts. L. of N. 

= 7 pts. R. of S. 
= 78° 46' R. of S. 
Variation and deviation (42° - 18° 30 7 ) E. = 23° 30' R. 

102° 16' R. of S. 
77° 46' L. of N. 
True course, N. 77° 45' W. 

3. Given compass course S.S.E. | E., wind S. W. i S., leeway 3± points, 
variation 2± points E., deviation 1± points W.; required true course. 

Compass course 2| pts. L. of S. 

Leeway (starboard tack) 3£ pts. L. 

Variation and deviation .... 1 pt. R. 

6 pts. L. of S. 

I True course, S.E. by E. 
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4. Given true course S. 79° W., wind S. by W., leeway f point, varia- 
tion 10° 30' E., deviation 19° (K W. ; required compass course. 

True course 79° R. of S. 

Leeway (port tack) .... 8° 26' 15" L. 

Variation and deviation . . . <S° 30* R. 

70° 3'45"R. ofS. 
Compass course. S. 70° 4' W. 

5. Given compass course W. J N., wind N.N.W., leeway If points, 
variation 8° 30' E., deviation 16° 36' E., required true course. 

Compass course 7f pts. L. of N. 

Leeway (starboard tack) . . . If pts. L. 

9* pts. L. of N. 
= H pts. R. of S. 
= 73° V 30" R. of S. 
Variation and deviation . . . 24° 5' R. 

97° 12' 30" R. of S. 
= 82° 47' 30" L. of N. 
True course, N. 82° 47' W. 

6. Given compass course E. } N., wind N.N.E., leeway 2f points, vari- 
ation 13° (Y W., deviation 20° 0' E.; required true course. 

Compass course 7f pts. R. of N. 

Leeway (port tack) 2jpts. R. 

10 pts. R. of N. 

= 6 pts. L. of S. 

Variation and deviation . . . . = 67° 30' L. of S. 

7° R. 
00° 30' L. of S. 
True course, S. 60° 30' E. 

7. Given true course S. 86° E., wind N. by W., leeway ^ point, vari- 
ation 14° 0' E., deviation 19° 7 E.; required compass course. 

True course 85° L. of S. 

Leeway (port tack) .... 6° 37' 30" L. 

Variation and deviation - . . . 33° L. 

123° 37' 30" L. of S. 
= 66° 22' 30" R. of N. 
Compass course, N. 56° 22' E. 

8. Given compass course W., wind N.N. W., leeway 1£ points, variation 
00 30' E., deviation 21° 0' W. ; required true course. 
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Compass course 8 pts. L. of N. 

Leeway (starboard tack) .... lj pts. L. 





9±pts. 


L. 


of N. 


= 


6£pts. 


R. 


of S. 


= 


76° 66' 16" 


R. 


of S. 




2° 30' 


L. 





Variation and deviation 

73° 26' 16" R. of S. 
True course, S. 73° 26' W. 

9. Given compass course E. T S., wind N.N.E. T E., leeway 2 T points, 
variation 21° 0' E., deviation 4* (K W. ; required true course. 

Compass course 7| pts. L. of S. 

Leeway (port tack) 2| pts. R. 

6 pts. L. of S. 
= 66° 15' L. of S. 
Variation and deviation .... 17° R. 

3©° 16' L. of S. 
True course, S. 39° 16' E. 

10. Given true course, E. by S. ± S., wind N. by W., leeway 2f points, 
variation 2 points W., deviation 3} points E.; required compass course. 

True course 6f pts. L. of S. 

Leeway (port tack) 2$ pts. L. 

Variation and deviation .... 1| pts. L. 

11 pts. L. of S. 
= 6 pts. R. of N. 
Compass course, N.E. by E. 

11. Given true course N. by W., wind N.E., leeway 3± points, variation 
2f points E., deviation 1 T points E.; required compass course. 

True course 1 pt. L. of N. 

Leeway (starboard tack) . . . . 3± pts. R. 
Variation and deviation .... 4j pts. L. 

2 pts. L. of N. 
Compass course, N.N. W. 

12. Given true course N.N.W., wind S.S.W., leeway 2| points, vari- 
ation 2f points E., deviation f point E.; required compass course. 

True course 2 pts. L. of N. 

Leeway (port tack) 2| pts. L. 

Variation and deviation .... 3j pts. L. 

8 pts. L. of N. 
Compass course, W. 
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13. Given true course 8. 64° E., leeway 0, variation 7°0 / W., devia- 
tion 15° 0' W. ; required compass course. 

True course 64° L. of S. 

Variation and deviation 22° R. 

42° L. of S. 
Compass course, S. 42° E. 

14. Given true course N. 44 W., leeway 0, variation 6° (T E., deviation 
20° (/ W. ; required compass course. 

True course 44° L. of N. 

Variation and deviation 14° R. 

30° L. of N. 
Compass course, N. 30° W. 

15. Given compass course N. 66° W., leeway 0, variation 10° 0'E., 
deviation 3° (K E. ; required true course. 

Compass course 65° L. of N. 

Variation and deviation 13° R. 

62° L. of N. 
True course; N. 62° W. 

16. Given compass course S. 16° W., leeway 0, variation 6° C W., 
deviation 18° 0' E. ; required true course. 

Compass course 16° R. of S. 

Variation and deviation 12° R. 



27° R. of S. 
True course, S. 27° W. 



I 
I 

17. Given compass course S. 18° E., leeway 0, variation 26°0 / E., I 
deviation 10° 0' E., required true course. I 

Compass course 18° L. of S. 

Variation and deviation 35° R. 

17° R. of S. 
True course, S. 17° W. 

18. Given compass course N. 30° E., wind S. by W., leeway 1± points, 
variation 12° 0' E., deviation 10° 0' W. ; required true course. 

Compass course 30° R. of N. 

Leeway (starboard tack) ... 14° 3' 46" L. 

Variation and deviation . . . 2° R. 

17° 66' 16" R. ofN. 
True course, N. 17° 66' E. 



TEACHERS 7 EDITION. 



319 



Exercise II. Page 332. 
1. Given L' 49° 67' N., O S.W. by W. t D 488.0; required L" and p. 



D= 488.0 
0=56° 16' 



p = DsinO. 

log D= 2.68842 

log sin C =. 9.91985 

logp = 2.60826 

p = 406.8. 



Ld — D cos C. 

log D= 2.68842 

log cos 0= 9.74474 

log£ d = 2.43316 

L d = 271' 

= 4° 31' S. 
Z,'= 49°57'N. 
2/'=46°26'N. 



2. Given L' 1° 46' N. f S.E. by E., D 487.8 ; required I," and p. 



D= 487.8 
C = 56° 16' 



p = DsinO. 

log D= 2.68824 

log sin O = 9.91985 

log p= 2.60809 

p = 406.6. 



Ld = 2> cos O. 

logD = 2.68824 

log cos = 9.74474 

log i d = 2.43298 

£ d = 271' 

= 4° 31' S. 
£'= 1°45'N. 
L" = 2°46' S. 



3. Given V 3° 16' S., O N.E. by E. * E., D 449.1 ; required Z" and p. 



D= 449.1 

= 64° 41' 16" 



p = DsinO. 

log D = 2.65234 

log sin O = 9.95616 

log p= 2.60850 

p = 406. 



Ld — D cos O. 

logD = 2.66234 

log cos O = 9.63099 

logX d = 2.28333 

L d =192' 

= 3°12'N. 
2/ = 3°15'S. 
Z" = 0° 3' S. 



4. Given U 2° 10 7 S., O N. by E., D 267.0 ; required Z" and p. 



2) =267.0 
0=11° 16' 



p = DsinO. 

log D= 2.42651 

log sin C= 9.29024 

log p= 1.71676 

p=62.1 



Ld = D cos O. 

logD= 2.42651 

log cos 0= 9.99157 

logZ d = 2.41808 

L d = 262' 

= 4°22'N. 
L' = 2° 10' S. 
Z"-2°12'N 
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5. Given L' 41° 30' N., C S.S. W., D 296.6; required L" and p. 



D= 296.6 
C=22°30 / 



p = DsinC. 

log D= 2.47066 

log sin C = 9.68284 

logp = 2.06840 

p= 118.1. 



L d = DcosC. 

log D = 2.47066 

log cos C = 9.96662 

log i d = 2.43618 

id =273' 

= 4°33'S. 
i'= 41 o 30 / N. 
i"=36°67'N. 



6. Given i' 21° 69' S., L" 24° 49 / S., D 360; required C and p. 



D =360 
id =170 



COBO=f- 

logi d = 2.23046 

log D= 2.56630 

log cos C = 9.67416 

C = 61° 49' 

= 6} pts., nearly. 



p*=(2>-id)(D+i rf ) 
= 190 X 530. 

log 190 =2.27876 

log 630 = 2.72428 

log p2 = 6.00303 

log p = 2.60161 

p = 317.3. 



7. Given i' 2° 9' S., i" 3° 11' N., D 364 ; required C and p. 



D =364 
id =320 



cosC = ^- 

log i d = 2.60616 

log D= 2.54900 

log cos C=9.95616 

C = 25° W 

= 2ipts. 



p* = (D-id)(D+id) 
= 34 X 674. 

log 34=1.53148 

log 674 = 2.82866 

logp2 = 4.36014 

log p = 2. 18007 

p= 151.4. 



8. Given L' 1° 3<K N., i" 0° 26' S.,CS. by W. ; required D and p. 



L d = 116 
C = 11° 15' 



D = id sec C. 

logi d = 2.06446 

log sec C = 0.00843 

logI> = 2.07289 

D= 118.3. 



p = i rf tanC. 

logi d = 2.06466 

log tan C= 9.29866 

logp= 1.36312 

p = 23.1. 



9. Given i' 40° 17' N. , L" 37° 6' N. , C S. by W. i W. ; required D and p. 



id = 191 I 

C =16° 62' 30" 



D= Ld sec C. 
log i d = 2.28103 
log sec C= 0. 01911 
log JD = 2.30014 
D= 199.6. 



p = id tan C. 

log id = 2.28103 
log tan C = 9.48194 
logp = 1.76297 
p = 57.9. 
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lO. Given U 38° 7 N., C S. W. by W., p 48.2 ; required L" and D. 



p = 48.2 
C=66°16' 



D = p esc C 

log p= 1.68306 

log esc C = 0.08016 

logD= 1.76320 
D=68.0. 



Ld — V cot C. 

log p= 1.68306 

log cot S = 9.82489 

log L d =1.60794 
L d = 32' S. 

Z/ = 38° 0'N. 
2/' = 37°28'N. 



11. Given 2/ 18° 26' N., C S.W. by W. f W., p 66.1 ; required X" 



and 2). 



p = 66.1 

C = 64°41' 16" 



D = p esc C. 

logp = 1.81358 

log cac C = 0.04384 

log J)~ 1.86742 
Z>= 72.02 



Xj = p cot 0. 

logp = 1.81368 

log cot C = 9.67483 

log L d = 1.48841 
i d = 31' <S. 
2/=18°26'N. 



2/'=17°64'N. 



12. Given 2/ 60° 18' N., L" 64° 48' N., D 299.0 ; required C and p. 



D= 299.0 
L d = 270 



cosC = ^- 

logL d = 2.43136 
log D= 2.47667 



log cos C = 9.1 

C = 26° 26' 30" 
= 2£pts., nearly. 



p*=(D-L d )(V+L d ) 
= 29 X 669. 
log 29 =1.46240 
log 669 = 2.76611 

logp 2 = 4.21761 
logp = 2.10875 
p= 128.5. 



13. Given X' 32° 30' N., £" 19° 69' N., D 812.0 ; required C and p, 

D= 812.0 1 _ L d 

L d = 761 | D 

log£ d = 2.87864 
log D =2.90986 

log cos C = 9.96608 log p* = 4.97929 

C = 22° 21' log p = 2.48964 

= 2 pts., nearly, i p = 308.8. 



p2=(D-L d )(D+X<«) 
= 61 X 1663. 
log 61 = 1.78533 
log 1563 = 3.19396 
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14. Given X' 2° 8' S., C N. 11° E., D 500 ; required X" and p. 



D=500 
C=ll° 



p = D sin C. 

log D= 2.60897 

log sin C - 9.28060 

log p = 1.97967 

p = 96.4. 



L d = D cos C. 

logD= 2.69897 

log cos C = 9.99195 

logX<* = 2.69092 

L d = 49r 

= 8° 11' N. 
X' = 2° 8' S. 
X" = 6° 3'N. 



15. Given X' 20° 21' S., C N. 20° E., D 402.0 ; required X" and p. 



D= 402.0 
C = 20° 



p = D sin C. 

log D= 2.60423 

log sin C = 9.53405 

log p= 2.13828 

p =137.6. 



Ld = D cos C. 

logD = 2.60423 

log cos C = 9.97299 

log L d = 2.67722 

X d = 378' 

.= 6°18'N. 
2/ = 20° 21' S. 



£" = 14° 3'S. 



16. Given X' 40° 26' S., C N. 87° E., D 240.0 ; required X" and p. 



D= 240.0 

C=87° 



p=DsinC. 

log D = 2.38021 

log sin C = 9.99940 

logp = 2.37961 

p = 239.7. 



L d = T> cos C. 
logD= 2.38021 
log cos O = 8.71880 
logX d = 1.09901 
L d - 13' N. 
L' = 40° 25' S. 
X" = 40°12'S. 



17. Given X' 20° 48' N., L" 17° 13' N., p 289.2 W. ; required C andD. 



* = 289 ' 2 I tanC=^ 

X d = 215 I *^ U X d 

logp= 2.46120 

logX d = 2.33244 

log tan 0=10.12876 

C = S. 63° 22' 18" W. 

= S. 63° 22' W. 



D = p esc C. 

logp = 2.46120 

log esc C = 0.09554 

log 2> = 2.65674 

D= 360.4. 
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18. Given 2/ 61° 45' N., L" 63° 11' N., p, 128.0 E. ; required and D. 



p=128.0| ^^JL. 




D = p cac O. 


L* = 88 | X d 




log p = 2. 10721 


logp = 2.10721 




log esc O = 0.08090 


log L d = 1.83460 




log L= 2.18811 


log tan 0=10.17271 




D= 154.2. 


0=N. 66° 6' 18" B. 




= N.E.byE. n< 


sarly. 




L9. Given 2/ 0° 20 7 S., £" 0° 18' N., p 


142.7 E.; required O and D. 


* = if 7 | tanO = f- 




X) = p esc O. 


&<i = 38 | L d 




log p= 2.15442 


logp = 2.16442 




log esc O = 0.01488 


logX <f = 1.57978 




logD = 2.16930 


log tan C=10.67464 




D= 147.7. 


0=N.76°6'19"E. 




= N.76°6'E. 






80. Given £' 40° 20' N., X'' 41° 87' N., 


p62.6 


W. ; required O and 


/ = ^.6| tanC= ^. 




D = p csc O. 


Xd=77 | L d 




logp = 1.72099 


log p= 1.72099 




log esc O = 0.24867 


logXd = 1.88649 




log D = 1.96966 


log tan C=9.83450 




D = 98.8. 


O = N.34°20'17' 


W. 




= N.34°20'W. 




/ 



Exercise III. Page 335. 

1. Given L 65° 66', X 7 2° W W., X" 12° 62' E. ; required p. 

p = 15^ X 33.62 = 506.4 E. 

2. Given L 62° O', X' 0° 59' W., X' 7 2° 24' E. ; required p. 

p = 3}| x 36.94 = 125.0 E. 

3. Given L 61° 25', X' 179° 20' W., X" 176° 62' E.; required p. 

p = 3|$X 28.71 = 109.1 W. 

4. Given L 66° 0', X' 3° 12' W., X" 4° 8' E. ; required p. 

p= 71 X 33.65 = 246.,0E. 
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5. Given L 80° <K, X' 10° 0' W., X" 17° 41' W. ; required p. 

p = 7jjx 10.42 = 80.1 W. 

6. Given L 60° <K, p 204.0 E., X' 100° 2' B.; required X''. 

X* = 204.0 t|= 408'= 6° 48' E.; 
X" = 160° 2' + 6° 48' = 166° 60* E. 

7. Given L 61° 28', p 70.9 E., X' 32° 7' W.; required X*. 

\d = 70.9 -f- 37.38 = 1.90° = 1° 54' E.; 
X" = 32° V - 1° 64' = 30° 13' W. 

a Given L 64° 16', p. 266.7 W., X' 170° 0' W.; required X". 
Xd = 266.7 -r 26.06 = 10.20 = 10° 12' W. ; 
X" = 170° 0' + 10° 12' = 180° 12' W. = 179° 48' E. 

. 9. Given L 46° 37', p 362.0 E., X' 163° 42' E. ; required X". 
Xd = 362.0 4- 41.21 = 8.64° = 8° 33' E. ; 
X" = 163° 42' + 8° 33' = 172° 16' E. 

10. Given L 39° 67', p 398.0 W. , X' 4° 8' W. ; required X". 

X* = 398.0 -7- 46.93 = 8.67° = 8° 39' W. ; 
X" = 4° 8' + 8° S9 7 = 12° 47' W. 

11. From latitude 32° 3' S., longitude 179° 46' W., a ship makes 54 
miles west (true). Required the longitude in. 

\d = 64 -r 60.86 = 1.06°= 1° 4' W.; 

X" = 179° 46' + 1° 4' = 180° 49' W. = 179° 11' E. 

12. From latitude 36° 30' S., longitude 27° 28' W., a ship sails east 
(true) 301 miles. Required the longitude in and the compass course; 
variation If points E., leeway £ point to the left, deviation 8° 60' E. 

\d = 301 -r 48.86 = 6.16° = 6° lO' ; 

X" = 27° 28' - 6° 10' = 21° 18' W. 

True course 8 pts. R. of N. 

Variation and leeway 2 pts. L. 



6 pts. 


R. 


,of N. 


= 67° 30' 


R. 


of N. 


8° 60' L. 





Deviation 

Compass course N. 68° 40' E. 
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J- Given X' 26° 36' N., X 
required C and D. 
L d = 1° 63' 

= 113 / 
£ w = 26°32' 
Ad =5° 5' 
= 805' 



Exercise IV. Page 340. 

27° 28' N., X' 60° V W., X" 54° 66' W.j 



. „ XrfC OSXm 

tanC= — — — • 

logXd= 2.48430 

log 008 2^ = 9.95167 

cologX d = 7.94692 



log tan C = 10.38289 
C=N.67°30 / E.= E.N.E. 



D=XdsecC. 

logXd = 2.06308 

log sec C= 10.41716 

logD= 2.47024 

D =295.3. 



2. Given X' 32° 30' N., X'' 34° 10' N., X' 26° 24' W., X" 29° 8' W.; 



required C and D. 
L d = 1° 4CK 

= 100' 
X* = 33° 2<T 
Xd = 3° 44' 

= 224' 



tanC= XdC08Xm - 
Xd 

logXrf = 2.35026 

logcosX m = 9.92194 

cologX d = 8.00000 

log tan C = 10.27219 

.-. C = N. 61° 63' W. 



D = L d sec C. 

logXd= 2.00000 

log sec C= 10.32673 

logZ)= 2.32673 

Z)= 212.2. 



3. Given X' 39° 3CKS., X"41°0 / S., X'74°20'E. 1 X 7 ' 70° 12' E. ; required 



CandD. 

Xd = i° 3<r 

= 90' 
X„ = 40° 16' 
Xd =4° 8' 

= 248' 



XdeosX.. 

™ L d 

logXd = 2.39445 

logcosX w = 9.88266 

cologXd= 8.04576 

log tan C = 10.32287 

.-. C = S. 64° 34' W. 



D = L d sec C. 

logXd= 1.96424 

log sec C = 10.36708 

log 2) = 2.32132 

D= 209.6. 



4. Given X' 46° 24' S., X' 178° 28' E., C S.E. * E., 2) 278.0; required 



X" and X". 
C = 53° 26 
D = 278.0 



Xd = 2> cos C. 
log 2) = 2.44404 
log cos C = 9.77607 
logXd = 2.21911 
L d = 166' 

= 2° 46' 
L' = 46° 24' 

X" = 49° KK S. 
X* = 47°47 / . 



Xrf = 2> sin C sec X m . 

log2>= 2.44404 

log sin C= 9.90480 

log sec L m = 10.17267 

logXd= 2.62151 

Xd = 332' 

= 6° 32' 
X' = 178° 28' 



X" = 184° 
= 176° 



O'E. 
O'W. 
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5. Given X' 20° 29/ N., X' 179° 10' W., C W. by S. T S., 2) 333.0; 



required X" and X' 
C=73°7' I 
2)=333 



L d = D cos C. 
log 2) = 2.52244 
log cos C= 9.46303 

log Ld- 1.98648 
L d = 97' 

= 1°37' 
X' = 20° 29' 



X"=18°62'N. 
X m =19°40 / . 



Xd = Z>sinCsecX m . 
logD= 2.52244 
log sin C= 9.98087 
log sec2^ = 10.02610 

logXd= 2.52941 
Xd = 338' 

= 5° 38' 
X' = 179° W 



X" = 184° 48' W. 
= 175° 12' E. 



6. Given X' 0° 56' N., X' 29° 50 7 W., C S. 47° E., D 168.0 ; required 



and X". 




C = 47° 


1 Ld = 2) cos C. 


D- 168 


1 log D= 2.22530 




log cos C= 9.83378 




logX<* = 2.06908 




X«i=115' 




= 1° 56' 




X' = 0° 56' 




X // = 0°69 , S. 




£* = o° r. 



X<* = 2) sin C seel*, 
log 2) = 2.22630 
log sin C= 9.86413 
log sec X m = 0.00000 

log Xd = 2.08943 
\d = 123' 

= 2° 3' 
X / = 29°50 / 



X" = 27° 47' W. 



7. Given L' 42° 25' N., X' 66° 14' W., C S.E. by E., D 26.0 ; required 



X" and X". 

C=66°16' 
2)= 26.0 



Ld = D cos C 

log 2) = 1.39794 

log cos C= 9.74474 

logX<*= 1.14268 
£<* = 14' 
X' = 42° 26' 



X" = 42° 11' N. 
X m =42°18'. 



X<* = 2) sin C sec X*. 
log 2) =1.39794 
log sin C= 9.91985 
log secX m = 0.13098 

log Xd= 1.44877 
\d= 28' 
X' = 66° 14' 



X" = 66° 46' W. 



8. Given X' 42° 8' N., X' 65° 48' W., C E. T S., 2) 126.0; required 
X" and X". 
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(7= 84° 22' 
D= 126.0 



X rf =DcoBC. 

log D= 2.10037 

log cos C = 8.09104 

logX d = 1.00231 
L d = 12' 
X'=42° 8' 



X" = 41°66''N. 
X* = 42° 2'. 



Xd = D sin C sec X*. 
logD= 2.10037 
log sin C = 9.99700 
og sec X TO = 0.12916 

log id = 2.22743 
Xd = 168' 

= 2° 48' 
X , = 65°48 / 



X'' = 63° (K W. 



9. Given X' 41° S2 7 N., X 7 62° 47' W., CE.j S., D 161.0; required 



X" and X" 



C = 84° 22' 
D= 161.0 



I L d = I> cos C. 

I log D= 2.20683 

log cos C = 8.99194 

log X rf =1.19877 
L d = 16' 
X' = 41° 62' 



X" = 41° 36' N. 
1^ = 41° 44' N. 



Xd = 2) sin C sec X*. 
log I) =2.20683 
log sin C = 9.99789 
log sec X TO = 0.12712 

logXd = 2.33184 
Xd = 216' 

= 3° 35' 
X' = 62° 47' 



X" = 59° 12' W. 



10. Given X' 41' 
required X" and D. 

Xd=12 D=£dsecC. 

X w =41°32' log id =1.07918 

C = 78° 46' log sec C = 0. 70976 

logD= 1.78894 
D=61.5. 



>' N., X" 41° 26' N., X' 69° 16' W., C E. by S.; 



Xd = D sin C sec X w 
log D= 1.78894 
log sin C = 9.99167 
log sec X m = 0.12677 

logXd= 1.90629 
Xd = 81' 

= 1°21' 
X' = 59° 16' 



X" = 67° 66' W. 



11. Given X' 41° W N., X" 41° 11' N., V 67° 47' W., D 167.0 ; required 
X* and C. 
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X w = 41 16' 
D= 167.0 



cosC = 



-^*. 



D 



logXd = 0.90309 

log D = 2.22272 

log cob C = 8.68037 

C = 87° 16'. 



Xd = DainCseoX n . 

logD= 2.22272 

log sin C = 9.99950 

log sec Xi. = 012387 

logXd = 2.34609 

Xd = 222' 

= 3°42 / 
X / = 57°47 / W. 
X" = 61° 29' W. 
or 64° 6'W. 



12. Given L' 46° 28' N., X" 46° 17' N., X' 22° 18' W., X'' 19° 39' W.; 



required C and D. 
X*=71 
X m = 46°62' 
Xrf=169 



. ~ XrfCOsZ/,,, 
tanC = ,. ^* - 
X* 

logXd = 2.20140 

logcosX m = 9.84282 

cologXd = 8.14874 

log tan 0=10.19296 

C=S. 67° WE. 



2)=id8ecC. 
logX d = 1.86126 
log sec C = 0.26761 
logD = 2.11887 
D= 131.6. 



13. Given 1/ 26° 30 7 S., X" 28° 16' S., X' 2° 16' E., X" 11° % 17' E.; 



required C and D. 
L d = 166 
L m = 26° 62 / 
Xd = 642 



. ^~ X<< cos X» 
tanC= _ ^ * 
X* 

logXd= 2.73399 

logcosZ^= 9.96039 

cologXd = 7.78252 

log tan C = 10.46690 

C=S. 71° 9' E. 



D = L rf sec C. 
logX d = 2.21748 
log sec C = 0.49067 
log D= 2.70816 
D= 610.7. 



14. Given X' 33° 4(K N., X" 30° W N., X' 13° 2(K E., X" 17° 56' E.; 



required C and D. 
X d =171 
Xm = 31° 44' 
Xd = 276 



UmC= XdC(MLm ' 
Ld 

logX d = 2.44090 

logcosX TO = 9.92968 

cologXd= 7.76700 

log tan C= 10.13758 

C=S. 53° 46' 



D = X d sec C. 
log Xd= 2.23300 
log sec C= 0.22836 
logD = 2.46136 
D = 289.3. 
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15. Given X' 19° 30' S., X" 17° 24' S., X 7 0° W E., X" 1° 28' W.; 



required C and J), 
X d = 126 
X* = 18° 27' 
Xd = 98 



Ld 

log Xd= 1.99128 

log cos X w = 9. 97708 

cologXd = 7.89963 

log tan C= 9.86794 

C=N.36°25'W. 



D = Xd sec C. 
logXd = 2.10037 
log sec C= 0.09435 
log D= 2.19472 
D= 166.6. 



C = 22° 30' 
D= 184 



16. A ship sails from Boston light-house, in latitude 42° 20' N. , longi- 
tude 71° 4' W., on a N.N.E. course, 184 miles. Find the latitude and 
longitude in. 

Ld = B cos C. 

log D= 2.26482 

log cos C = 9.96603 

logX d = 2.23086 

X d =170' 

= 2° 50' 
X' = 42° 20' 



X" = 46° KK N. 
X m =43°45 / . 



Xd = D sin C sec X m . 
log D= 2.26482 
log sin C = 9.68284 
log sec X,n = 0.14124 • 
log Xd= 1.98890 
Xd = 97' 
= 1°37' 

X" = 69° 27' W. 



C = 22° 30 7 
D = 240 



17. A ship sails from Cape May, in latitude 38° 66' N., longitude 
74° 57' W., on a S.S.E. course, 240 miles. Find the latitude and longi 
tude in. , 

I Ld — D cos C. 

I log D= 2.38021 
log cos C = 9.96603 
logX d = 2.34624 
Xd = 222' 

= 3° 42' 
X' = 38° 56' 



X" = 36° 14' N. 
X OT =37° 6'. 



Xd = D sin C sec X TO . 

log D= 2.38021 

log sin C = 9.58284 

log sec X» = 0.09813 

log Xd = 2.06118 

Xd=115' 

= 1°56' 
X' = 74° 57' 



X // =73° 2'W. 



18. A ship sails from Cape Cod light, in latitude 42° 2' N., longitude 
70° 3' W., on an E. by N. compass course, 170 miles; wind S.E. by S., 
leeway £ point, deviation 17f° E., variation 11±° W. Find the latitude 
and longitude in. 
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Compass comae 
Leeway 



7 pts. R. of N. 

ipt. L. 

6* pts. R. of N. 
= 75° 66' R. of N. 
Variation and deviation .... o^SP'R. 
True course N. 82° 26' E. 



C = 82°26' I L d =Dco*C. 

D =170 I log J)= 2.28046 

log cos C = 0.11951 

log id = 1.34096 

L d = 22 / 

i' = 42° 2' 



i" = 42°24'N. 
Z* = 42° 13 7 . 



Xd = 2) sin C sec £»• 

log D= 2.23045 

log sin C = 9.99620 

log sec 2^ = 0. 13041 

logXd = 2.36706 

Ad = 228' 

= 3° 48' 
X'= 70° 8' 
X // = 66°15 / W. 



19. A ship sails from Cape Cod light on a S.S.E. compass coarse, 140 
miles; deviation 5+° E., variation 11J° W. Find the latitude and longi- 
tude in. 

Compass course 22° 80' L. of S. 

Variation and deviation . . . . . 5° 45" L. 

True course S. 28° 15' E. 



C = 28°15' 
2)= 140 



L d = D cos C. 

log 2) =2.14613 

log cos C = 9.94492 

log id = 2.09106 

id = 123' 

= 2° 3' 
i'=42° 2' 



i" = 39° 69/ N. 
Lm = 41° V. 



\d = 2)sinCseci*. 

log D = 2.14613 

log sin C = 9.67616 , 

log sec i,„ = 012222 

log Xd= 1.94361 

Xd = 88 / 

= 1°28 / 
X'= 70° 3 / 
X" = 68° 35' W. 



20. A ship sails from latitude 55° 1' N., longitude 1°25 / W., on a S.W. 
compass course, 101 miles; wind W.N.W., leeway 1J points, deviation 
6° W., variation 24° 66' W. Find the latitude and longitude in. 



Compass course ... 4 pts. R. of S. 


L d = D Xd = 0. 


Leeway l£pts. L. 


= ior X" = X' 


2* pts. R. of S. 


= 1°41' = 1°25'W. 


= 80°66 / R. of S. 


i' = 65° 1' 


Variation and deviation 30° 56' L. 


i" = 53°20'N. 


True course .... & 
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21. A ship sails from the Bermudas, in latitude 32° 18' N., longitude 
64° 60 7 W., on a W.S.W. compass course, 190 miles; deviation 1 point 
W., variation 1 point W. Find the latitude and longitude in. 



Compass course 
Variation and deviation 



True course 

C = 46° 
D=190 



I La = D cos C. 

I log D= 2.27875 

log cos C = 9.84949 

logX d = 2.12824 
L d = 134' 

= 2° 14' 
L' = 82° 18' 



£" = 80° 4'N. 
i m = 31°ll / . 



6 pts. R. of S. 
2 pts. L. 

4 pts. R. of S. 
Xd = D sin C sec £„,. 
logD = 2.27875 
log sin C= 9.84949 
log sec L m = 0.06777 

logXd = 2.19601 
\d = 167' 

= 2° 37' 
X' = 64° 5XT 



X" = 67° 27' W. 



22. A ship sails from the Bermudas on a W.N.W. compass course, 90 
miles ; wind S. W., leeway 1 point, deviation 1 point E., variation 1 point 
W. Find the latitude an,d longitude in. 



Compass course . 

Leeway 

Variation and deviation 



True course 

C = 66° 15' 
D = 90 



I Xd = J> cos C. 

I logD= 1.96124 

log cos C = 9.74474 



log L d =1.6 
L d = 50' 

£' = 32° 18' 



2/' = 33° 8'N. 
Z* = 32°47'. 



6 pts. 

Ipt. 




L. 
R. 


of N. 


5 pts. 
= 56° 16 > 


L. 
L. 


of N. 
ofN. 



\d = D sin C sec L m . 
log D =1.96124 
log sin C = 9.91985 
log sec X w = 0.07602 

logXd= 1.94911 
Xd = 89' 

= 1°29 / 
X 7 = 64° W 



X // = 66°19 / W. 



23. A navigator wishes to sail on a rhumb from the Bermudas to Cape 
Fear, in latitude 33° h% tf ., longitude 78° W. ; variation 10° W., deviation 
7° W. Hod the compass course and distance* 
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X * = W XiCOBZ,,, 

L m = 32°6' i^ 

Xd=790 logXd= 2.80763 

logco8X m = 9.92318 

oologZrf= 8.02887 

log tan C=10.84768 

0=N. 81°66'W. 
Var. anddev. = 17° W. 



Compass course N. 64° 66' W. 



D=Ld8©ca 
log i d = 1.97313 
log sec O = 0.85197 
log D= 2.82610 
D= 668.6. 



24. A ship from latitude 36° 32' N. sails between south and west until 
she has made 480 miles of departure, and 9° 22' of difference of longi- 
tude. Required the latitude in, the course steered, and the distance run. 
[Take L m = * (X' + X") + 13'.] 



p = 480 
Xd = 662 



cos.E* = f^' 
^ Ad 

log j> = 2.68124 

log Xd = 2.74974 

log cos Z* = 9.93160 

X«=31 o 20 / . 

X" = 2(X m -13')-X' 

= 25°42'N. 

id=10°60 / 

= 660. 



tanO = £- 
I'd 

log p= 2.68124 

logXd = 2.81291 

log tan 0=9.86833 

0=S. 36°27'W. 

D = j>cscC. 

logp = 2.68124 

log esc O = 0.22613 

logD = 2.90737 

D= 807.9. 



Exercise V. Page 347. 

1. Given X' 38° 14' N., X" 39° 61' N., X' 2° V E., X" 4° 18' E. ; required 
O and D. 

39° 51' N. Mer. parte = 2696.2 4° 18" E. 

38°14'N. =2471.8 . 2° 7" E. 



L d = 1°37' = 97' 

tanO = ^- 



Mer. La 
logXd = 2.11727 

colog Mer. X* = 7.90618 
log tan =10.02246 

.-. = N. 46°29'«. 



Mer. L d = 124.4 X* = 2° 11" = 131' 
D = Xd sec O. 



logXd = 1.98677 
log 860 = 0.16205 
logD = 8.14888 
.\D= 140.9. 
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2. Given X' 40° 53' N. , X" 48° 28' N. , X' 6° W W„ X" 6° 3' W. ; required 
C and D. 

49° 63 7 N. Mer. parts = 3446.0 6° 19 7 W. 

48° 28' N. Mer. parte = 331&4 5° 3' W. 

L d =- 1° 25' = 85' Mer. L d = 129.6 Xd = 1° 16' = 76' 

tan C = _, ^ • D=L d sec C. 

Mer. Xd 

logXd =1.88081 logX d =1.92941 

colog Mer. L d = 7.88730 log sec C = 0.06416 

log tan C =9.76829 logD =1.99367 

.-. C = S. 30° 23' E. .-. D = 98. 5. 

3. Given X' 64° 30' N. , X" 60° 40' N. , X' 4° 20' W. , X" 0° 10' E. ; required 
CandD. 

64° 30 / N. Mer. parte = 6087. 7 4° 20 7 W. 

60°40 / N. Mer. parts = 4682.2 0° 10 ' E^ 

X d = 3°60 , = 230 / Mer.Xd= 606.6 Xd = 4° 30' = 270 7 

tanG= m - Xd r - D=X rf secC. 

Mer. X d 

logXd =2.43136 logXd =2.36173 

colog Mer. L d = 7. 29628 log sec C = 0.06669 

log tan C =9.72764 logD =2.42742 

.-. C = S. 28° 24' E. .-. 2) = 261.6. 

4. Given X' 64° 64' S., X" 34° 22' S., X' 60° 28' W., X" 18° 24' W.; 
required C and D. 

64° 64' S. Mer. parts = 3938. 7 60° 28' W. 

34° 22' S. Mer. parts = 2186.1 18° 24' W. 

Xd = 20° 32' = 1232' Mer. L d = 1763.6 Xd = 42° 4' = 2624' 

tan C = _, ** _ • D = X d sec C. 

Mer. Xd 

logXd = 3.40209 logXd =3.09061 

colog Mer. L d = 6.76607 log sec C = 0.24376 

log tan C =10.16816 logD =3.33437 

.-. C = N. 66° 13' E. .-. D = 2160. 

5. Given X' 17? 7 N„ X" 20° 0' N. , X 7 180° 7 E. , X" 177° 0' E. ; required 
CandD. 

20° 7 N. Mer. parte = 1217.8 180° 0' E. 

17° V N. Mer. parte = 1023.6 177° 7 E. 

X rf a 8°fy = 180 / MerXd* 188.7 X*= 80°0 7 sl80' 
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tanC = „ ' ' D = Z d secC. 
Mer. \d 

logXd =2.26627 logXd =2.25527 

colog Mer. Zj= 7.72423 log sec C = 0.14062 

log tan C =9.97960 logD =2.39679 

C = N. 43°39 7 W. 2) = 248.8. 

6. Given Z 7 46° 16' N., X' 36° W W., C N. 49° E., D 175; required 
Z" and X". 

Ld = D cob C. Xd = D sin C secX,,,. 

log 2) =2.24301 log 2) = 2.24301 

log cos C = 9.81694 log sin C = 9.87778 

log Z d = 2.06996 log sec Z* = 10.15980 

Z d =115 / logXd = 2.27959 

= 1°56 7 .-. X d = 190 / 

Z / = 45°15 / = 3? ll 7 

Z 77 = 47° 10 7 N. X 7 = 35° 26 7 

Ln, = 46° 12 7 . X" = 32° 15 7 W. 

7. Given L' 66° l 7 N., X 7 1° 26 7 E., C K. 10° E., D 246 ; required I" 
and X". 

L a = D cos C. 56° l 7 N. , Mer. parts = 3960.9 

log I) =2. 39094 69° 3' N. , Mer. parts = 4395.3 

log cos C = 9.99313 Mer. L d = 444.4 

logD =2.38407 X* = Mer. L d X tan C. 

D = 242' log Mer. L d = 2.64777 

= 4°2 7 log tan C = 9.24632 

Z' = 55° l 7 log \d = 1.89409 

Z 7/ = 69° 3 7 N. .-. \d = 78 7 

Z m =67°2 7 . =1°18 7 

V = 1° 25 7 



X" = 2° 4& E. 

8. Given Z 7 60° 48 7 N., X 7 9° 10 7 W., C S. 41° W., D 276 ; required L" 
and X 77 . 

L d = D cos C. 50° 48 7 N., Mer. parts = 3632.0 

log B = 2.43993 47° 20 7 N. , Mer. parts = 3215.2 

log cos C = 9.87778 Mer. L d = 316.8 

logZrf = 2.31771 \d = Mer. Z d 'tan C. 

.-. Z rf = 208 7 log Mer. L d = 2. 50079 

= 8°28 7 logtanC = 9.93916 

Z 7 = 50° 48 7 log Xd = 2.43995 

Z 77 = 47° 20 7 N. Xd = 275 7 

Z w = 49°4 7 . = 4°.35 7 

X' = oo'iy 



X" = 13« 46 7 W. 
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9. Given X' 37° <K N., rS^l^N., X / 48°20 / W., 2)1027; required 
V' and C. 

51° 18' N. 
37° O'N. 



L d = 14° 18' 
= 868'. 

logX* = 2.93349 
logD = 3.01157 
log cos C = 9.92192 

C = N. 33° 20' W. 



Mer. parts = 3579.6 
Mer. parts = 2378.8 
Mer. L d = 1200.8 



10. Given If 61° 16' N., L" 
required X" and D. 

51° 16' N. 
37° 5'N. 
X d = 14° 1(K 

= 860 / . 
C = 33° 46'. 
D = X<f sec C. 
logXd =2.92942 
log sec C = 0.08015 
logD =3.00967 
D =1022. 



Ad = Mer. L d tan C. 

log Mer. L d = 3.07947 
log tan C = 9.81804 
log A* =2.89761 

Ad =790' 
= 13° 10' 

A' = 48° 20' 

X" = 61°30' W. arSS'lP W. 

37° 6' N., A' 9° 60' W., C S.W. by S.; 



Mer. parts = 3674.8 
Mer. parts = 2385.1 
Mer. Xd = 1189.7 

Ad = Mer. L d tan C. 
log Mer. Xd = 3.07542 
log tan C = 9.82489 
log Ad =2.90031 

Ad = 796' 

= 13° 15' 
A'= 9° 50' 
X" = 23° 6'W. 

11. Required the course and distance from Toulon to Valencia, by 
Mercator's sailing: 

, = 43° 8'N. TT1 . /X = 39°27 / N. 

'WB. Valenciaj x= 0O w w 

Mer. parts = 2858.3 6° 66' E. 

Mer. parts = 2565.2 0° 19 / W. 

Mer. Xd = 



Toulon 

43° 8'N. 
39° 27' N. 



«:■ 



Xd= 3°41 / = 22r 

D = Xd sec C. 

logXd =2.34439 
log sec C = 0.21050 
logD = 2.55489 
D= 358.8. 



293.1 

tanC = 



Xd = 6° 16' = 376' 
Ad 



Mer. Xd 
log Ad = 2.57403 

log Mer. Xd = 2.46702 
log tan C =10.10701 

C = S. 51° 69' W. 
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12. Required the cgmpass course and distance from Cape East, New 
Zealand, to San Francisco; variation 14° 20' E., and deviation 5° 4C E.: 

CapeEast{ x=178036 , E San Francisco ( x = ^ ^ w 

37° 48' N. Mer. parts = 2439.0 178° 36' E. 

3 7° 40' S. Mer. parts = 2428.9 122° 24' W. 

Z,d= 76° 28' = 4528' Mer. L d = 4867.9 Ad = 59° IT =3540' 

D = L d sec C. tan C = w Xd T • 

Mer. Ld 

\ogL d =3.65691 logXd =3.54900 

log sec C = 0.09222 log Mer. L d = 3.68734 

logD =3.74813 log tan C =9.86166 

D=6699. C=N. 36°2'E. 

Var. and dev. = 20° 0' L. 



Compass course = N. 16° 2' E. 

13. Required the course and distance from Cape Lopatka to Callao : 

Cape Lopatka{^ = ^ %* J; Callao{^ = J£ £ ^ 

61° 2' N. Mer. parts = 3654.1 156° 50' E. 

12° 4' S. Mer. part s = 724.6 77° 14' W. 

L d = 63° iV = 3786' Mer. L,, = 4278.7 234° 4' 

360° - 234° 4' = 125° 56' = 7656 m. = A* 

2)=L d secC. tan C=— ^— -• 

Mer. Ld 

\ogLd =3.57818 log A* = 3.87829 

log sec C = 0.30744 colog Mer. L d = 6.36869 

logZ) =3.88562 log tan C =10.24698 

D = 7085. C = S. 60° 29^ E. 

14. A ship from latitude 20° 40' X. sails N.E. by N. until she is in 
latitude 27° 16' N. Required the distance and difference of longitude. 

27° 16' N. Mer. parts = 1691.0 

20° 40' N. Mer. parts = 1259.7 
L H = 0° 36' =396'. Mer.X d = 431.3 

C = 33° 46'. 

D = Ld sec C. X*i = Mei. L d tan C. 

log Ld = 2. 69770 log Mer. L d = 2.63478 

log sec C = 0.08015 log tan C = 9.82489 

log 2) =2.67785 log A* =2.45967 

D=476.a. A* = 288' = 4° 48\ 
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15. A ship from Cape Clear, in latitude 51° 26' N. and longitude 9° 29' 
W., sails S.W. by S. until the distance run is 1022 miles. Find the lati- 
tude and longitude in by Mercator's and Middle Latitude Sailings. Which 
method is preferable ? 

By Mercator's Sailing, 
Mer. parts of 51° 26' = 3592.4 
Mer. parts of 37° 16' = 2398.8 
Mer. L d = 1193.6 



D= 1022 
C = 33° 46' 



Ld = D cos C. 
log D = 3.00946 
log cos C = 9.91985 
log id =2.92930 

L d = 860' 
= 14° 10' 

V = 51° 26' 

L 



= 37° 16' N. 
Z m =44°21'N. 



Mercator's Sailing is preferable, 
since C<45°. 



Xrf = Mer. Ld tan C. 
log Mer. L d = 3.07686 
log tan C = 9.82489 
logX d =2.90175 

\d = 798' 
= 13° 18' 

V= 9° 29' 

X" = 22° 47' W. 

By Mid. Lat. Sailing, 

X d = I) sin C sec L m . 

logD =3.00945 

log sin C =9.74474 

log sec L m = 0.14564 

logXd =2.89983 
Xd = 794' 

= 13° 14' 
X'= 9° 29' 
X" = 22° 43' W. 



Exercise VI. Page 351. 
1. 



a 


D 


N. 


8. 


K 


W. 


S.S.W. 2 pts. 
S.W. by S. ! 3 pts. 
N.E. 4 pts. 


48 
24 


17 


44.3 
29.9 


17 


18.4 
20. 


Hence, L d = 57.2 S. 

= 0° 57' 

p = 21.4 W 


S. 

r 




74.2 
17. 


17 


38.4 
17. 


57.2 


21.4 
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2. 



a 


D. 


N. 


S. 


E. 


W. 


ME. 

S.W.JS. 

S.S.W.JW. 


ipt. 
3jpto. 
2Jpts. 


18 
37 
56 




17.9 
28.6 
60.6 


*1.8 


23.5 
23.9 


Hence, i d -97.1 S. 
-1°37'S. 





97.1 
0. 


1.8 


47.4 
1.8 


f 


-46.6 W. 


97.1 


45.6 



3. 



a 


D. 


N. 


S. 


E. 


W. 


S.S.W. i w. 
s.s.w. i w. 

S.byW. JW. 


2ipte. 
2Jpts. 
ljpte. 


43 

39 
27 




38.9 
34.4 
25.8 




18.4 
18.4 

7.8 


Hence, L d - 99.1 S. 
- 1° 39' S. 







99.1 
0. 





44.6 
0. 


P- 


- 44.6 W. 


99.1 


44.6 



4. 



a 


D. 


N. 


S. 


E. 


W. 


N. 25° W. 
N. 8°E. 
N. 19° E. 
N. 76° E. 


16.4 

7.8 

13.7 

39.6 


14.9 
7.7 

13.0 
9.6 




0.1 

1. 

4.5 

38.4 


6.9 


Hence, L d - 46.2 N. 
= 0°45'N. 
p - 37.1 E. 


45.2 
0. 





44. 
6.9 


6.9 


45.2 


37.1 
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D. 



N. 



E. 



W. 



W.N.W. J W. 
N.N.E. f E. 
N. by E. } E. 
S.S.W. i W. 



6J pts. 
2Jpte. 
ljpte. 
2Jpte. 



21 
9 
9 

30 



7.1 
7.7 
8.5 



27.1 



4.6 
3.0 



19.8 



12.8 



Hence, L d = 3.8 S. 
= 0°4'S. 
/>=25.0W. 



23.3 



27.1 
23.3 



3.8 



7.6 



32.6 
7.6 



25.0 



a 


D. 


N. 


S. 


E. 


W. 


S. 83° W. 
S. 48° E. 
N. 48° W. 
N. 36° W. 


23 
25.2 
27.1 
2.1 


18.1" 
17. 


2.8 
16.9 


18.7 


' 22.8 

20.1 
12.3 


Hence, L 4 - 15.4 N. 
= 0°15'N. 
.» j) = 36.5W. 


35.1 

19.7 


19.7 


18.7 


55.2 
18.7 


15.4 


36.5 



7. 



a 


D. 




& 


E. 


W. 


S. 17° E. 
S. 45° W. 
N. 36° W. 
N. 41° W. 
E. (90°). 


48 
19 
18 
50 
36 


14.6 

37.7 

.0 


45.9 
13.4 

.0 


14.0 
36.0 


13.4 
10.6 
32.8 


Hence, X d = 0°7 / S. 

*x A ft W 


52.3 


59.3 
52.3 


50.0 


♦56.8 
50. 


J? ™ D.O W. 




7. 


6.8 



340 



NAVIGATION. 
8. 



a 


D. 


N. 


8. 


E. 


W. 


N.N.E. 


2pts. 


31 


28.6 




11.9 




E.N.E. 


6pts. 


35 


13.4 




32.3 




E. by S. 


7pts. 


36 




7 


35.3 




S.S.E. 


2pts. 


51 




47.1 


19.5 




S. by E. 


lpt. 


60 




58.8 


11.7 




Hence, L d = 70.9 




42.0 


112.9 


110.7 




- 1° 11' 


S. 
E. 




42.0 




■ 


? 


- 110.7 


70.9 



a 


D. 


N. 


S. 


E. 


W. 


S. 44° E. 


69 




49.6 


47.9 




S. 85° E. 


68 




5.9 


67.7 




S. 27° E. 


25 




22.3 


11.3 




N. 37° W. 


5 


4.0 






3.0 


N. 20° W. 


13 


12.2 






4.4 


Hence, L 4 =■ 61.6 


16.2 


77.8 


126.9 


7.4 


-1°2'S. 




16.2 


7.4 




p- 119.5] 


E. 


61.6 


119.5 



Exercise VII. Page 359. 

1. First course : N.N.E. -2 pointe R. of N. - N.22°30 / E., 31.4 m. 

Second course : E.N.E. - 6 points R. of N. - N. 67° 30 7 E., 35 m. 

Third course : E. by S. = 7 points L. of S. = S. 78° 45' E., 36.1 m. 

Fourth course : S.S.E. = 2 points L. of S. = S. 22° 30' E., 50.9 m. 
Tide couree : = 1 point L. of S. = S. 11° 15' E., 60 m. 
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The Tbavbbsb. 



a 


D. 


K 


S. 


K 


W. 


N.N.E. 


2pts. 


31.4 


29. 




12. 




E.N.E. 


6 pts. 


35. 


13.4 




32.3 




E. by S. 


7pte. 


36.1 




7. 


35.4 




S.S.E. 


2 pts. 


50.9 




47. 


19.5 




S. by E. 


lpt. 


60. 




58.8 


11.7 




Z<f=70.4' 


= 1°10'S. * 


42.4 


112.8 


110.9 


= JP- 


If 
L" 


= 46° 28' N. 




42.4 






= 45° 18' 


N. 


70.4 



\d = 159.3' 

= 2°39'E. 
\' = 22° 18' W. 
X" = 19° 3^ W. 

= 11° 15' R. of S. 
12° 2(T L. of S. 
1° 5' L. of S. 
, 40 m. 



p = 110.9 \d = p sec Z m . 

£» = 45° 63' log p = 2.04493 

log sec X w = 0.15731 
logXd = 2.20224 

2. .Ffrat course: 

S. by W.= lpt. R. of S. 

Variation 

True course 

Hence, course and distance S. 1° 6' E. 
Second course (starboard tack): 

S.W. by S.= 3pts. R. of S. 
Leeway = 1 pt. L. 

2 pts. R. of S. = 22° 30 / R. of S. 

Variation 12° 20' L. 

'True course 10° lO' R. of S. 

Hence, course and distance S. 10° 10' W., 69.6 m. 
Third course: 

S.W. by W.= 5 pts. R. of S.= 56° 15' R. of S. 

Variation 12° 2(T L. 

True course 43° 56' R. of S. 

Hence, course and distance S. 43° 55' W., 58.5 m. 

Current course: 

W.S.W.= 6 pts. R. of S.= 67° 30' R. of S. 

Variation 12° 20' L. 

True course 55° 10' R. of S. 

Hence, course and distance S. 55° 10' W., 36 m. 
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The Tbavekse. 








a 


D. 


N. 


8. 


E. 


W. 


8. 1°E. 
8. 10° W. 
S.:44°W. 
8. 55° W. 


40. 
69.6 
58.5 
36. 




40. 
68.6 
42.1 
20.6 


0.7 


12.1 
40.7 
29.5 


£,= 171.3'= 2° 51' 8. 
Z' = 33° 4C N. 


s 


171.3 


0.7 
P = 


82.3 
0.7 


L" = 30° 49 


'N. 


81.6 



p = 81.6 
£ m = 32°16' 



Xd = pseci m . 
logp = 1.91169 
; sec L m = 007277 
log \d= 1.98446 



X d = 96 / 

= 1°36'W. 
\' = 16° 20' W. 
X" = 17° 56' W. 



3. First course (starboard tack): 

N. by E.= lpt. R. of N. 
Leeway = 1 pt. L. 

= due north = 0° 
Variation W. 13° 30' L. 



13° 30 7 L. of N. 
Hence, course and distance N. 13° 30 7 W., 37.7 m. 

Second course (starboard tack) : 

N.= 0°pt. 
Leeway = 1 pt. L. 

lpt. L.= 11°15'L. of N. 
Variation W. 13° SV L. 

24° 45' L. of N. 
Hence, course and distance N. 24° 45'. W., 38.7 m. 

Third course (starboard tack): 

N.N.W.= 2pts. L. of N. 

Leeway = 1 pt. L. 

3 pts. L. of N.= 33° 45' L. of N. 
Variation . . . . W. 13° 30' L. 

47° 15' L. of N. 
Hence, course and distance N. 47° 15' W., 76.6 m. 
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Current course: 

W.N.W.=6 pts. L. of N.= 67° 30 7 L. of N. 

Variation 13° 30' L. 

81° O'L-ofN. 
Hence, coarse and distance N. 81° W., 12 m. 

The Traverse. 



c. 


D. 


• N. 


S. 


K 


w. 


N. 14° W. 
N. 26° W. 
N. 47° W. 
N. 81° W. 


37.7 
38.7 
76.5 
12. 


36.6 
36. 
62.1 
1.9 






9.2 
16.4 
66. 
11.9 


L d = 126.6'= 2° 6'N. 
i' = 19° 30' S. 
£" = 17° 24' S. 


125.6 




P = 


93;6 



p = 93.6 .Xd = p sec L m . 

L m = 18° 27' log p = 1.97081 

log sec X m = 0.02296 
logXd =1.99377 



Xd = 99' 

= 1° 39' W. 
X / = 0°J0^E 1 
X" = 1° 29' W. 



4. Departure course (the opposite of W.S.W.): 

E.N.E. The ship's head S.E. by E.; the deviation is the same as for 
the first course. 

E.N.E. = 6 pts. R. of N.= 67° 30' R. of N. 
Variation and deviation . 17° L. 

60° 3(r R. of N. 
Hence, course and distance N. 50° 30' E., 18 m. 

First course: 

S.E. by E.= 5 pts. L. of S.= 56° 15' L. of S. 
Variation and deviation . . . 17° L. 

True course 73° 16' L. of S. 

Hence, course and distance S. 73° 15' E., 62- m. 
Second course (port tack): 

S.E. = 4 pts. L. of S. 

Leeway = j pt. R. 

3± pts. L. of S. = 39° 22' L. of 8. 
Variation and deviation . 19° L. 

True course .... 



58° 22' L. of a. 
Hence, course and distance S. 58° 22' E., 43 m. 
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Third course (starboard tack) : 

E. by N.= 7 pts. R. of N. 
Leeway = 1 pt L. 

6 pts. R. of N.= 67° dV R. of N. 
Variation and deviation . 11° L. 



True course 66° 3C R. of N. 

Hence, course and distance N. 56° 3(K £., 36 m. 

* Fourth course (starboard tack): 

E.N.E. =6 pts. R. of N. 
Leeway = 1^ pts. L. 

4i pts. R. of X. = 60° 37' R. of N. 
Variation and deviation 13° L. 



True course 37° 37' R. of N. 

Hence, course and distance N. 37° 37' E., 27 m. 

Fifth course (port tack) : 

S.S.E.= 2pts. L. of S. 
Leeway = 2 pts. R. 



pts. = due south = 0° 
Variation and deviation 21° L. 



True course 21° L. of S. 

Hence, course and distance S. 21° E., 24 m. 

Sixth course (port tack): 

S.E. by S.= 3 pts. L. of S. 
Leeway = 1£ pts. R. 

1* pts. L. of S.= 19° 41' L. of S. 
Variation and deviation ... 20° L. 



True course 39° 41' L. of 8. 

Hence, course and distance S. 39° 41' E., 29 m. 

Current course : 

S. by E.= 1 pt.= L. of S.= 11° 16' L. of 8. 
Variation 28° L. 



39° 16' L. of 8. 
Hence, course and distance 8. 39° 15' E., 12 m. 
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The Traverse. 



c. 


D. 


N. . 


S. 


E. 


W. 


N. 61° E. 


18 


11.3 




14.0 




S. 73° E. 


52 




16.2 


49.7 




3. 68° E. 


43 




22.8 


36.5 




N. 67° E. 


36 


19.6 




30.2 




N. 38° E. 


27 


21.3 




16.6 




S. 21° E. 


24 




22.4 


8.6 




S. 40° E. 


20 




22.2 


18.6 




S. 39°E. 


12 . 




9.3 


7.6 




L d = 40' S. 
U = 47° 81' N. 


52.2 


91.9 
62.2 


181.8 


= P- 


£" = 46° 51' 


N. 


39.7 



p = 181.8 
L» = 47° 11' 



Xd = p sec L m . 
\ogp =2.26959 

log sec.L w = 0.16771 



X rf = 267' 

= 4°27'E. 
X' = 52° 33' W. 



logXd 



= 2.42730 



X" = 48° 6'W. 



5. Departure course (the opposite of W. by S. ± S.): 

E. by N. i N.= 6f pte. R. of N. 
= 76° 66' R. of N. 
Variation and deviation . * . 34° R. 



109° 56' R. of N. 
Hence, course and distance S. 70° E., 17 m. 

First course (port tack) : 

S.S.E.= 2 pte. L. of S. 
Leeway = 2± pts. R. 

ipt. R. of S.= 2°49 / R. of S. 
Variation and deviation ... 34° R. 



36° 49 / R. of 8. 
Hence, course and distance S. 37° W., 21 m. 
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Second course (starboard tack): 

S.S. W. T W. = 2* pts. R. of S. 
Leeway = 2 j pts. L. 

ipt. L. ofS.= 2°49'L.ofS. 
Variation and deviation . . 27° R. 

24° 11' R. of S. 
Hence, course and distance S. 24° W., 20 m. 

Third course (port tack): 

W.S.W.= pts. R. of S. 
Leeway = 2j pts. R. 

8* pts. R. of S.= 7 T pts. L. of N. 
= 84° 22' L. of N. 
Variation and deviation . . . 22° R. 

True course 02° 22 / L. of N. 

Hence, course and distance N. 62° W., 24 m. 

Fourth course (starboard tack) : 

W. T N. = 7 T pts. L. of N. = 84° 22' L. of N. 

Variation and deviation . . . 20° R. 

True course 64° 22 / L. of N. 

* Hence, course and distance N. 64° W., 26 m. 

Fifth course (starboard tack): 

East = 8 pts. R. of N. 

Leeway = 2-fr pts. L. 

6i pts. R. of N. = 61° 52' R. of N. 

Variation and deviation . . 41° R. 

True course. 102° 62' R. of N. 

Hence, course and distance S. 77° E., 19 m. 

Sixth course (starboard tack): 

E.S.E.= 6 pts. L. of S.= 67° 3C L. of S. 
Variation and deviation . . . 40° R. 

True course 27° 30" L. of S. 

Hence, course and distance S. 28° E., 18 m. 

Current course: N.N.E.= 2 pts. R. of N. 

= 22° W R. of N. 
Variation ..... 31° R. 

True course 63° 30 7 R. of N. 

Tf*n™. COUlle and distance N. 64° E., 21 m. 
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The Traverse. 



c. 


D. 


N. 


8. 


E. 


' W. 


S. 70° E. 
S. 37° W. 

S. 24° W. • 
N. 62° W. 
N. 64° W. 
S. 77° E. 
S. 28° E. 
N. 64° E. 


17 
21 
20 
24 
26 
19 
18 
21 


11.3 
11.4 

12.3 


5.8 
16.8 
18.3 

4.3 
15.9 


16.0 

18.6 
8.6 
17. 


12.6 

8.1 

21.2 

23.4 


L d = 26' S. 
L' = 62° C N. 


35.0 


61.1 
35.0 


60. 


65.3 
60. 


L" = 61° 34' 


N. 


26.1 


5.3 



p =5.3 
L* = 61° 47' 



\a = p sec L m . 
\ogp = 0.72428 
log sec £,» = 0.32532 
log Xd= 1.04960 



V, = 11' W. 

X' = 150° / E. 
X"=149°49'E. 



6. Departure course (the opposite of N. £ W.): 

S. * E.= * of a pt.= 8° 26' L. of S. 
Variation and deviation . 8° R. 

0° 26' L. of S. 
Hence, course and distance S., 19 m. 

First course (port tack) : 

S.W. i W.= 4* pts. R. of S.=60° 37' R. of S. 
Variation and deviation . . 8° R. 

True course 58° 37' R. of S. 

Hence, course and distance S. 59° W., 68 m. 
Second course (starboard tack) : 

N.fE. = f pt. R. of N. 
Leeway = 3j pts. L. 

2± pts. L. of N.= 28° T L. of N. 
Variation and deviation . . . 17° R. 

True course 11° 7' L. of N. 

Hence, course and distance N. 11° W., 15 m. 
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Third course (starboard tack) : 

S.E. iE.= lipte. L. of S. 
% Leeway = 2f pts. L. 

4i pte. L. of S.= 47° 48' L. of S. 
Variation and deviation ... 20° R. 



True course 27° 48' L. of S. 

Hence, course and distance S. 28° E., 9 m. 

Fourth course (port tack) : 

W. by S.= 7 pts. R. of S. 
Leeway = i pt. R. 

7i pts. R. of S.= 81° 33' R. of S. 
Variation and deviation * 0° 

True course 81° 33' R. of S. 

Hence, course and distance S. 82° W., 50 m. 

Fifth course (starboard tack) : 

E.N.E.= pts. R. of N. 
Leeway = 2± pts. L. 

H pts. R. of N. = 39° 22' R. of N. 
Variation and deviation . 33° R. 

True course 72° 22' R. of N. 

Hence, course and distance N. 72° E., 12 m. 

Sixth course (port tack) : 

S.S.W. i W.= 2i pts. R. of S. 
Leeway = If- pts. R. 

4± pts. R. of S. = 47° 48' R. of S. 
Variation and deviation ... 10° R. 

True course 57° 48' R. of S. 

Hence, course and distance S. 68° W., 22 m. 

Current course : 

S. W. i W.= 4* pte. R. of S.= 47° 48' R. of S. 
Variation 14° R. 

True course 61° 48' R. of S. 

Hence, course and distance S. 62° W., 42 m. 
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The Traverse. 



a 


D. 


N. 


8. 


E. 


W. 


s. 


19 




19.0 






S. 59° W. 


58 




29.9 




49.7 


N. 11° W. 


15 


14.7 






2.9 


S. 28° E. 


9 




7.9 


4.2 




S. 82° W. 


50 




7.0 




49.5 


N. 72° E. 


12 


3.7 




11.4 




S. 58° W. 


22 




11.7 




18.7 


S. 62° W. 


42 




19.7 




37.1 


£ d =77'= 1°17'S. 
£' = 50° 12'* S. 


18.4 


95.2 
18.4 


15.6 


157.9 
15.6 


L" = 61° 


29 / S. 


76.8 


142.3 



p = 142.3 
L m = 50° 51' 



\d = P sec Lm. 
logp =2.15320 

log sec Z m = 0.19973 

logXd =2.35293 



\d = 225' 

= 3° 45' W. 
X' = 179° 40' W. 



X" = 176° 36' E. 



7. First course : 

S.E.= 4 pts. L. of S. 
Variation and deviation . 1 T pts.- L. 



True course 5£ pts. L. of S. 

Hence, course and distance S. 5£ pts. E., 27.8 m. 



Second course : 



Variation 



E.S.E. i E.= 6* pts. L. of S. 
1* pts. L. 



True course .... 8 pts. L. of S. = due east. 
Hence, course and distance E. 75.2 m. 



Third course : 



E.= 8 pte. R. of N. 
li pts. L. 



Variation and deviation 

True course . . . . 6f pts. R. of N. 
Hence, course and distance N. 6f pts. E., 8.7 m. 
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The Traybbsb. 



c. 


D. 


N. 


S. 


E. 


w. 1 


S. 5} pte. E. 

E. 

N. 6f pte. E. 


27.8 

76.2 

8.7 


2.1 


13.1 


24.5 

76.2 

8.4 




L d = IV S. 
1/ = 36° 42' N. 


2.1 


13.1 
2.1 


108.1 


1 


£"=36° 31' 


N. 


11.0 





p = 108.1 
I*, = 36° 37' 



Xd = p secL M . 
logp =2.03383 

log sec L m = 000648 
logXd =2.12031 



Kt = 136' 

= 2° 16' E. 
X' = 4° 25' W. 
X" = 2° W W. 



Exercise VIII. Page 374. 

1. Find the elements (initial courses, distance, and latitude and longi- 
tude of the vertex) of the great circle track between the Lizard, in latitude 
40° 68' N., longitude 5° 12' W., and the Bermuda Islands, in latitude 32° 
18' N., longitude 64° 60* W. 

Referring to the triangle CPC, 

Lat. C" = 49° 68' N. 

Long. C = 6° 12' W. 

Lat. C = 32° 18' N. 

Long. C=64°60 / W. 
c =90° -40° 58' = 40° 2'. 
c' = 90° - 32° 18' = 57° 42'. 
\a = 64° 60 7 - 5° 12' = 69° 38'. 

To find the initial courses : 

tan i(C + C) = C06 t£l1 cot iXd. 
v cos i (c' + c) " 
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i^ — C )= 8°50', log cos = 9.99482 

* (C -f c) = 48° 62', colog cos = 0. 18190 

iX* =29° 48', log cot = 10.24178 

log tan i (C + C) = 10.41850 

*(C" + C) = 69° 7' 

i(C- C) = 19° 35' 

.-. C" = N. 88° 42' W.= course from Lizard. 
C = N. 49° 32' E. = course from Bermudas. 
To find the distance : 



log sin = 9.18628 
colog sin = 0.12310 
log cot = 10.24178 . 
log tan i (C - C) = 9.65116 
$ (C - C) = 19° 36'. 



, _ cos t (c + c') . . % 
CO8i2)= cosi(C-f-C0 Smi ^ 



i (c + c') = 48° 52', 
i(C+C") = 69° 7', 
iXd =20° 49', 



iD=23°26'. 
D = 46° 62' = 2812 m. 



log cos =9.81810 
colog cos = 0.44798 
log sin = 9.69665 
log cos iD= 9.96263 



To find L of V. 
sinPF = sine 7 sin C. 
log sine' =9.92699 
log sin C = 9.88126 
log sin PV = 9.80825 
PF=40°1'. 
iof F=90°-40°l' 
= 49° 59' N. 



To find X of V. 
cot CPV = cose' tan (7. 
log cose 7 = 9.72783 
log tan C = 10.06901 
log cot CPV = 9.79684 
CPV= 57° 66'. 
X of C = 64° 5(K 
57° 66' 
Xof F= 6° 54' W. 



2. Find the elements of the great circle track between Boston (Minot's 
Ledge light-house) in latitude 42° 16' N., longitude 70° 46' W., and Cape 
Clear, in latitude 61° 26' N., longitude 9° 29/ W. [Take i\t = 30° 39'.] 

Lat. C" = 61° 26' N. 
Long. C" = 9° 29' W. 
Lat. C = 42° 16' N. 
Long. C = 70° 46' W. 

c = 90° — 51° 26' = 38° 34'. 
c' = 90° - 42° 16' = 47° 44'. 
Xcf = 70° 46' - 9° 26' = 61° 17'. 
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t(S-c) = 4« 36', 
i( C '+e) = 43° 9\ 
iXc = 30° 39', 



log cos = 9.99861 
cologcos = 0.13694 
log cot = 10.22726 



log tan *(C + C) = 10.36281 
*(C + C) = 66°33 / 
i(C-C) = lll 9' 



log sin = 8.90260 

oologsin= 0.165(H) 

log cot = 10.22726 

logtani(C— C)= 9.29486 

i(C— C)=11°0\ 



.-. C v = N. 77° 42 / W.= course from Cape Clear. 
C = N. 66° 24' E. = course from Boston. 



To find the distance : 






±cj_ 



sin^X* 



i(C + c) =43° 9', 
*(C'+C) = 66° 33', 
iXd = 30° 39% 

.-.iD=30°60'. 
D = 41°40 , = 

To find i of V. 
sin PF = sin & sin C 
log sin cf =9.86924 
log sin C = 9.91547 
log sin PV = 9.78471 
... p^ = 370 32'. 

Zof F= 90°- 37° 32' 

= 52° 28' N. 



+ <7) 

logcos = 
colog COS = 

log sin = 

log cos *D= 9.97062 



9.86306 
0.40017 
9.70739 



2500 m. 

To find X 
cot CPV = 
log cose' = 
log tan C = 
lo$ cot CPV = 



of V. 

cos tf tan O. 

9.82776 
1 0.16124 

9.98899 
45° 44' 
70° 46' 



CPV = 

Xof C= 

XofF=25° 2'W. 



3. Find the elements of the great circle track between Vancouver 
Island, in latitude 60° N., longitude 128° W., and Honolulu, in latitude 
21° 18' N., longitude 167° 52' W. 

Lat. V =60°N. 
Long. C" = 128° W. 
Lat. C = 21° 18' N. 
Long. C - 167° 52' W. 

c = 90° - 50° = 40°. 

c' = 90° - 21° 18' = 68° 42'. 

\a = 167° VX - 128° = 29° 52*. 




^t^+^sjSnrf! "*** 



tani(r"- r?) = 



_ cos j (c 7 — c) 



sin I (c' + c) 



COt^Xd. 
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i(c' -c) = 14° 21', 
* (c' + c) = 64° 21', 
iXd =14° 66', 



log cob = 9.98623 
cologcos= 0.23446 
log cot = 10.57397 



log tan i (C + C) = 10.79466 

i(C'+C)= 80° 63' 

j(C-C)= 48°50' 

C = 129° 43' 

= S. 60° 17' 

C = N. 32° 3' 



log sin = 9.39418 

cologsin = 0.09013 

log tan = 10.57397 

log tan i (C - C) = 10.06828 

i(C-C) = 48 o 60 / . 



W. = course from Vancouver. 
E. = course from Honolulu. 



To find the distance : 



, _ cos | (cf + c ) , _ . 
COS * Z>= cosi(C+C) siniXd 



\(cf + c) = 64°21', 
i (C + C) = 80° 53', 
iXd =14° 56', 

iD=18°34 / . 
D=37° 8' = 
To find L of V. 
sinPF = sine' sin C. 
log sine' =9.96927 
log sin C = 9.72482 
log sin PV = 9.69409 
PV = 29° 38'. 
iof V- 90°- 29° 38' 
= 60° 22' N. 



9L 

C)' 
log cos 
colog COS 
log sin 



= 9.76654 
= 0.80012 
= 9.41110 



log cos iD= 9.97676 



m. 

To find X of V. 
cot CPV = cos & tan C. 
log cose' =9.56020 
log tan C = 9.79663 
log cot CPV= 9.36683 
CPV- 77° 11' 
X of C = 157° 52' 
Xof F= 80° 41' W. 



4. Find the elements of the great circle track between Cape Clear, in 
latitude 51° 26' N., longitude 9° 29/ W., and Sandy Hook, in latitude 
40° N., longitude 74° W. 

Lat. C = 61° 26' N. 

Long. C" = 9°29'W. 

Lat. C = 40° N. 

Long. C = 74° W. 
c =90° -51° 26' = 38° 34'. 
c' = 90° -40° =50°. 
Xrf = 74° - 9° 29' = 64° 31'. 




^W+^^h^*"*** 



_sinj(c-c / ) 



^w-^^ftrZ^ 
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i(C-c)= 5° 43', log cos = 9.99784 

| (c + O = 44° 17', colog cos = 0. 14515 

i Xj =32° 16', log cot = 10.19972 

log tan * (C + C) = 10.34271 

i (C + C) = 65° 34' 

j(C"-G T )= 12°44' 

V = X. 78° 18' W.= course from Cape Clear. 
C = X. 52° 5C E. = course from Sandy Hook. 
To find the distance : 



log sin = 

colog sin = 4lL**t£ 

logcot — lflLl«C± 

logtan*(C — C)= 9.&+.^ 

i(C-Q = 12=4f4 



i(e + =44° 17', 
i(C+C') = 65°34', 
iVf =32° 16', 



.•♦CO™*** 




log COS 


= 9.85485 


colog COS 


= 0.38338 


log sin 


= 9.72743 



iZ> = 22°29 / . 
D = 44° 68' = 2098 m 



log cos *D= 9.96566 



To find L of F. 
sinPF = sine sin C 
log sine =9.79478 
log sin C =9.99088 
log sin PF= 9.78500 
PV = 37° 37'. 
i of T = 90° 00'— 37° 37' 
= 52° 23' N. 



To find X of V. 
cot CPV = cose' tan C. 
log cose' = 9.80807 
log tan C = 10. 12026 
logcot CPV= 9.92833 
CPF=49°42' 
Xof C= 74° V 
Xof F=24°18' W. 



5. Find the elements of the great circle track between Lizard Light, 
in latitude 49° 68' N., longitude 5° 12' W., and Cape Frio, in latitude 
23° S., longitude 42° W. 

Lat. C = 49° 58' N. 

Long. C" = 5° 12' W. ' 

Lat. C = 23° S. 

Long. C = 42° W. 
c =90° — 49° 58'.= 40° 2'. 
c' =90° +23°= 113°. 
\d = 42° — 6° 12' = 36° 48'. 
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i^ — c) = 36°29 / , 
\{cf+c) = 76° 31', 
* \, =18° 24', 



log cob = 9.90627 
cologcos= 0.63234 
log cot = 10.47801 



log sin = 9.77421 
cologsin= 0.01214 
log cot = 10.47801 



log cot i (C - C) - 10.26436 
±(<7-C) = 61°27'. 



log tan i (C + C) = 11.01562 
*(C" + C) = 84 29' 
\(C- C) = 61°27 / 

C" = S. 34° 4' W. = course from Lizard Light. 
C = N. 23° 2' E. = course from Cape Frio. 
To find the distance 



cos^D 



_ cos | (c' + c) 



sin -J- \<f . 



cos* ((7+ C) 
i(c' + c) = 70 o 8r, log cos 

i (c 7 + c) = 84° 29', colog cos 

iXd =18° 24% log sin 

log cos *D= 9.88398 
.-. *1>=40°S / . 

D= 80° 6' = 4806 m. 



= 9.36766 
= 1.01712 
= 9.49920 



To find L of V. 

sin PV = sin c' sin C 

sin 1&0° - 113° = sin 67° = c 7 . 

log sine' =9.96403 

log sin C = 9.59247 

log sin PV = 9.55650 

PV= 21° T N. 

90°00 , N. 

2i° 7 / y. 

iof F=68°53'N. 



To find X of V. 
cot CPV = cos cf tan C. 
log cose' = 9.59188 (n) 
log tan C = 9.62855 
log cot CPV= 9.22043 (n) 
CPF= 99° 26' 
Xof C = 42°00 / 
Xof F=67°26 / E. 



6. Find the elements of the great circle track between Cape Frio and 
Cape Good Hope, in latitude 34° 20' S., longitude 18° 3(r E. (Reckon 
from the nearest pole.) 

Lat. C" = 34° 20' S. 

Long. C = 18° SfT E. 

Lat. C = 23° S. 

Long. C = 42° W. 
c =90° -43° 20' = 56° 40'. 
J = 90° - 23° = 67°. 
X<* = 42° + 18° 30' = 60° 30'. 

tani(C'+C) = ^^coUX*. 

8 x ' cos i (eS + c) 
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i(c'-c)= 5°40 / , log cos = 9.99787 

^ ( C ' + C ) = 61° 20', cologcos= U.31902 

i Xd =30° 16', log cot = 10.23420 

log tan i (C + C) = 10.55109 

*(C+C) = 74° 18' 

^(CT-C)=x i0O66 / 



log sin = 8.99450 

colog sin = 0.05679 

log cot = 10.2342 

log tan (C - C) = 9.28549 

± (C - C) = 10° 55'. 



C" = S. 86° 13' W.= course from C. Good Hope. 
C = S. 63° 23' E. = course from Cape Frio. 

To find the distance : 

. T1 _ cos i (c 7 + c) . , % 

log cos = 9.08098 
colog cos = 0.56767 
log sin = 9.70224 



}((? + €) =61° 20', 
*(C + C) = 74° 18', 
iXd = 30° 16', 



*2>=26°44'. 
D= 53° 28'= 3208 m. 



log cos iD= 9.96089 



To find L of V. 
sinPF = sine' sin C. 
log sine' =9.96403 
log sin C = 9.95135 
log sin PV = 9.91538 
PF=65 23' 
XofF=90° / -56°23 / 
= 34° 37' S. 



To find X of V. 
cot CPV = cos c' tan C. 
log cose' = 9.59188 
log tan C = 10.30005 
log cot CPV = 9.89193 
CPV = 52° 3' 
42° 0' 
Xof V = 10° 3' E. 



7. Find the elements of the great circle track between Grand Port, 
Mauritius, in latitude 20° 24' S., longitude 67° 47' E., and Perth, in lati- 
tude 32° 3' S., longitude 115° 45' E. 

Lat. C" = 32° 3' S. 
Long. C" = 115° 45' E. 
Lat. C = 20° 24' S. 
Long. C = 57° 47' E. 

c = 90° — 32° 3' = 57° 57'. 
cT = 00° - 20° 24' = 69° 36'. 




\<i = 1 15° 45' - 57° 47' = 57° 58'. 

cot £ Xd . 



tan i (C + C) = - os * (r ' — & 
cos i (c' + c) 



«-*<°'- o >=£i!J;-2«*^- 
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+ (<?<-€)= 5° 50, log cos = 9.99776 

i (c' + c) = 63° 47', colog cos = 0.35481 

iXd =28° 69', log cot = lu.25055 

log tan i (C + C) = 10.00912 

i(C' + C) = 76° 11' 

i(C'-C)=llf_34' 



log sin = 9.00704 

colog sin = 0.04714 

log cot = 10.25655 

log tan i(C'-C)= 9.31073 

i(C- C)= 11° 34'. 



C = S. 87° 45' E. = course from Perth. 
C = S. 64° 37' E.= course from Mauritius. 



To find the distance : 



, ^ cos i (c' + c) . . % 

[ ^ = c^rc T +o ) smiXd - 



^(c' + c) =63° 47', 
*(C + C) = 76° 11', 
iXd =28° 69', 



log cos = 9.64679 
colog cos = 0.62194 
log sin = 9.68534 
log cos iD = 9.95247 



iD = 26°19 / . 
D= 52° 38' = 3158 m. 



To find L of V. 
sin PF = sin cf sin C 
log sine' =9.97187 
log sin C = 9.95591 
log sin PV = 9.92778 
PV = 67° 52'. 
Xof F=90° 0'-67° 
= 32° 8' S. 



52* 



To find X of V. 
cot CPV = cos c' tan C. 
log cose' = 9.54229 
log tan C = 10.32378 
log cot CPV= 9.86607 
OPF= 53° 42' 
XofC= 57° 47' 
Xof F=111°29'E. 



8. Find the elements of the great circle track between A, in latitude 
1(5° 38' N., longitude 70° 65' W., 
and B, in latitude 48° 2' N., lon- 
gitude 4° 36' W. 

LatC =48° 2 / N. 
Long. C = 4° 35' W. 
Lat. C = 16° 38' N. 
Long. C = 70° 65' W. 

c =90°- 48° 2 , = 41°58 / . 
C = 90° - 16° 38' = 73° 22 / . 
X* = 70° 66' - 4° 36' = 66° 20'. 
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i irv i **y COS 4- (C 7 — C) 

t * n *^ +c ) = co 8 ;(c+-c) cot * x * 

i (C 7 - c) = 16° 42', log cos = 9.98349 log sin = 9.43233 

i(C + c) = 67° 40', cologcos= 0.27177 cologsin= 0.07317 

iXd =33° 10', log cot = 10.18472 log cot = 10.18472 



log tan *(C"+C) = 


10.43998 


logtani(C / -C) = 


9.69022 




±(C"+Q = 


70° 3' 


±(C 7 -C) = 26° 6'. 




t{C'-C) = 


26° 6' 










C = N. 


96° 9 / W 










= S. 


83° 51' W 


.= course 


from B. 






C=N. 


43° 57' E. 


= course 


from A. 




To find the distance : 












. -. cos i (C 7 + c) 

cosiD = f-J- f 

cos ± (c 7 — c) 


sin^Xrf. 






*(C + c) 


= 57° 40 7 , 




log cos 


= 9.72823 




*(C+C) 


= 70° 3 7 , 




colog cos 


= 0.46699 




iXd 


= 33° 10% 




log sin 


= 9.73805 










log cos |D= 9.93327 






iD=30°57 / . 










2>=61° 


64' = 3714 m. 







To find L of V. To find Xd of V. 

ainPV = sine' sin C. cot CPV = cose 7 tan C. 

log sine =9.98144 log cose' =9.46674 

log sin C" = 9.84138 log tan C = 9.98408 

log sin PV = 9.82282 log cot CPF = 9.44082 

PV = 41° 41'. CPV = 74° 34 7 

iofF=90° 0'-41°41 7 XofC = 70°55 / 

= 48°19 / N. XofF= 3°39 / E. 

9. A ship sails from A., in latitude 40° S., longitude 148° 30 7 E., to B, 
g in latitude 12° 4' S., longitude 77° 14' W. 
Compare the great circle and the rhumb- 
line between A and B. 

Lat. C" = 40° S. 
Long. C" = 148° 30 7 E. 
Lat. C = 12° 4' S. 
Long. C = 77° 14 7 W. 

c = 90° — 40° =60°. 
c' = 90° - 12° 4 7 = 77° 56 7 . 
\d = 148° 30' + 77° 14 7 
= 226° 44 7 , or 134° }6 7 . 
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i (c' — c) = 13° 58', log cos =9.98697 log sin = 9J 

£ (cT + c) = 63° 58', colog cos = 0.36764 colog sin = 0,04646 

i\d =67° 8', log cot =9.62504 log cot =9.62604 

log tan i (C + C) = 9.96965 log tan i (C - C) = 9.05416 

l(C'+C) = 43° 0' , i(C"-C) = 6° 28'. 
^ (C - C) = 6° 28' 



C" = S. 49° 28' E. = course from A. 
C = S. 36° 32' W. = course from B. 

To find the distance : 

. _ cos i (c^ + c) . _ x 

cos i D = vT-7 ' sin i\i. 

1 cos i(c' — c) * 

i^-f-c) =63° 58', log cos =9.64236 

l(C'+ C) = 43° 0% colog cos = 0. 13687 

1X4 =67° 8', log sin =9.96446 

log cos iD = 9.74268 
iD= 56° 26'. 
D= 112° 52' = 6772 m. 

To find L of V. To find X of V. 

sin PV = sin & sin C. cot CPF = cos & tan C. 

log sine' =9.99021 log cose 7 =9.32025 

log sin C = 9.77473 log tan C = 9.86974 

log sin P V = 9. 76494 log cot CPV = 9. 18999 

PF=35°36'. CPV= 81° 12' 

X of V = 90° 0'-35° 36' X of C = 77° 14' 

= 64° 24' S. X of V = 168° 26' W. 

By Rhumb Line : 
To find L d . To find L m . To find Xd. 

2/ = 40° S. X' = 40° S. X' = 148° 30' E. 

£"= 12° 4 / S. L" = 12° 4' S. X" = 77° 14' W. 

Xd = 27° 66' 2 )52° 4' X<* = 226° 44' 

= 1676 m. L m = 26° 2' = 360° - 225° 44' 

= 134° 16' = 80** « 
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To find the course. 

tanC = _ ^ - 
Ld 



To find the distance. 
D = L d sec C. 



log** = 3.90612 
logcoeX, m = 9.96354 
oology = 6.77573 
log tan C = 10.63589 

0= 76° 68'. That is, N. 76°68 / B. from A, or S. 76° 58' W. from B. 



logXd = 3.22427 

log sec C = .64682 

logD =8.87109 

D = 7432 m. 



Exkbcisk IX. Page 387. 



1. Observed altitude 
Correction . . 

True altitude 



26° 6' 10" 
- 4' 60" « 

26° 1' 20" 



' Index correction 

Dip 

Refraction ' . . 



+ 1' 16* 
-4' 2" 
-2 / 3.4' 



2. Observed altitude . 16° 2<K 26' 
Correction ... — 9 / 44"< 

True altitude 



15° KK 41" 



Index correction 

Dip 

Refraction . . 



- 2' 20" 

- 3' 55" 

- 3' 29.4" 



3. Observed altitude . 18° 17' 30" 



Correction 



True altitude 



9*41* 



. 18° 27' 11" 



Index correction 

Dip 

Refraction . . 
Semi-diameter 
Parallax . . . 



+ (K18" 

- 4' 9" 

- 2' 54" 
+ 16' 18" 

+ 8" 



4. Observed altitude . 30° 12' 40" 
Correction . . . W 24" 



True altitude 



30° 23' 4" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 16' 4" 

+ 8" 

- <y o" 

- 4' 16" 

- r39" 



5. Observed altitude . 66° 25' 20" 
Correction ... 10' 18" 



True altitude 



. 56° 36' 28" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 16' 3" 
+ 6" 

- l'JMT 

- 4' 2" 

- (K38" 
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6. Observed altitude 
Correction . . 



True altitude 



60° W 10" r Semi-diameter 
^ 55" I Parallax . . 
< Index correction 
Dip ... . 

[ Refraction 

60° W 5" 



7. Observed altitude . 31° 24' 35" f Semi-diameter 



Correction 



W 38" 



True altitude 


. 31° 36' 13" 


1. Observed altitude 


. 26° 17' 20" 


Correction . . 


19* 58" 



True altitude 


. 25° 57' 27" 


9. Observed altitude 


. 20° 36' 30" 


Correction . . 


21' 49" 



True altitude 



20° 13' 41" 



10. Observed altitude . 36° 12' 10" 



Correction 



True altitude 



20' 57" 



35° 51' 13" 



Parallax . . 
Index correction 
Dip ... . 
Refraction 



Semi-diameter 
Parallax . . 
Index correction 
Dip . 
Refraction 



Semi-diameter 
Parallax . . 
Index correction 
Dip ... . 
Refraction 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 15' 48" 


+ 


<K 


4" 


+ 


2' 15" 


— 


4' 


0" 


— 


(T38" 


+ 16' 


14" 


+ 




8" 


— 


0' 


0" 


— 


4' 


9" 


— 


1' 


35" 


_ 


16' 


10" 


+ 




8" 


+ 


2M5" 


— 


4' 


9" 


— 


1' 


57" 





16' 


46" 


+ 


0' 


8" 


+ 


0' 


18" 


— 


3' 


55" 


— 


2' 34" 





15' 


47" 


+ 


0' 


8" 


+ 


0'25" 


— 


4' 


23" 


— 


1' 


20" 



Exercise X. Page 389. 





Astronomical Time 




Civil Time. 








d. 


h. 


m. 


i. 


d. 


h. 


m. 


■. 


1. 


July 


8 


7 


6 


10 = July 


8 


7 


6 


10 P.M. 


2. 


Mar. 


7 


12 


25 


30 = Mar. 


8 





25 


30 A.M 


3. 


Jan. 


1 


18- 


10 


10 = Jan. 


2 


6 


10 


10 A.M 


4. 


De«. 


31 


15 





= Jan. 


1 


3 





A.M 


5. 


Feb. 


2 


8 


4 


30 = Feb. 


2 


8 


4 


30 P.M. 
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Civil Tims. 


Abtbonomical Tims 








d. 


h. 


m. 


■. 


d. 


h. 


m. 


■. 


6. 


July 


1 


11 


8 


25 a.m. = June 


80 


23 


8 


25. 


7. 


Mar. 


2 


11 


66 


66 p.m. = Mar. 


2 


11 


66 


66. 


a 


Aug. 


3 


10 


8 


20 p.m. = Aug. 


31 


10 


8 


20. 


9. 


Sept. 


1 





12 


15 a.m. = Aug. 


31 


12 


12 


15. 


10. 


Jan. 


1 


10 


41 


66 a.m. = Dec. 


31 


22 


41 


66. 



Exsrcise XI. Page 391. 

d. h. m. •. 

I. Ship date, May 4 6 12 15 



Longitude in time, 




f 11 


23 


20 


16)170°50 / 0" 


Greenwich date, 


May 4 


17 


36 


36 


11 h. 23' 20" 




d. 


h. 


m. 


■. 




2. Ship date, 


July 30 


23 


12 


30 




Longitude in time, 




+ 2 


41 


20 


16)40° 20' 0" 


Greenwich date, 


July 31 


1 


63 


60 


2 h. 41' 20" 




d. 


h. 


m. 


■. 




3. Ship date, 


July 31 


14 


10 


15 




Longitude in time, 




5 


22 


43 


16)80° 40' 46" 


Greenwich date, 


July 31 


19 


32 


58 


6 h. 22' 43" 




d. 


h. 


m. 


■ 


■ 


4. Ship date, 


Mar. 2 


10 


20 







Longitude in time, 




3 


23 





16)60° 46' 


Greenwich date, 


Mar. 2 


6 


67 





3h.23' 




d. 


h. 


m. 


■. 




5. Ship date, 


Mar. 25 


11 


8 


P.M. 


Longitude in time, 




6 


41 


42 


16) 100° 26' 30 // 


Greenwich date, 


Mar. 25 


17 . 


49 


42 


6h.4l'42" 




d. 


h. 


m. 


■. 




6. Greenwich date, 


Dec. 30 


19 


47 


28 




Longitude in time, 




1 


40 


28 


16)26° V 0" 




Dec. 30 


18 


7 





lh.40'28" 



d. h. m. t. 

7. Greenwich date, July 4 23 51 

Longitude in time, _ 11 56 15 ) 179° V 0" 

Local civil time, July 4 11 55 p.m. 11 h. 56' 
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d. h. m. ■. 

8. Greenwich date, July 3 23 59 
Longitude in time, 11 66 

July 8 35 55 - 
Local civil time, July 4 11 66 p.m. 

d. h. m. b. 

9. Greenwich date, May 19 19 40 20 
Longitude in time, 3 15 )45' 0" 

May 19 19 43 20 3' 

Local civil time, May 20 7 43 20 a.m. 

1880. d. h. m. ■. 

10. Greenwich date, Dec. 31 15 8 

Longitude in time, 8 40 15 )2° 10" 0" 

Dec. 31 16 16 40 8' 40" 

Local civil time, Jan. 1 3 16 40 a.m. 



Exercise XII. Page 396. 

Find the sun's declination and the equation of time corresponding to 
the following Greenwich dates : 

1. 1895 Jan. 7 d. 3 h. apparent time. 

m. b. 

Jan. 7 d. h. O's dec. 22° 22' 26.8" S. Eq. of time + 6 29.57 

Diff. for 3 h. -57.7" + 3.22 



Jan. 7 d. 3h. O's dec. 22° 21' 28.1" S. Eq. of time + 6 32.79 

2. 1896 Aug. Id. 6h. 12m. 20s. apparent time. 

m. s. 

Aug. 1 d. h. O's dec. 18° 1' 69.0" N. Eq. of time + 6 7.87 

Diff. for 6 h. 12 m. 20 s. — 3' 54.3" - 0.92 



Aug. 1 d. 6h. 12 m. 20s. O's dec. 17° 68' 4.7" N. Eq. of time + 6 6.96 
3. 1896 May 5d. 10 h. 25 m. apparent time. 

m. 8. 

May 6 d. h. O's dec. 16° 16' 42.6" N. Eq. of time - 3 26.16 

Diff. for 10 h. 26 m. + V 26.4" - 2.33 



May 6d. 10 h. 26m. O's dec. 16° 23' 7.9" N. Eq. of time — 3 28.48 
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4. 1805 Aug. 7d. 15 h. 12 m. apparent time. 

m. s. 

Aug. 8 d. h. O's dec. 16° 9/ 20.0" N. Eq. of time + 6 28.13 

Diff. for 8 h. 48 m. + 6' 15.0" 4- 2.84 



Aug. 8 d. 15 h. 12 m. O's dec. 16° 15' 35.0" N. Eq. of time 4- 5 30.97 
5. 1895 Dec. 4d. 6h. 18 m. apparent time. 

m. b. 

Dec. 4 d. h. O's dec. 22° 16' 34.0" S. Eq. of time - 9 40.21 

Diff. for6h. 18 m. 4- 2' 6.7" 4- 6.38 



Dec. 4 d. 6 h. 18 m. O's dec. 22° 17' 40.7" S. Eq. of time - 9 33.83 

6. 1895 July 23 d. 20 h. 16 m. 40 s. apparent time. 

m. b. 

July 24 d. Oh. O's dec. 19° 53' 2.9" N. Eq. of time 4- 6 16.42 

Diff. for 3 h. 43 m. 20 s. + 1'67.3" — 2.12 



July 23d. 20 h. 16m. 40s. O's dec. 19° 55' 0.2" N. Eq. of time 4- 6 14.30 
7. 1895 Nov. Id. 3 h. 6m. apparent time. 



m. t. 



Nov. 1 d. h. O's dec. 14° 26' 57.9" S. Eq. of time - 16 18.64 

Diff. for 3 h. in. 4- 2' 29.0" — 0.20 

Nov. 1 d. 3 h. 6 m. O's dec. 14° 29 / 26.9" S. Eq. of time - 16 18.84 

8. 1895 Oct. 12 d. 5h. 12 m. apparent time. 

m. s. 

Oct. 12 d. Oh. O's dec. 7° 24' 29.3" S. Eq. of time - 13 26.96 

Diff. for 5 h. 12 m. 4- 4' 53.4" — 3.20 

Oct. 12 d. 5 h. 12 m. O's dec. 7° 30 / 22.7" S. Eq. of time - 13 30.16 

9. 1895 June 7d. 3h. 18 m. mean time. 

m. b. 

June 7 d. h. O's dec. 22° 45' 50.6" N. Eq. of time + 1 26.69 

Diff. for 3 h. 18 m. 4- 47.9" — 1.61 



June 7 d. 3 h. 18 m. O's dec. 22° 46' 38.4" N. Eq. of time 4- 1 26.08 • 

10. 1895 Feb. 3d. 9h. 15m. meantime. . >■ ;' 

m. b. 
Feb. 3 d. h. O's dec. 16° 30' 23.8" S. Eq. of time - 14 2.48 

Diff. for 9 h. 15 ra. — 6' 48.9" —2.40 

Feb. 3 d. 9 h. 15 m. O's dec. 16° 23' 34.9" S. Eq. of time, ^ 14 , 4.3^ 
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Exercise XIII. Page 404. 

1. Given civil date 1895 Jan. 1, longitude 102° 41' W., observed 
meridian altitude of £> 69° 59' 50" S., index correction + 7 60", eye 
16 ft. ; find tbe latitude. 

Long. 102° 41" W .= 6h. 60 m. 44 s. 

Q 59° 69 / 50" r Index cor. , + ' 7 50" 

Seini-diam., + 16' 18" 

+ 12 7 60"<j Dip, - 3' 48" 

Refraction, — 7 34' 7 

^Parallax, + 7 4" 

60° 12' 40" " 

90^ 

z = 29°47 7 20"N. 

2. Given civil date 1896 Feb. 1, longitude 78° 14' E., observed meridian 
altitude of (•) 78° 4 7 10" S., index correction + 0' 66", eye 12 ft.; find the 
latitude. 



0»s dec. 23° 7 34" S. 
V 25" 


12.49 
6.84 


d = 22°59 7 9"S. 
z = 29° 47' 20" N. 
L = 6° 48' 11" N. 


85.43 



Long. 78° 14' = 6h. 12 m. 66 s. 






£> 78° 4' 10" 


f Index cor., + 7 56" 


O's dec. 17° 6' 1" S. 


42.76 




Semi-diam., + 16' 16" 
Dip, - 3' 24" 


3 7 43" 


5.22 


+ 13 7 37"-| 


d=17° 8'44"S. 


223.21 




Refraction, - 0' 12" 


z =11° 42' 13" N. 




Parallax, + 0' 2" 


L= 6° 26' 31" S. 


78° 17' 47" 






90° 


tf. 




* = 11°42 / 13"] 





3. Given civil date 1896 Mar. 20, longitude 173° 18' W., observed 
meridian altitude of (•) 89° 37' 0" N., index correction + 4 7 32", eye 18 ft. ; 
find the latitude. 



Long. 173° 18' = 
<•> 89° 37' 0"N. 


11 h. 33 m. 12 s. 

'Index cor., + 4' 32" 
Semi-diam., + 16' 6" 
Dip, - 4 7 9" 
Refraction, — 7 0" 
Parallax, + 0' 0" 


O'sdec. 0° 8' 36" S. 
- 11" 24" 


59.26 
11.56 


+ 16' 28" - 


d = 0° 2 7 48"N. 
z = 0° 6' 32" 8. 
L = 0° 3 , 44"S. 


684.45 


89°53 / 28" 
90° 




«= 0° 6' 32" S. 
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O's dec. 4°33'23"N. 
+ 6' 38" 



d= 4° 39' 1"N. 
z = 41° 4'40"N. 
L = 46° 43' 41" N. 



57.85 
5.85 



338.42 



4. Given civil date 1895 April 1, longitude 87° 42' W., observed merid- 
ian altitude of <•) 48° 42' 80" S., index correction + 1' 42", eye 18 ft; 
find the latitude. 

Lo ng. 87°42 / = 5h. 50 m. 48 s. 

Q 48° 42' 30" S. f Index cor. , + V 42" 

Seini-diam., + 16' 2" 

+ 12 / 50" i Dip, - 4' 9" 

Refraction, - 0'61" 

^ Parallax, + 7 6" 

48° 55' 20" S. 

90^ 

z=41° 4'40"N. 

5. Given civil date 1895 Sept. 1, longitude 97° 42' E., observed merid- 
ian altitude of Q 51° 4' 50" S., index correction — 6' 0", eye 23 ft. ; find 
the latitude. 

Lo ng. 97° 42' = 6 h. 30 m. 48 s. 



Q 61° 4' 60" S. 


f Index cor., — 6' 0" 




Semi-diam., +16' 54" 


+ 4' 31" J 


Dip, - 4' 42" 




Refraction, - 0'47" 




Parallax, + <K 6" 


61° 9 / 21"S. 




90° 




«=38°50 / 39 // N. 





0'sdec. 8° 17' 14" N. 


54.43 


6' 54" 


6.61 


d= 8° 23' 8"N. 


354.34 


s =38° 60' 39" N. 




Z = 47° 13' 47" N. 





6. Given civil date 1895 Aug. 26, longitude 92° 3' £., observed meridian 
altitude of Q. 35° 36' 20" N., index correction + 2' 17", eye 12 ft.; find 
the latitude. 
Lo ng. 92° 3 / =6 h. 8 m. 12 s. 

Index cor., + 2' 17' 

Semi-diam., + 16' 52' 

Dip, - 3' 24 

Refraction, — 1'21 

Parallax, + V 7 



Q 36° 35' 20" 

+ i3'3r 


N. 


36° 48' 61" 
90° 


N. 


*=64 11' 9" 


S. 



0'sdec. 10° 26' 18" N. 
6' 21" 



d=10°30'39"N. 
z = 54°ll / 9"S. 
L = 43° 40 7 30" S. 



52.22 
6.14 



320.66 



7. Given civil date 1895 May 16, longitude 46° 26' W., observed merid- 
ian altitude of Q. 86° 34' 20" N., index correction + 4' 16", eye 15 ft; 
v * latitude. 



TEACHERS' EDITION. 



367 



Long. 46° 26' =3 
Q 86° 34' 20" N. 


h. 1 m. 44 s. 
Index cor., 4- 4' 16" 
Semi-diam., 4- 16' 61" 
Dip, - 3' 48" 
Refraction, — <K 4" 
Parallax, 4- V 1" 


O'sdec. 10° 6'29"N. 
1' 46" 


34.63 
3.03 


+ 16' 16" - 


d = 19° 8'74"N. 
z = 3° 9'24"S. 
L = 16° 68' 60" N. 


104.93 


86° 60' 36" N. 
. 90° 






2= 3° 9'24"S. 





8. Given civil date 1895 March 20, longitude 174° 0' W., observed 
meridian altitude of £> 89? 66' 10" N., index correction — 1' 16", eye 
15 ft.; find the latitude. 



Lo ng. 174° 0'= 11 h. 36 m. 
Q 89° 66' 10" N. f Index cor., - 1' 16" 
Semi-diam., 4- 16' 6" 
4-MK 62" <| Dip, - 3' 48" 

Refraction, — 0' 0" 

Parallax, 4- 0' 0" 

90° 7' 2"N. 

90^ 

z= 0° 7' 2"N. 



O's dec. 



0° 8'36"S. 
11' 27" 



59.26 
11.60 



d = 0° 2'51"N. 
z = Q° 7' 2"N. 
i = 0° 9'63"N. 



687.42 



9. Given civil date 1895 June 1, longitude .44° 40' E., observed meridian 
altitude of 72° 14' 10" N., index correction 4- 3' 46", eye 22 ft.; find 
the latitude. 



Long. 44° W = 2 h. 58 m. 40 s. 






72° 14' 10" N. 


f Index cor., + 3' 46" 


0'sdec. 22° 3'54"N. 


20.39 




Semi-diam., 4- 15' 48" 
Dip, - 4' 36" 


1' 1" 


2.98 


4- 14' 41" J 


d = 22° 2'53"N. 


60.76 




Refraction, — 0'19" 


z =17° 31' 9"S. 






Parallax, 4- 0' 3" 


L= 4° 31' 44" N. 





72° 28' 61" N. 

9GP 

z=17°31' 9"S. 



10. Given civil date 1895 Dec. 1, longitude 67° 56' E. , observed meridian 
altitude of Q 18° 48' 10" S., index correction - 3' 6", eye 18 ft. ; find the 
latitude. 
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Lo ng. 67° 66' = 4 h. 31 m. 44 8. 



Q 18° 48' 10" 8. 


Index cor., - 3' 6" 
Semi-diam., + 16' 16" 
Dip, - 4' 9" 
Refraction, - 2' 49" 
Parallax, + 0' 8" 


©'« dec. 21° 49' 31" S. 
1' 45" 


23.29 
4.53 


+ 6' 20" - 


d = 21° 61' 16" S. 
2 = 71° 5'30"N. 
L = 49° 14' 14" N. 


105.04 


18° 64' 30" S. 
90° 





2=71° 6'30"N. 



11. Given civil date 1896 Sept. 23, longitude 57° 45' E., observed 
meridian altitude of £> 84° 10' 50" N., index correction — 1' 36", eye 
16 ft.; find the latitude. 

Lo ng. 57° 4 5' ^3 h. 61 m 



Q, 84° 10' 50" N. 


Index cor., - 1'36" 
Semi-diam., +15' 69" 
Dip, - 3' 66" 
Refraction, — 0' 6" 
Parallax, + 0' 1" 


O'sdec. 0° 4'36"S. 
3' 45" 


58.49 
3.86 


+ 10' 23" « 


d=0° 0'50"S. 
z=6° 38' 47" S. 
L = 6° 39' 37" S. 


225.19 


84° 21' 13" N. 
90° 





2= 5° 38' 47" S. 



12. Given civil date 1895 Sept. 23, longitude 119° 54' E., observed 
meridian altitude of (•) 83° 46' 0" S., index correction — 5' 30", eye 
18 ft.; find the latitude. 

Lo ng. 119° 54' = 7 h. 59 m. 36 s. 



Q 83° 46' 0"S. 


' Index cor. , 
Semi-diam. 
Dip, 

Refraction, 
Parallax, 


- 5' 30" 
+ 15' 59" 

- 4' 9" 

- 0' 6" 
+ V 1" 


O'sdec. 0° 4'35"S. 
7' 48" 


58.49 
7.99 


+ 6' 15" - 


d = 0° 3'13"N. 
2 = 6° 7'45"N. 
i = 6°10'68"N. 


467.60 


83° 62' 15" S. 
90° 


- 


2= 6° 7'46"N. 





13. Given civil date 1896 Nov. 21, longitude 70° 2W E., observed 
meridian altitude of £> 80° 20' 0" N. , index correction — 2' 60", eye 20 ft. ; 
find the latitude. 
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Lo ng. 70° 20' = 4 h. 41m. 20 s. 

Q 80° 20 7 0"N. f Index cor., - 2' 50" 



+ 8' 63" 



80°2&'53"N. 

90f 

z= 9°8r 7"S. 



Semi-diam., + 16' 14'' 

Dip, - 4' 23" 

Refraction, — 0' 10" 

fc Parallax, + 0' 2" 



0'B dec. 19° 66' 16" S. 
2' 35" 



d = 19° 63' 31" 
z= 9° 31' 7" 



S. 



33.11 
4.69 



165.29 



X = 29° 24' 38" S. 



14. Given civil date 1896 Pec. 31, longitude 123° 46' W., observed 
meridian altitude of 67° 8' 10" S., index correction + 0' 9", eye 13 ft.; 
find the latitude. 



Long. 123° 46' = J 


3h. 16 m. 


O's dec. 23° 6' 22" S. 
V 31" 




a 67° 8' 10" S. 


Index cor., + 0' 9" 
Semi-diam., + 16' 18" 
Dip, - 3' 32" 
Refraction, — / 26" 
Parallax, + 7 4" 


11.03 

8.25 


+ 12' 34" 


d = 23° 4' 51" s. 
z = 22° MY 16" N. 
i= 0°26 / 35"S. 


01.00 


67°20 / 44"S. 
90° 







* = 2.°39'16"N. 

15. Given civil date 1895 Oct. 20, longitude 150° 26' W., observed 
meridian altitude of (•) 49° 58' 50" N., index correction + Y 10" eye 
19 ft. ; find the latitude. 



Lo ng. 150° 25' = 10 h. lm. 40 s. 

Index cor., + 1'10" 
Semi-diam., + 16' 7" 



(•> 49°58 , 50 // N. 
+ 12' 18' 



Dip, 

Refraction, 

Parallax, 



- 4' 16" 

- 0'49" 
+ 0' 6" 



0'sdec. 10° 21' 17" S. 
9' 11' 



53.89 
10.03 



d = 10° 30' 18" S. 
z = 39° 48 / 52" S. 
L = 50° W 10" S. 



640.52 



50° 11° 8"N. 

90f 

2=39° 48' 62" S. 



16. Given civil date 1895 June 1, longitude 96° 17' E., observed merid- 
ian altitude of (•> 75° 38' 15" N., index correction + 0' 27", eye 26 ft.; 
find the latitude. 
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Lo ng, 96° 17= 6 h. 26 m. 8 s. 

Q 75°38'15"X. f Index car., + C27" 0'sdea22° 3T H"}$. 20. 



+ 11' 2" 



76°4(ri7"N. 

9<P 

2=14° UK 43" S. 



Semi-diam., + 15' 48" 
Dip, - 6' 0" 

Refraction, - <K16" 
Parallax, +Vr 



2' 11" 



11 = 22° 1'43"N. 
z= 14°10'43"S. 
L= 7° 51' 0"N. 



6.42 



130.90 



17. Given civil date 1895 June 25, longitude 59° 15' E., observed 
meridian altitude of <5 60° 23' 16" N. f index correction + 2' 21", eye 
30 ft.; find the latitude. 
Lo ng. 69° 15' = 3 h. 57 m. 
$ 00° 23' 16" N. r Index cor., + 2' 21" 
Semi-diam., -15' 46" 
-19/16" < Dip, - 6' 22" d = 23° 24' 34 " N. 16.62 

Refraction, — (^33' 

Parallax, + <K 4 

60° 3'69"N. 

90°^ 

z=29°66' 1"8. 



, sdec.23°24'19"N. 
15" 



d = 23° 24' 34" N. 
g = 29°56' 1"S. 
i= 6° 31' 27" S. 



3.93 
3.95 



Exercise XIV. Page 405. 

1. Given civil date 1895 Jan. 29, observed meridian altitude of Aldeb- 
aran 62° 36' 0" S., index correction — 7 23", eye 20 ft.; find the latitude. 
Obs. alt. = 52° 36' 0" S. 
- 5' 31" 



True alt. = 62° W 29" S. 

90° N. 



Zenith dis.= 37° 29' 31" N. 
Dec. = 10° 18' 2"N. 

Lat. = 53° 37' 83" N. 



Index correction, — 23" 
Dip, - 4' 23" 

Refraction, — 45" 



- 5' 31" 



2. Given civil date 1895 Feb. 18, observed meridian altitude of Procyon 
77° 18' 10" 8., index correction + 0' 19", eye 16 ft.; find the latitude. 
Obs. alt. = 77° 18' 10" S. 
- 3' 60" 



True alt. = 77° 14' 20" S. 

90P B^ 

Zenith dis.= 12° 45' 40" N. 
Dec. = 6° 29' 39" N. 



Index correction, 4- 19" 
Dip, - 3' 55" 

Refraction, — V 13.5" 



- 3' 49.6" 



= 18° 15' 19" N. 
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3. Given civil date 1895 March 20, observed meridian altitude of 
Arcturus 36° 10" 20" N., index correction + 2' 42", eye 20 ft.; find the 
latitude. 

Obe. alt. = 36° 10 7 20"N. 

True alt. =» 7'IITH. Index correction, 4- 2' 42" 



Zenith dis.= 53° 52' 41" S. 
Dec. = 19° 43' 28" N. 



90° S Dip ' "" 4 ' 23 " 

Refraction, - V 20" 

-3' 1" 



Lat. =34° 9 , 18"S. 

4. Given civil date 1895 Aug. 17, observed meridian altitude of Altair 
66° 51' 10" N., index correction + 7 58", eye 13 ft.; find the latitude. 

Obe. alt. = 66° 51' 10" N. 

True alt. = 66°~48 7 i£n. ? deX cor ™ tion > + „ » 



Zenith dis.= 28° ll 7 60" S. 
Dec. = 8°35 / 84"N. 



90° S ^ " 3/82// 

Refraction, - 25.5" 

-8 7 0" 



Lat. = 14° 36 7 16" S. 

5. Given civil date 1895 Nov. 4, observed meridian altitude of Fomal- 
haut 59° 40 7 77 N., index correction + l 7 12", eye 23 ft. ; find the latitude. 

Obs-alt. =59°40 7 0"N. 



-4 7 4" 
True alt. = 59°35 7 66 77 N. 

9CP & 

Zenith dis.= 30° 24 7 4" 
Dec, = 30° 10' 32" S. 

Lat. = 60° 34 7 36" S. 



Index correction, l 7 12" 

Dip, - 4 7 42" 

Refraction, — 34" 

-4 7 4" 



6. Given civil date 1895 Sept. 6, observed meridian altitude of Arcturus 
86° 35 7 60" N., index correction — l 7 10", eye 12 ft. ; find the latitude. 

Obs. alt. = 86° 36 7 60" 
— 4 7 38" 
True alt. - 86° 31 7 12" IndeX correction > ~ V W ' 

= ^o s DiP, -3<24" 

Zenith dis.= 3°28 7 48" S : Refraction, ^_^_ 

Dec. = 19° 43 7 37" N. 

Lat. =16°14 7 49 77 N. 
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7. Given civil date 1896 Oct. 6, observed meridian altitude of Markab 
64° 10' 15" S., index correction 0, eye 13 ft.; find the latitude. 

Obe. alt. = 64° 10' 15" S. 



■ - 4' 14 " 

True alt. =64° 6' 1" S. 

= 90^ N. 

Zenith dis.= 35° 63' 69" N. 
Dec. = 14° 38 / 49"N. 

Lat. = 50° 32' 48" N. 



Index correction, 4- 0' 0" 

Dip, * -3' 32" 

Refraction, — 42" 

- 4' 14" 



8. Given civil date 1896 Aug. 17, observed meridian altitude of p Cen- 
tauri 69° 47 / 13" S., index correction 0, eye 25 ft.; find the latitude. 

Obe. alt. = 59° 47' 13" S. 



- 5' 28" 



True alt. = 59° 41' 45" S. 
= 90° N. 



Zenith dis.= 30° 18' 16" N. 
Dec. = 59° 62' 29" S. 



Index correction, + 0' 0" 

Dip, - 4' 64" 

Refraction, — 34" 

-5' 28" 



Lat. = 29° 34' 14" S. 



9. Given civil date 1895 Dec. 4, observed meridian altitude of a Arietis 
60° 29' 60" S., index correction — 2' 10", eye 18 ft.; find the latitude. 

Obs. alt. = 60° 29 / 60" S. 



- 6' 52" 
True alt. = (50° 22' 58" S. 

90° N. J** Af * * 



Zenith dis.= 29° 37' 2"N. 
Dec. = 22° 58' 26" N. 

Lat. = 62° 36' 28" N. 



Index correction, — 2' 10" 

Dip, -4' 9" 

Refraction, — 33" 

-6' 52" 



10. Given civil date 1896 Feb. 8, observed meridian altitude of Sirius 
37° 60' 20" S., index correction +- 1' 4", eye 19 ft.; find the latitude. 

Obs. alt. = 37° W 20" S. 



- 4' 27" 
True alt. = 37° 46' 63" S. 

90^ N. 

Zenith dis.= 62° 14' 7"N. 
Dec. = 16° 34' 20" S. 

Lat. = 36° 41' 47" N. 



Index correction, +1' 4" 

Dip, - 4' 16" 

Refraction, - 1' 15" 

-4'27 /< 
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11. Given civil date 1895 April 9, observed meridian altitude of Sirius 
61° 3' 50" N., index correction 0, eye 16 ft. ; find the latitude. 
Obs. alt. =61° 3'60"N. 
4' 27" 



True alt. = 60° 59' 23" N. 

90^ S. 

Zenith dis.= 29° (K 37" S. 
Dec. 16° 34' 24" S. 

Lat. =46° 85' 1" S. 



Index correction, + 0' 0" 

Dip, -3' 55" 

Refraction, — 32" 

- 4' 27" 



12. Given civil date 1895 March 30, observed meridian altitude of Spica 

52° 14' 0" N., index correction 0, eye 19 ft.; find the latitude. 

Obs. alt. =52° 14' 0"N. 

5' 1" 

Index correction, 4- 0' 0" 

Dip, - 4' 16" 

Refraction, — 45" 

'-6' 1" 



True alt: 


= 52° 8' 


59" N. 




90° 




S. 


Zenith dis 


= 37° 51' 


1" 


S. 


Dec. 


= 10° 37' 


4" 


s. 


Lat. 


= 48° 28' 


5" 


s. 



13. Given civil date 1895 July 8, observed meridian altitude of Antares 
70° 10' 30" N., index correction 0, eye 21 ft.; find the latitude. 
Obs. alt. = 70° 10' 30" N. 

Index correction, + / 0" 

Dip, - 4' 29" 

Refraction, — 21" 

- 4' 50" 



True alt. ' 


= 70° 5' 


40" N. 




90° 


S. 


Zenith dis 


= 19° 54' 


20" S. 


Dec. 


= 26° 12' 


12" S. 


Lat. 


= 46° 6' 


32" S. 



Exercise XV. Page 413. 

1. 1895, Oct. 19, a.m., at sea, in latitude 33° 27' S.; the observed alti- 
tude (•) 28° 22' 30" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 18 d. 18 h. 28 m. 38 s. Required 
the longitude. 



Q 28° 22' 30" 


f Index cor., + 0'30" 


0'sdec. fl°59 / 52.4"S. 


54.27 




Semi-diam., 4- 16' 6" 
Dip, - 4' 9" 


4' 59.6" 


5.52 


+ 10' 47"^ 


9° 64' 52.8" S. 


299.57 




Refraction, - 1'48" 


90° S. 




[Parallax, + W 8" 


p = 80° 6' 7.2" S. 





h= 28° 33' 17" 
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ft= 28° 33' 17" 
L= 33° 27' 0" 
p= 80° 5' 7" 
25=142° 6' 24" 
5= 71° 2' 42" 
J2= 42° 29' 26" 



log sec = 

log esc = 

log cos = 
log sin = 



0.07864 
0.00654 

9.51166 
9.82060 



2)1 9.42643 
log sin it = 9.71321 

i* = 31°6'31". 

d. h. m. ft. 



Equation of time. 

m. i. 

14 56.76 

2.47 

14 54.29 



0.447 
5.52 



2.47 



* = 62° 13' 2" = 4 h. 8m. 52s. 



Oct 



18 19 51 8 

14 54 

Oct. 18 19 36 14 

Oct. 18' 18 28 38 

1 7 86 

16° 64' 0" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference of time. 

E. Longitude. 



2. 1895, Opt. 20 a.m., at sea, in latitude 31° 40' S.; the observed alti- 
tude £> 35° 16' 10" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer, Oct. 19 d. 19 h. 11 m. 24 s. . Required 
the longitude. 



Q. 85° 16' 10" 



4- 11' 14" 



h = 


86° 27' 


24" 


L = 


31°40 / 


0" 


P = 


79° 42' 49" 



f Index cor., + / 30 /> 
Semi-diam., + 16' 7" 
Dip, - 4' 9" 

Refraction, — 1'22" 
Parallax, + <K 8" 



O's dec. 



10° 21' 30. 4" S. 
4' 19.2" 



10° 17' 
90° 



11" 



53.89 
4.81 



259.21 



log sec = 
log esc = 



0.07001 
0.00704 



25= 146° oCT 13 
8= 73° 25' 6 
5 = 37° 57' 42 



Oct. 



log cos = 9.45543 

log sin = 9.78897 
2)19.32145 
log sin $t = 9.66072 
it = 27°14'53' 

d. h. m. ft. 

19 20 22 1 
15 5 



p= 79° 42' 49" S. 
Equation of time. 



15 7.17 

2.03 

15 5.14 



0.421 

4.81 



2.03 



t = 54° 29' 46" = 3 h. 37 m. 59 s. 



Oct. 19 20 6 56 
Oct. 19 19 11 24 



55 32 
13° 53' 0" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 
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3. 1896, Oct. 20, p.m., at sea, in latitude 30° 55' S.; the observed alti- 
tude (•> 21° 42' 30" ; index correction + 29" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 20 d. 3 h. 36 m. 40 s. Required the 
longitude. 



21° 42' 30" 



+ 10' 11" 



21° 52' 41" 
30° 66' 0" 
79° 35' 16" 



h = 
L = 

P=. 

28=132° 22' 67" 
8= 06° 11' 29" 
R= 44° 18' 48" 



Index cor., 4- 0'29" 
Semi-diam., + 16' 7 
Dip, - 4' 9" 

Refraction, — 2' 24' 
[Parallax, 4- 7 8' 



(•) dec. 



10° 21' 30.4" S. 
3' 13.5" 



10° 24' 
90° 



44" 



63.89 
3.69 



193.47 



log sec = 
log csc = 

log cos = 
log sin = 



0.06666 
0.00721 

9.60604 
9.84421 



Oct. 



2)1 9.52402 
logsini*= 9.76201 
i* = 35°19 , 3" 
4. h. m. i. 
20 4 42 32 
15 9 



p = 79° 36' 16" 
Equation of time. 



15 



7.17 
1.51 



16 8.68 



0.421 
3.69 



1.51 



t = 70° 38' 6" = 4h. 42m. 32s. 



Oct. 20 
Oct. 20 



4 27 23 
3 35 40 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 

4. 1895, Oct. 21, a.m., at sea, in latitude 29° 35' S.; the observed alti- 
tude £> 24° 26' 42" ; index correction + 29" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 20 d. 18 h. 30 m. 39 s. Required 



51 43 
12° 66' 45" 



the longitude. 


• 










Q 24° 26' 42" 


f Index cor., 4- 0'29" 


O's dec. 10° 42' 69.3" 


S. 


53.50 




Semi-diam., + 16' 
Dip, - 4' 


7" 
9" 


4' 63. 7" 




5.49 


+ 10' 27" J 


10° 38' 6" 


S. 


293.71 




Refraction, — 2' 


8" 


90° 


s. 






Parallax, + 0' 


8" 


p= 79° 21' 64" 


s. 




h= 24° 37' 9" 












L= 29° 36' 0" 


log sec = 0.06066 




Equation of time. 






p= 79° 21' 64" 


log esc = 0.00762 




m. ■. 






2S=183°34' 3" 






16 16.94 




0.394 


5= 66° 47' 1" 


log cos = 9.59573 
log sin = 9.82691 




2.16 
15 14.78 




5.49 


B= 42° 9' 52" 


2.16 




2)19.49082 










lc 


gsini£= 9.74541 












i* = 33° 48*33 


tf 


* = 67°37'6" = 4h.80m 


.28 s. 
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NAVIGATION. 



d. h. m. •. 

Oct. 20 19 29 32 
16 15 



Oct. 
Oct. 



20 19 14 17 
20 18 30 39 



43 38 
10° 64' 30 // 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 



5. 1896 Jan. 29, p.m., at ship, latitude 42° 26' N.; observed altitude 
13° 40' ; index error — V 8" ; height of eye 16 ft. ; time by chronometer 
29 d. 6 h. 48 m. 40 s., which was slow 11 m. 22.3 s. for mean noon at 
Greenwich, Dec. 1, 1894, and on Jan. 1, 1896, was 8 m. 7 s. slow for 
Greenwich mean noon. Required the longitude. 

Chronometer. 

m. a. d. h. m. •. 



1894 Dec. 
1896 Jan. 



1 slow 11 22. :) 

1 slow 8 7.0 

31 ) 3 15.3 

6.3 

28.28 

2 68.2 



fi 13° 40 7 0" 



+ 7' 27" 



Index cor., — 1' 8" 
Semi-diam., + 16' 16" 
Dip, - 3' 65" 

Refraction, — 8' 66" 
Parallax, + 0' 9" 
h= 13° 47' 27" 

L= 42° 26' 0" log sec = 0.13191 

p= 107° 50' 28" log esc = 0.02141 

2 S = 164° 8' 56" 

8= 82° r57" log cos = 9.14180 

R =5 68° 14' 30" log sin = 9.96790 

2 )1926302 

logsinjt- 9.63151 



Jan. 29 6 48 40 
+ 8 7 

-2 58 

Jan. 29 6 53 49 



0'sdec. 17° 65' 7.1" S. 
4' 39.0" 



17° 60' 28" 
90° 



S. 
N. 



40.43 
6.90 



278.97 



p=107°60'28" N. 
Equation of time. 

m. b. 

13 20.81 
3.10 



13 23.91 



0.435 
6.90 



3.10 



\t = 25°20'42". *=60°41'24" = 3h.22m.46a. 

d. h. m. s. 

Jan. 29 3 22 46 Local apparent astronomical time. 

13 24 Equation of time. 

Jan. 29 3 36 10 Local mean astronomical time. 

Jan. 29 6 63 49 Greenwich mean time. 

3 17 39 Difference in time. 

49° 24' 45" W. Longitude. 
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6. 1896, March 31, a.m., at ship, latitude 26° V N.; observed altitude 
C-) 29° 10' 20"; height of eye 26 ft.; time by chronometer 31 d. Oh. 4m. 
50 s., which was 68 m. 68 s. fast for mean noon at Greenwich, Nov. 20, 
1804, and on December 31, 1804, was lh. 2 m. 66.8 s. fast for mean time 
at Greenwich. Required the longitude. 



Chronometer. 




h. m. s. 

Nov. 20 fast 68 68 
Dec. 31 fast 1 2 66.8 
4l)^ 3 57.8 


d. h. m. s. 

Mar. 31 4 60 
-I 2 56 
- 8 42 



5.8 
00. 
8 42.0 



Mar. 30 22 63 12 



Q 20°10 / 20 // 
+ 9' 26" 



L = 
P = 



Index cor., 4- 0' 0' 
Semi-diam., + 16' 2" 
Dip, - 5' 7 

Refraction, — 1'44" 
Parallax, + 0' 8" 



29°19'46" 
26° W 0" 
85°50 , 67 ,/ 



2 8= 141° 19' 43" 
S= 70°30 / 51" 
Rz= 41° 20^ 6" 



O'sdec. 4° 10' 8.3" N. 
r 6.6" 



4° 
90° 



9' 3" 



log sec = 
log esc = 



0.04690 
0.00114 



log cos = 9.51996 

" log sin = 9.81984 

2 )19.38784 

log sin it = 9.69392 

}*=29°37'6' / 



p = 85° W 57' 
Equation of time. 

m. s. 

4 15.13 
0.86 



N. 

_N. 

N. 



4 15.99 



t = 59°. 14' 10" = 8h. 66m. 57s. 



d. h. 
Mar. 30 20 



3 3 Local apparent astronomical time. 

4 16 Equation of time. 

Mar. 30 20 7 19 Local mean astronomical time. 

Mar. 30 22 53 12 Greenwich mean time. 

2 45 53 Difference in time. 

41° 28' 15" W. Longitude. 



68.06 
1.13 



65.61 



0.768 
1.13 



0.86 



7. 1896, May 22, a.m., at ship, latitude 43° 25' N.; observed altitude <j> 
32° $' ; index correction 4- 1' 28" ; height of eye 15 ft. ; time by chro- 
nometer 21 d. 21 h. 6 m. 10 s., which was slow 12.6 s. for mean noon at 
Greenwich, Feb. 24, and on April 1 was 2 m. 45 s. fast for mean noon at 
Greenwich. Required the longitude. 
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NAVIGATION. 



Chronometer. 

n. •. 

Feb. 24 alow 12.6 

Apr. 1 fart 2 45.0 

36 )2 67.6 

4.93 

61 

4 11.4 



A. h. m. a. 

May 21 21 6 10 
-2 46 

-4 11 

May 21 20 69 14 



£> 32° 8' 0" 


f Index cor., + 1'28" 


0»8dec.2O°23'89.9"N. 


29.59 




Semi-diam., + 16' 60" 
Dip, - 3' 48" 


1'29.1" 


3.01 


+ 12' 6" J 


20° 22' 10.8" N. 


89.07 




Refraction, — 1'33" 


90° N. 




Parallax, + 0' 8" 


p = 69° 37' 49" N. 


h= 32° 20' 6" 




L= 43° 26' 0" log sec = 0.13884 


Equation of time. 


p= 69° 37' 49" log esc = 0.02805 


m. s. 


2 8= 146° 22' 64" 


3 34.66 


0.182 


ti= 72° 41' 27" log cos = 9.47363 


0.65 
3 35.21 


3.01 


£= 40° 21' 22" log sin = 9.81126 


0.56 




2)19.45168 







log sin it = 9.72584 

it = 32° 8' 6". t = 64° 16' 12" = 4 h. 17 m. 6s. 

d. h. m. ». 

May 21 19 42 55 Local apparent astronomical time. 

3 35 Equation of time. 

May 21 19 39 20 Local mean astronomical time. 

May 21 20 59 14 Greenwich mean time. 

1 19 54 Difference in time. 

19° 58' 30" W. Longitude. 

8. 1896, Aug. 24, a.m., at ship, latitude at noon 37° 59 / N.; observed 
altitude Q 37° 13' 30"; index correction + 2' 44"; height of eye 18 ft.; 
time by chronometer Aug. 23 d. 18h. 13 m. 24 s., which was lm. 5 s. fast 
for mean noon at Greenwich, August 1, and on August 10 was m. 42 s. 
slow for mean time at Greenwich; course (true) since observation N.N.W.; 
distance 22.4 miles. Required the longitude at noon. 
Chronometer. 



Aug. 1 fast 1 6 
Aug. 10 slow 42 



9 J1~47 



11.89 
13.76 
2 43.60 



Aug. 
Aug. 


d. h. m. ■. 

23 18 13 24 
+ 42 
+ 2 44 

23 18 16 60 


i' = 37°69' 0"N. 
L d = 2<K 41" 


L = 37° 38' 19" H. 
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£► 37° 13' 30" 


f Index cor., + 2' 44" 




Semi-diam., + 16'62" 


+ 13' 17" j 


Dip, - 4' 9" 




Refraction, — 1' 17" 




Parallax, + (K 7" 


fc= 87° 26' 47" 




L= 37° 38' 19" 


log sec = 0.10134 


p= 78° 48' 19" 


log esc = 0.00834 


25= 163° 63' 26" 




£ = 76° 60' 42" 


log cos = 9.35389 


i* = 39° 29' 66" 


log sin = 9.80360 




2)19.26707 


logsini*= 0.63363 




\t = 26° 28' 18". 



O'sdec. 11° 6' 46.7" N. 


61.38 


4' 63.9" 


5.72 


11° 11' 40.6" N. 


293.89 


90° N. 




j> = 78° 48' 19" N. 




Equation of time. 




m. s. 




2 16.42 


0.661 


3.78 
2 20.20 


5.72 


3.78 



t = 60° 66' 36" = 3 h. 23 m. 46 s. 



Mer. Z d =26. II log= 1.41664 
C=22°80'|log tan= 9. 61722 



d. h. m. s. 

Aug. 23 20 36 14 
2 20 



logXd =1.03386 
Xd=10.811 
= 10'49"W. 



Aug. 23 20 38 34 
Aug. 23 18 16 50 



2 2144 
35° 26' 0" 

10' 49" 
35° 16' 11" 



Local appar. ast. time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
E. Long, at sights. 
W. Long, since observ. 
E. Long, at noon. 



9. 1896, Jan. 29, p.m., at ship, latitude 28° 46' N. ; observed altitude (•) 
17° 46' 30"; index correction — 3' 18"; height of eye 16 ft., time by 
chronometer January 28 d. 16 h. 31 m. 30 s., which was 1 m. 16.5 s. fast 
for Greenwich mean noon, December 17, 1894, and on January 1, 1895, 
was lm. 3s. slow for Greenwich mean time; course (true) since noon 
N.W. by W.; distance 20 miles. Required the longitude at the time of 
observation, and also at noon. 

Chronometer. 



m. b. 


d. h. m. s. 


1894, Dec. 17 fast 1 16.5 


Jan. 28 16 31 30 


1895, Jan. 1 slow 1 8. 


+ 1 3 


16)2 19.5 


+ 4 21 


9.30 


Jan. 28 16 36 54 


28.02 





4 20.69 
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NAVIGATION. 



§L 17° 46' 30" 



+ 6' 11" 



A= 17° 62' 41" 
L= 28° 46' 0" 
j) = 108° 0' 5" 
2 £=154° 37' 46" 
8= 77° 18' 53" 
J2= 69° 26' 12" 



Index cor., 

Semi-diam., 

Dip, 

Refraction, 

Parallax, 

log sec = C 
log esc = C 



- 3' 18' 
+ 16' 10' 

- 3' 56' 

- 3' 0' 

+ (T 8' 

.05714 
.02179 



£'s dec. 17° 66' 7.1" S. 
4' 68.4" 



18° 
90° 



0' 6.6' 



40.43 

7.38 



298.37 



log cos = 9.34163 

log Bin = 9.93604 

2 )19.35660 

log sin J* = 9, 

i* = 28°26'18". t 



p=108° 0' 6.6"N. 
Equation of time. 

m. ■. 

13 20.81 

3.21 

13 17.60 



0.435 
7.38 



3.21 



i d =H / 7" 

Mer.L d =12.6 

C=56° 16' 



log= 1.10037 
log tan=10.17511 



.67780 
66° 52' 36"= 3 h. 47 m. 80s. 

d. h. m. s. 

Jan. 29 3 47 30 
13 18 



iogXrf= 1.27648 
\d= 18.867 
=18' 61" E, 



Jan. 
Jan, 



29 4 48 
28 16 36 64 



11 23 64 
170° 58' 30" 

18' 51" 

171° 17' 21" 



Local appar. ast. time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
K. Long, at sights. 
W. Long, since noon. 
E. Long, at noon. 



10. 1895, Aug. 31, p.m., at ship, latitude 0°; observed altitude £> 45° 
6' 30"; index correction — 2' 4"; height of eye 16 ft.; time by chronom- 
eter Aug. 31 d. 9 b. 11m. 28 s., which was 6 m, 20b. fast for mean noon 
at Greenwich April 15, and on June 16 was fast 2 m. 43 s. on mean time 
at Greenwich. Required the longitude. 
Chronometer. 



April 15 fast 6 20 

June 16 fast 2 43 

62) 2 37 

2.63 

76 
3 12.28 

45° 5' 30" f Index cor., - 2' 4' 

Semi-diam., + 15' 53' 

+ 9' 9"^ Dip, - 3' 48' 

Refraction, — / 68' 

Parallax, + / 6' 



Aug. 



d. h. m. s. 

31 9 11 28 
-2 43 
+ 3 12 



Aug. 31 9 11 67 



: 45° 14' 39' 



0'sdec. 8° 38' 66.1" N. 


64.11 


8' 17.8" 


9.20 


8° 30' 38.3" N. 


497.81 


90° N. 


p = 81° 29' 22" N. 
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A = 


46° 14' 39" 


, 


L = 


0° (X 0" log sec = 0.00000 


Equation of time. 


P = 


81°29 / 22 ,/ logcsc= 0.00481 


m. s. 


2S- 


126° 44' 1" 


16.51 


S = 


63° 22' 0" log cos = 9.66166 


7.11 


R = 


18° 7' 21" log sin = 9.49283 


8.40 




2)19.14919 




logsini*= 9.67459 




i t = 22° 3' 16". t = 44° 6' 30" = 2 h. 




d. h. m. b. 




Aug. 31 2 56 26 Local apparent astronomical time. 




8 Equation of time. 




Aug. 31 2 56 34 Local mean astronomical time. 




Aug. 31 9 11 67 Greenwich mean time. 




6 15 23 Difference in time. 




93° 60' 45" W. Longitude. 



0.773 

9.20 

7.11 



56 m. 26 s. 



11. 1896, April 16, a.m., at ship, latitude 48° 52' N.; observed altitude 
<•) 22° 18' ; index correction — 3' 54" ; height of eye 17 ft. ; time by chro- 
nometer April 14 d. 22 h. 30 m. 42 s., which was m. 4 s. slow for mean 
noon at Greenwich January 1, and on January 12 was fast m. 2 s. 
Required the longitude. 
Chronometer. 

m. s. d. h. m. a. 

Apr. 14 22 30 42 
-0 2 
- 51 



Jan. 1 slow 4 




Jan. 12 fast 2 






11)0 6 






0.645 






93 




60.69 


Q 22° 18' 0" 


f Index cor., — 3' 64" 




Semi-diam., +15' 58" 


+ 5'49"i 


Dip, — 4' 2" 




Refraction, — 2' 21" 




Parallax, + 0' 8" 


& = 22° 23' 49" 




L= 48° 52' 0" 


log sec = 0.18190 


p= 80° 14' 46" 


log esc = 0.00632 


28= 151° 30' 34" 




5= 76° 46' 17" 


log cos = 9.39107 


B= 63° 21' 28" 


log sin = 9.90438 




2)19.48367 


lc 


>gsin£* = 9.74183 




£* = 33°29' 


41". 



Apr. 14 22 29 49 



0's dec. 



9° 46' 36.5" 
r 20.4' 



N. 



9° 45' 15. 1' 
90° 



53.58 
1.60 



80.37 



p =-80° 14' 46" N. 
Equation of time. 



1.69 

0.93 

2.52 



0.619 
1.50 



0.93 



t = 66° 69' 22" = 4 h. 27 m. 67 s. 
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NAVIGATION. 



4. h. m. a. 

April 14 19 82 3 
3 


April 14 19 32 6 
April 14 22 29 49 


2 67 43 
44° 26' 45" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 

12. 1896, Aug. 28, p.m., at ship, latitude 6° S.; observed altitude 
<•) 38°; index correction 4- 6' 27"; height of eye 21 ft.; time by chronom- 
eter Aug. 27 d. 22 h. 20 m. 30 s., which was 10 m. s. slow for mean noon 
at Greenwich Feb. 19, and on May 30 was 2 m. 20 s. slow on mean noon 
at Greenwich. Required the longitude. 
Chronometer. 

m. a. d. h. m. a. 



Feb. 19 slow 10 




Aug. 27 22 20 30 




May 30 slow 2 20 




+ 2 20 




100)7 40 




-6 64 




4.6 




Aug. 27 22 15 66 




90 
6 64 






Q 88° <K 0" 


r Index cor., + 6' 27" 


O'sdec. 9° 43' 13.4" N. 


53.02 




Semi-diam., + 15'63" 
Dip, - 4' 29" 


1'31.7" 


1.73 


+ 15' 44" J 


9°44'46.1"N. 


91.72 




Refraction, - ri4" 
Parallax, + 0' 7" 


90° S. 






p = 99° 44' 45" S. 




A= 38° 16' 44" 






i= 6° 0' 0" log sec = 0.00166 


Equation of time. 




p= 99° 44' 46" log esc = 0.00632 


m. a. 




25=143° / 29 // 


1 9.63 


0.729 


S= 71° 30' 14" log cos = 9.50139 


1.26 
1 10.89 


1.73 


R= 33° 14' 30" log sin = 9.73891 


1.26 




2)19.2482 


8 







logsini*= 9.62414 

i* = 24°63'20". 
t = 49°46'40"=3h. 19m. 



7 s. 



Aug. 


d. h. m. a. 

28 3 19 7 

1 11 


Aug. 
Aug. 


28 3 20 18 
27 22 16 56 




5 4 22 
76° 5' 30" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference of time. 

E. Longitude. 
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13. 1895, Sept. 22, a.m., at ship, on the equator, observed altitude 
<5 17° 20' 40"; index correction — 1' 9"; height of eye 20 ft.; time by 
chronometer Sept. 22 d. 4h. 59 m. 16 s., which was 15 s. slow for Green- 
wich mean noon, April 30, and on June 1 was 10.6 s. fast for mean time 
at Greenwich. Required the longitude. 



Chronometer. 

m. 

April 30 slow 
June 1 fast 
32]cT 



15 
10.6 



25.6 



0.8 
113.2 

1 30.6 



Sept. 



h. m. s. 

4 59 16 
- 10.6 
-1 30.6 



Sept 22 4 67 35 



^ 17° 20' 40" ("Index cor., - 1'19" 
Semi-diam., -15' 69" 
-24' 37" ^j Dip, - 4' 28' 

Refraction, — 3' 4' 
Parallax, + (T 8' 



h= 16°56' 


3" 


i= 0° 7 


0" 


p= 89° 46' 


9" 



O's dec. 



0° 18' 41.2" N. 
4' 60.1" 



0° 13' 51.1' 
90° 



58.48 
4.96 



290.06 



2 8=106° 42' 12' 
S= 53°21' 6' 
U= 36° 25' 



3" 



log sec = 
log esc = 

log cos = 
log sin = 



0.00000 
0.00000 

9.77590 
9.77364 



p = 89°46' 9" N. 
Equation of time. 



7 16.68 

4.32 

7 19.90 



0.807 
4.96 



4.3 



2 )19.54944 
logsini*= 9.77472 

i* = 36°31'57". 
* = 72°3'64" = 4h. 48 m. 



16 s. 



d. h. m. b. 

Sept. 21 19 11 44 
7 20 



Sept. 



21 19 4 24 

22 4 57 35 



9 63 11 
148° 17' 46" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



14. 1895, Aug. 5, a.m., at ship, latitude at noon 30° 30' N.; observed 
altitude (•) 36° 6'; height of eye 16 ft. ; time by chronometer 5 d. 8 h. 
39 m. 22 s., which was fast 29 m. 32.4 s. on Greenwich mean noon, July 8, 
and on July 20 was fast 30 m. s. on Greenwich mean noon ; course 
(true) till noon W.; distance 48 miles. Required the longitude at 
noon. 
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Chronometer. 

m. b. 

July 8 fast 29 32.4 

July 20 fast 30 0.0 

12 )0 27.6 

2.3 

16.4 

37.7 

Index cor., 

Semi-diam. 

Dip, 

Refraction, 

Parallax, 



Aug. 



d. h. m. b. 

5 8 39 22 
-30 
- 38 



Aug. 6 8 8 44 



£36° 6' 0" 

+ 10' 45" 

h= 36°16'4o" 
L= 30°30 / 0" 
p= 73° 6' 11" 



+ 0' O'^O'sdec. 16°69 / 19.9"N. 



+ 10'49"i 

- 3' 48" 

- 1'23" 
+ 0' 7" 



5' 30.9" 



SS=138°52'66" 
5= 69° 26' 28" 
B= 34° 9' 43" 



log sec = 
log esc = 

log cos = 
log sin = 



0.06408 
0.01916 

9.64552 
9.74938 



2 )19.37874 
log sin it = 9.68937 
i* = 29°16 / 46" 



16° 63' 49. 0"N. 

90^ N. 

p = 73° 6' 11" N. 

Equation of time. 

m. b. 

5 48.79 
2.04 



40.60 

8.15 



330.89 



6 46.76 



0.250 

8.15 

2.04 



t = 58° 38' 32" = 3 h. 64 m. 14 g. 



Aug. 



h. 
20 



5 46 

6 47 



Aug. 
Aug. 



20 11 33 

8 8 44 



11 57 11 
179° 17' 45" 
48 miles = 6-V 43" 



18J° 13' 28" 
= 179° 46' 32" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude at sight. 

W. 

E. Longitude at noon. 



15. 1895, Nov. 12, a.m., at sea, in latitude 7° 10' N.; four observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

h. m. b. 

Obs. alt. 21° 8' 40" 2 65 48 
11" 60" 66 

14' 50" 66 13 

17' 30" 66 26.5 
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Index correction + 31"; height of eye 18 ft.; correction of watch by 
chronometer — 5h. 12 m. 2.1 s. Required the longitude. 



21° 



21« 



' 8' 40" 

n'60" 

14' 50" 
17 / 30" 
62' 60" 
13' 12.6" 



66 48 
66 
66 13 
66 26.5 





224 27.5 


2 


66 


6.9 


-5 


12 


2.1 



O's declination. 
17° 43' 11.1" S. 
V 33.3" 



17° 41' 
90° 



37.8 A 



S. 

N. 



40.67 
2.27 



93.32 



21 44 4.8 



p =107° 41' 38" N. 

Index correction, 

Semi-diameter, 

Dip, 

Refraction, 

Parallax, 



4- 10' 13" 
h= 21° 23' 26" 
L= 7° 10' 0" 
p= 107°41 / 8» /< 
2 S =136° 15' 3" 
S= 68° V 31" 
22= 46° 44' 6" 



+ 0'31" 
+ 16' 12" 

- 4 9" 

- 2' 29" 

- 0' 8" 
+ 10' 13" 



log sec = 
log esc = 



0.00341 
0.02104 



Equation of time. 

m. b. 

15 44.88 
0.74 



' log cos = 9.57122 

' log sin = 9.86224 16 46.62 

2 )19.45791 
log sin \t = 9.72895 

±? = 32°23'38"/ 
t = 04° 47' 16" = 4h. 19 m. 9 s. 



0.324 
2.27 



0.74 



Nov. 



19 40 51 Local apparent astronomical time. 

15 46 Equation of time. 

Nov. 11 19 25 5 Local mean astronomical time. 

Nov. 11 21 44 5 Greenwich mean time. 

2 19 Difference in time. 

34° 45' 0" W. Longitude. 

16. 1895, Nov. 13, a.m., at sea, in latitude 9° 30' N.; five observed 
altitudes of the (•> were taken at the times (by watch) standing opposite, 
viz. : 

h. m. a. 

Obs. alt. Q 18° 58' 40" 2 69 2 

19° 1' 20" 13 

3' 30" 28 

V 30" 45 

11' 0" 57.5 
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NAVIGATION. 



Index correction + 32"; height of eye 18 ft.; correction of watch hy 
chronometer — 5h. 11 m. 58.4 s. Required the longitude. 



18° 68' 40" 

19° 1'20" 

3' 30" 

7' 30" 

ir 0" 

22' 0" 

10° 4' 24" 



h. m. ■. 

2 50 2 
13 
28 
45 
57.6 
145.5 
2 59 29.1 
-5 11 58.4 
21 47 30.7 



O's declination. 
17°59 / 18.1"S. 

Y 28.2" 
17° 67' 49.9" S. 

90° N. 

p =107° 57' 60" N. 



39.90 
2.21 



88.18 



Index correction, + 0' 32" 



Semi-diameter, 
Dip, 

Refraction, 
Parallax, 



+ 9/ 66" 



A = 


19° 14' 20" 




L = 


9°3<K 0" log sec = 0.00600 


Equation of time. 


P = 


107° 57' 60" log esc = 0.02171 


m. i. 


25 = 


136° 42' 10" 


15 36.66 


S = 


68° 21' 6" log cos = 9.56692 


0.80 


JJ = 


49° 6' 45" log sin = 9.87852 


16 37.46 




2)19.47316 




logsin T * = 9.73657 




i* = 33°2'22". 




t = 66° 4' 44" = 4h. 24m. 19s. 




d. h. m. b. 




Not. 12 19 35 41 Local apparent astronomical time. 




15 37 Equation of time. 




Nov. 12 19 20 4 Local mean astronomical time. 




Nov. 12 21 47 31 Greenwich mean time. 




2 27 27 Difference in time. 




36° 61' 46" W. Longitud 


Le. 



+ 16' 13" 

— 4' 9" 

- 2' 48" 
+ (T 8" 
+ 9 / 66" 



0.361 
2.21 



0.80 



17. 1896, Nov. 17, a.m., at sea, in latitude 15°35 / N.; five observed 
altitudes of the (•) were taken at the times (by watch) standing opposite, 
viz.; 





h. m. i. 


Obs. alt. Q 23° 66' 0" 


4 12 31 


24° (K 0" 


66 


4' 0" 


13 2.5 


6' 10" 


14 


W 0" 


28.5 
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Index correction 
chronometer — 6 h. 



+ 31"; height of eye 18 ft.; correction of watch by 
11 m. 48.68. Required the longitude. 







h. m. b. 








Q 23° 56' 0" 




4 12 31 


O's declination. 






24° V 0" 




46 


19° , 34.2"S. 




36.63 


4' 0" 




13 2.5 
14 


35.9" 




0.98 


6' 10" 


18°59 , 68.3"S. 


35.90 


W 0" 




28.5 


90° N 






16' 10" 




65 2 


p =108° 59' 58" N. 






24° 3' 14" 




4 13 0.4 












-6 11 43.6 


Index correction, 


+ 


0' 31" 






23 1 16.8 


Semi-diameter, 


+ 16' 13" 








Dip, 


— 


4' 9" 








Refraction, 


— 


2' 10" 








Parallax, 


+ 


(T 8" 


+ 10 , 33" 








+ 10' 33" 


A= 24° 13' 47" 












L= 15° 35' 0" 


log 


sec = 0.01627 


Equation of time. 






p=108°59 / 68" 


log 


C8C= 0.02433 


m. s. 






28= 148° 48' 46" 






14 55.18 




0.603 


5= 74° 24' 22" 


log 
log 


cos= 9.42946 
sin = 9.88687 


0.49 
14 55.67 




0.98 


JB= 60° 10' 85" 


0.49 



Nov. 


d. h. m. s. 

16 20 12 38 
14 56 


Nov. 
Nov. 


16 19 67 37 
16 23 1 17 



2 )19.35543 
;sini*= 9.67771 
it = 28° 25' 66". 
t=66°51'60"=3h. 47m. 27s. 



Local apparent astronomical time. 
Equation of time. 
Local mean astronomical time. 
Greenwich mean time. 
Difference in time. 



3 3 40 



46° 55' 0" W. Longitude. 

ia 1895, Nov. 18, a.m., at sea, in latitude 16° 25' N.; five observed 
altitudes of the <•) were taken at the times (by watch) standing opposite, 
viz.: 





h. 


m. s. 


Obs. alt. Q. 18° 13' 30" 


3 


52 42 


16' 10" 




63.5 


19'20" 




53 6.5 


22' 30" 




23 


26' 30" 




38 



at* 



VATI4ATHW. 



Met wmrtvm + W\ 



WW 
WW 
WW 

WW 

www 



3 52 42 

63.5 
63 0.5 

23 

38 

966 43 
3 53 8.6 
-6 11 39.9 
22 41 28.7 



S*s decimation. 

19>W 3.2" S. 35.77 

• 46.9" 1.31 

19° 14' 16.3" S. | 46.86 
I 9(1° N. 

|p= 10^14' 16" X. 

Index correction, + 
Semi-diameter, + 

Dip, 

Refraction, — 

Parallax, + 



+ y 61" 
h= UP 29' 16" 
L' 16° 26' 0" 
p = 109° 14' 16" 

2*= 144° 8'8i" 

H= 72° 4' 16" 
i?= 58° 86' 0" 



(K32" 
16' 14" 
4' 9" 
2' 54" 
7 8'' 



log sec = 
logcsc = 

log cos = 

log sin = 



0.01808 
0.02493 

9.48832 
9.90665 



Equation of time. 

14 42.70 
0.70 



9' 51" 



0.537 
1.31 



14 43.40 



0.703 



Nov. 



2) 19.43698 
logslni* = 9.71849 

it = 81° 31" 57". 
« = 63°3'64"=4h. 12m. 

d. h. m. ■. 

17 



16 s. 



10 47 44 Local apparent astronomical time. 

14 _48 Equation of time. 

Nov. 17 19 33 1 Local mean astronomical time. 

Nov. 17 22 41 29 Greenwich mean time. 

8 8 28 Difference in time. 

47° V 0" W. Longitude. 



19, 1896, Dec. 4, a.m., at sea, in latitude 86° WN.; five observed 
altitudes of the (£ were taken at the times (by watch) standing opposite, 
vit.: 

Obs, alt. £ 13° 





h. m. ■. 


0' 30" 


6 27 14 


3* 10" 


29.6 


6' 40" 


49 


8* 60" 


28 5 


ir or 


23 
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Index correction + 32" 
chronometer — 6 h. 10 m. 



; height of eye 18 ft.; correction of watch by 
47.1 s. Required the longitude. 



Q 13° 



0' 30" 

3' 10" 

5' 40" 

8' 60" 

12' 0" 

30' 10" 

13° 6' 2" 



h. m. i. 

6 27 14 
29.5 
49 
28 5 

23^ 

139 0.5 

6 27 48.1 

-5 10 47.1 



0's declination. 
22° 15' 37.3" S. 

25.7" 
22° 16' 3.0" S. 

90° K 

p=112°16' 3" N. 



20.10 
1.28 



25.73 



Index correction, + 0' 32" 



1 17 1 



* + 8' 43" 
h= 13° 14' 46" 
L= 36° 10' 0" 
p= 112°16' 3" 
2S = 161° 40' 48" 
S= 80° 60' 24" 
£= 67° 86' 39" 



Semi-diameter, 
Dip, 

Refraction, 
Parallax, 



+ 16' 16" 

- 4' 9" 

- 4' 5" 
+ 0' 9" 
+ 8' 43" 



log sec = 0.09296 
log esc = 0.03366 



Equation of time. 

m. a. 

9 40.05 
1.30 



log cos = 9.20192 

log sin =_9. 96591 9 38.76 

2 )19.29445 
log sin it = 9.64722 

i< = 26°20'66". 
t = 62° 41' 50" = 3h. 30m. 47s. 



1.01:5 

1.28 

1.30 



d. h. m. b. 

Dec. 3 20 29 13 

9 39 



Local apparent astronomical time. 
Equation of time. 
Dec. 3 20 19 34 Local mean astronomical time. 
Dec. 4 1 17 1 Greenwich mean time. 
4 57 27 Difference in time. 
74° 21' 45" W. Longitude. 



20. 1895, Dec. 4, p.m., at sea, in latitude 36° 36' N.; four observed 
altitudes of the <•) were taken at the times (by watch) standing opposite, 
viz.: 

h. m. b. 

Obs. alt. Q 16° 31' 10" 1 7 26.5 
30' 0" 36.5 

28' 30" 46 

27' 20" 66.6 
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NAVIGATION. 



Index correction + 30"; height of eye 18 ft.; correction of watch by 
chronometer — 6 h. 10 m. 46. 1 s. Required the longitude. 



i6°:n'io" 


1 7 26.6 


©'8 declination. 






30' 0" 


36.6 


22° 16' 37.3" S. 




20.10 


28' 80" 


46 
66.6 


2' 39.8" 




7.95 


27' 20" 


22° 18' 17.1" S. 


150.79 


117' 0" 


164.6 


00° N. 






16° 29' 16" 


1 7 41.1 
-6 10 46.1 


p= 112° 18' 17" N. 








7 66 66 


Index correction, 


+ 


0'30" 






Semi-diameter, 


+ 16' 16" 






Dip, 


— 


4' 9" 






Refraction, 


— 


3' 14" 






Parallax, 


+ 


0' 8" 



+ 9 , 3r 



+ vsr 



h= 16° 38' 46" 

L= 36° 36' 0" log sec = 0.09638 
p= 112° 18' 17" log esc = 0.03377 
2 S= 166° 33' 3" 
5= 82° 46' 31" log cos = 9.09966 


Equation of time. 

m. a. 

9 40.05 

8.05 

9 32.00 

= Sh. 6m. 22s. 


1.013 
7.95 


B= 66° 7' 45" log sin = 9.96116 

2)19.18986 

log sin it = 9.59493 

i« = 23°10'18". 
t = 46° 20' 36" = 


8.06 


d. h. m. ■. 

Dec. 4 3 5 22 Local appare 
9 32 Equation of t 


at astronomical time, 
ime. • 

astronomical time, 
ean time, 
time. 

B. 




Dec. 4 2 66 60 Local mean a 

Dec. 4 7 66 55 Greenwich m 

5 15 Difference in 

76° 16' 16" W. Longitud 





